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Preface 

Environmental engineering problems, whether they involve planning, 
design, or operational issues, are characterized by conflicting and com
peting objectives, economic and environmental constraints, and complex 
physical, hydraulic, or hydrologic processes. The contention of this text is 
that the analysis of these problems, and the development of optimal plan
ning or management policies or alternatives, and the concomitant economic 
and environmental tradeoffs, can be determined using the techniques and 
methodology of systems engineering. 

The evolution of the text parallels the development of environmental 
engineering. Initially, environmental engineering was simply a specializa
tion in civil engineering, and "systems analysis" was typically a course in 
engineering economics-a course emphasizing the time value of money and 
the evaluation of alternatives using, for example, annual cost and present 
worth. In the mid 1960's, linear programming was introduced in traditional 
engineering economics as a methodology for the analysis of resource al
location problems, including more traditional cost and risk minimization 
engineering economics problems. For the first time, civil engineering prob
lems were recast into systems problems by introducing the concepts of 
objectives, constraints, and decision or control variables. 

As engineering began to address a wider range of environmental plan
ning and design problems, e.g. conjunctively managed surface and ground
water systems, new techniques and skills were necessary for analysis and 
design. In the early 1980's a series of texts were published that attempted 
to present systems analysis techniques for the civil and environmental engi
neer (see Haith, 1982; Ossenbruggen, 1984). Optimization methods such as 
linear and dynamiC programming were used in the analysis of water qual
ity and air quality management issues. Microeconomics was recognized 
as an important discipline since environmental engineering fundamentally 
involves resource decisions. The theory of production, tradeoffs, external
ities, and economies of scale were briefly introduced and discussed. 

This text is the offspring of these earlier books. And in this context, the 
book represents a synthesis of methodologies, tools, and algorithms that 
have been and, are used in environmental systems. No attempt has been 
made to review the "state of the art" of environmental systems. Rather, the 
intent is to give the student the necessary mathematical background and 
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skills to (1) systematically evaluate alternatives, (2) identify the tradeoffs 
associated with environmental management, and (3) assess the degree of 
optimality of design or planning alternatives. 

The text consists of 7 chapters and two appendices. The appendices 
contain a review of the important mathematical concepts from linear al
gebra, the calculus, and classical (Lagrangian) optimization. Example prob
lems and case studies are presented throughout the text demonstrating the 
application of systems engineering, and optimization methods, to problems 
in water quality and groundwater management, parameter estimation, and 
resource allocation. Exercises are also included in each chapter. 

Chapter 1 introduces the systems analysis methodology and presents 
example problems that demonstrate the application of simulation and op
timization modeling in the North China Plain, and groundwater and water 
quality management. Chapter 2 presents an overview of optimization the
ory and convexity for differentiable functions, and introduces the key theo
rems of optimization: the Weierstrass, local-global theorem, and the Kuhn
Tucker and saddle point theorems. These theorems are used throughout 
the text to characterize the type of optimum that can be expected from the 
solution of an optimization model. The rationale for the discussion is that 
the difference between local and global optimality can have a major impact 
on tradeoffs and the magnitude of environmental and economic objectives. 

The problems of resource allocation in a competitive economy are ad
dressed in Chapters 3 and 4. The theory of production, economies of scale, 
sensitivity analysis or comparative statics, and externalities are presented 
in Chapter 3. Chapter 4 addresses the theory of the household and intro
duces the concepts of supply and demand and market equilibrium. 

Classical engineering economics is presented in Chapter 5. The chapter 
discusses the time value of money and depreciation and tax impacts. Basic 
engineering economic formulas are developed and methodologies for the 
evaluation of economic effectiveness are presented (present worth, annual 
worth, benefit-cost ratio, and internal rate of return). Numerous example 
problems illustrate the application of these techniques. The chapter can be 
used as a review by the practicing engineer or as a stand-alone primer for 
students taking the EIT/FE exam. 

Linear and nonlinear optimization methods are presented in Chapters 
6 and 7. Linear programming, the simplex algorithm, sensitivity analysis, 
and duality are discussed in Chapter 6. Applications of large-scale linear 
programming and the development of matrix generators are also presented. 
The chapter contains case studies illustrating reservoir operation in the Mad 
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River Basin in northern California and groundwater management in the Yun 
Un basin, Taiwan. 

Chapter 7 presents a summary of nonlinear programming methods. 
A variety of unconstrained and constrained optimization methods are de
scribed including separable convex programming, the Frank-Wolfe algo
rithm, Tui's algorithm, dynamic programming, Box's algorithm, and the 
reduced gradient and generalized reduced gradient methods. Multiobjec
tive optimization methods are also introduced. The linked simulation
optimization methodology is also presented in Chapter 7. The methodology 
has had a major impact on the feasibility of optimizing complex environ
mental systems characterized by nonlinear partial differential equations. 
Several case studies and example problems are presented illustrating the 
application of the reduced gradient method, Box's algorithm, and the linked 
simulation-optimization methodology. 

The text is currently used in a junior-senior level required course in 
the Department of Environmental Resources Engineering at Humboldt State 
University. This one semester course typically covers the material in Chap
ters 1-3, 5, the simplex algorithm [Chapter 6] and the material in Chapter 
7.1-7.4, and the linked simulation-optimization methodology. Prerequisites 
for the course include 2 years of the calculus, linear algebra, and an intro
ductory course in environmental engineering. The text is also used in the 
Department's graduate systems analysis course, emphaSizing the material 
in Chapters 6 and 7. 

Special thanks to Scott Finney for his efforts in producing a large num
ber of the graphics used in the manuscript. We are indebted to the students 
who have provided comments, criticisms, and continued support in the de
velopment of the text. Thavisak Sypthanthong's proof-reading of the final 
draft is also greatly appreciated. We, however, accept all responsibility 
for the remaining errors that undoubtedly still remain in the text. Errors 
that are identified after the book is printed will be posted on the web page 
http://gallatin.humboldt.edu/-willis/ese.html. 

Robert Willis and Brad A. Finney 
Arcata, California 

July 2003 



1 

Introduction to Environmental Systems 
Engineering 

1.1 INTRODUCTION 
Environmental systems engineering is broadly concerned with the plan

ning and management of water, air, and land resources. Environmental en
gineering has evolved over the past two decades from traditional, cost min
imization design problems to problems typified by conflicting engineering, 
environmental, and economic objectives and constraints. The evolution of 
environmental engineering from sanitary engineering and the problems as
sociated with wastewater treatment design has been caused in part by the 
recognition that environmental problems are multi-disciplinary problems. 
The evaluation of regional water quality or the conjunctive management of 
groundwater and surface water resources are environmental planning and 
management problems-problems involving engineering design, resource 
economics and environmental analysis. The decision-making in these types 
of problems involves a hierarchy of engineering activities that range from 
the design of an individual pumping well in a groundwater basin to control
ling reservoir releases to satisfy municipal, industrial, or agricultural water 
demands. All of these decisions are ultimately based on an understand
ing of how the environmental system (the groundwater basin or stream or 
river) responds to, or is affected by the engineering decisions. 

Although these problems are seemingly diverse and unrelated, environ
mental systems are all based on meeting or satisfying perceived SOcietal, 
economic or technological needs and goals. In surface, groundwater or soil 
water quality studies, for example, these needs are usually mandated by 
federal and state environmental standards, e.g. The Clean Water Act. The 
overriding objective of systems engineering is to identify a set of alterna
tives or solutions that best meet these needs or goals in the context of the 

R. Willis et al., Environmental Systems Engineering and Economics
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Figure 1-1 Hypothetical river basin. 
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stipulated economic, political, social, and environmental constraints and 
objectives. 

These issues can be illustrated by considering a common environmen
tal quality problem involving the control or management of water quality in 
a regional river basin. An example river basin is shown in Figure 1-1. We as
sume (1) there are a number of point source discharges to the streams and 
rivers of the basin, and (2) the water quality at selected sampling locations 
or surveillance points is not meeting the in-stream water quality standards 
as mandated by a government agency. 

The management and control of water quality illustrates a number of 
common issues that underlie many environmental resource engineering 
problems. The resolution or mitigation of the environmental problem de
pends on our definition of water quality. Are we concerned with dissolved 
oxygen (DO), an indicator variable for the overall health of the stream or 
river? Is the biochemical oxygen demand (BOD), the amount of oxygen 
required by bacteria to stabilize the organic waste load under aerobic con
ditions, significant in the water quality analysis? Or are nutrients such 
as forms of phosphorous or nitrogen more important because of the in
creased likelihood of eutrophication? Have the waste sources introduced 
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exotic chemicals such as trihalomethanes or organophosphates into the 
water system? Are there significant nonpoint sources in the watershed 
that introduce herbicides and pesticides into the streams and rivers of the 
basin? Has the salt balance of the river basin been altered, for example, 
from excessive irrigation return flows? 

In environmental engineering, water quality is not a single number or 
measure; rather water quality is a vector quantity. Each component of the 
vector represents the amount, typically expressed as the mass concentra
tion of a particular constituent or substance. We also observe that the water 
quality vector varies both spatially (e.g. distance downstream and/or depth 
in the river) and temporally (e.g. hourly, daily or seasonally) within the river 
basin. These variations in water quality are caused by the flow and mass 
transport processes occurring in the stream or river system. 

A second complication in environmental systems is the possible num
ber of engineering and economic "solutions" to the water quality problem. 
Not only is water quality inherently a vector quantity, but the range of pos
sible solutions to a planning and design problem is extremely large. For 
example, regional wastewater treatment is a common engineering solution 
to water quality problems. Increased wastewater treatment from each point 
source (e.g. on-site treatment) might also be a viable solution. Alternative 
forms of wastewater treatment such as land application of wastewater or 
wetlands treatment can also be environmentally and economically feasible. 
Assuming point sources are the major source of contamination, requiring 
firms or municipalities to cease discharging waste is also an alternative, pos
sibly with severe economic consequences. Underlying all of these "pOSSible" 
solutions, however, remains a number of unanswered questions. These 
issues reflect the engineering decisions that have to be made regarding 
the location, capacity, and treatment effiCiency of the proposed wastewater 
treatment plant. There are literally an infinite number of possible values 
for the decision variables. 

A related problem in environmental engineering is the identification 
of what is the best or optimal alternative or design. The differentiation or 
ranking of alternatives is based on a number of criteria that are often con
flicting and contradictory. For example, cost effective engineering design 
of waste treatment facilities minimize the total capital or investment and 
operational and maintenance costs. This criterion conflicts with a "pure" 
environmental objective that minimizes the total pollution loading of the 
river basin. The quantification of how these objectives vary as the planning 
or control alternatives are changed is an important element of any engi-
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Figure 1-2 Engineering system. 

neering solution. The changes in the objectives as the pollution discharge 
varies is a tradeoff of the design and planning problem. 

The solution of the engineering design or water quality problem is pred
icated on developing a methodology or a solution procedure for resolving 
these issues. As will be discussed in the next section, the development of 
engineering solutions is fundamentally a problem in systems engineering. 

1.2 SYSTEMS ENGINEERING 
Systems engineering is a methodology for the solution of complex en

gineering and environmental engineering problems. Systems engineering 
is formally defined as (Hall and Dracup, 1970) 

"the art and science of selecting the best alternative(s) from a range 
of possible solutions to an engineering problem within the stipu
lated constraints and objectives of the problem." 

The constraints of the environmental engineering problem are the limi
tations imposed on the design or planning problem. These restrictions may 
include environmental standards, budgetary limitations, plant capacity lim
itations, and the underlying physical, chemical or environmental processes. 
The objectives reflect not only traditional engineering costs and benefits, 
where quantifiable, but also public health considerations, fishery and recre
ational benefits, and intangible issues such as aesthetics. 

Systems engineering is based on the concept of an engineering system. 
An engineering system is a set of objectives, real or possibly abstract, that 
relates a set of inputs to a set of outputs. This black box representation of 
a system, shown in Figure 1-2, is the initial step in the systems engineering 
methodology. Its primary utility is to identify the linkages and interactions 
that may occur in the system. It also helps to conceptualize the important 
physical processes that occur in the design problem. 
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An example water quality system is illustrated in Figure 1-3. The inputs 
to the system include the sources that introduce substances or constituents 
to the river basin. The inputs include: 

• the point source discharges, their flow rates (magnitude) and the 
water quality. 

• the nonpoint source discharges. These inputs can represent agri
cultural runoff or urban storm water flow, precipitation, or possi
bly, groundwater discharge to surface waters. Again the inputs are 
characterized by their flow rate and water quality constituents. 

• the headwater flow and water quality conditions. The headwater 
conditions define the water quality and flow upstream of any waste 
discharge, e.g. a boundary condition of the water quality system. 

The outflows of the river basin are the outputs of the system. The 
outputs include the water flowing out of the river basin discharging to the 
ocean or groundwater, for example, or point or areal source withdrawals 
used for municipal, industrial, or agricultural water supply. 

The engineering system is characterized by state variables and param
eters. The state variables of the water quality system define the condition 
or state of the system. The state variables in the water quality example are 
the mass concentrations of the relevant water quality constituents. Defin
ing Ci as the mass concentration of constituent i, the state variable vector 
of the water quality system, c(x, y, Z, t), is 

1.1 
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where x, y and z are the spatial, Cartesian coordinates and t is time. In gen
eral, the state variables of a system are the pressure, density, temperature, 
enthalpy, concentration, or hydraulic potential. 

The parameters of the system characterize the properties of the sys
tem. In the water quality example, the kinetic reaction rate constants or 
water quality equation parameters are coefficients describing how rapidly 
constituents are degraded, attenuated, or amplified within the stream en
vironment. Dispersion coefficients that control how constituents are dis
persed or diffused throughout the stream system are another example of 
system parameters. The coefficients or exponents in cost and benefit func
tions are examples of economic parameters. 

The systems engineering methodology characterizes the engineering 
system: its inputs, outputs, parameters, and state variables. The evaluation 
of the "best" alternative, however, is based on mathematical models of the 
engineering design problem. 

1.3 MATHEMATICAL MODELS 
The evaluation of the "best" alternative in the systems engineering 

methodology is predicated on determining how a particular alternative or 
decision affects or impacts the engineering system. In the water quality 
example, each particular alternative or possible design solution has an im
pact on the water quality or state variables of the river basin. For exam
ple, increased in-house treatment will reduce the pollution loading to the 
streams and rivers. Overall water quality in the river basin would likely 
improve. Mathematical models of the water quality system are used by the 
environmental engineer to predict and evaluate the impacts of the design 
and operational alternatives on the system's water quality. 

Mathematical models of environmental systems are based on conser
vation of mass, energy, and momentum principles. In their most general 
form, these equations are systems of partial differential equations. The 
forcing functions and/or point source or sink terms of these models repre
sent possible decision or control alternatives. The numerical or analytical 
solution of these equations relates the decision variables and the state vari
ables (e.g. the dependent variables of the equations) of the system. These 
equations are the response equations of the environmental system. 

Table 1.1 presents examples of mathematical models that occur in the 
management and control of groundwater, surface water, and air quality. 
The equations relate the state variables of the system, which are typically 
the mass concentration, and the possible decision or control variables. The 
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decision variables control the magnitude of pollution inputs (concentra
tions) to the environmental system. 

These concepts can be illustrated by considering a mathematical model 
of a water quality system. The concentration of a constituent (contami
nant) in a stream or river is typically based on the convection-dispersion 
equation, a second-order parabolic partial differential equation (Thomann, 
1972). Ignoring dispersion and assuming the system is in steady-state (no 
time dependence), the mass concentration of BOD and the dissolved oxy
gen deficit (the difference between the saturation level of dissolved oxy
gen and the actual dissolved oxygen concentration) can be described by the 
Streeter-Phelps equations (Loucks et al., 1981). As shown in Table 1.1, these 
equations may be expressed as, 

CBOO(X) = cO,BOOe-k1X!u 1.2 

where the dependent or state variables of the model, Coo and CBOD, are 
respectively the mass concentrations of dissolved oxygen deficit, DO, and 
BOD (ML -3) as a function of the downstream distance x. u is the stream 
velocity (L T- 1) in the x or downstream direction, k 1 is the BOD reaction or 
deoxygenation coefficient (T-l), and k2 is the reaeration coefficient (T-l), 
a parameter defining the rate of oxygen transfer in the system. CO,DO and 
CO,BOO are the DO deficit and BOD waste input concentrations at x = o. 

The response equations or analytical mathematical model of the sys
tem (Equations 1.2 and 1.3) describe how the concentrations of BOD and 
DO deficit vary as a function of the distance downstream in the river basin 
(x), and the possible management decisions (inputs), CO,DO and CO,BOD. The 
inputs to the river basin, the point source discharges, can be controlled 
via the design alternatives. Both in-house wastewater treatment and/or re
gional wastewater treatment will reduce, for example, the pollution loading 
(flows and mass concentrations) to the river system. 
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Example Problem 1.1 
Many models in environmental systems can be developed as algebraic 

equations relating the change in mass or volume over time. Consider a stor
age reservoir containing a volume of water, St, at the beginning of period t. 
The inflow and release from the reservoir during the time period are It and 
Rt , respectively. The concentration of a constitutent in the reservoir is crev . 

Downstream of the reservoir, a stream tributary has a concentration Cin; the 
associated flow rate is Rt. Develop from conservation principles, the conti
nuity equation for the surface reservoir and the water quality downstream 
of the confluence of the tributary and stream. 

Mass conservation requires that the mass inflow rate less the mass 
outflow rate equal the change in mass stored within the system. For the 
surface reservoir, the continuity equation may be expressed as 

St+1 = St + It - R t 

where the change in the volume of water stored over time period t, St+1 -St, 
is balanced by the net inflow, e.g. It - Rt . The model neglects evaportion, 
seepage, and other sources of inflows. 

The mass balance equation relating the downstream water quality and 
the reservoir and tributary water quality is based on the assumption of 
complete mixing just downstream of the confluence of the tributary and 
the stream. Assuming a conservative constituent, i.e. a constituent not 
subject to chemical or biochemical reactions, the mass of the constituent 
in the reservoir release during period t is Rtcrev ; the mass in the tributary, 
RtCin. The downstream concentration, C, is then the total mass divided by 
the total flow rate, or 

_ Rtcrev + RtCin 
C = A 

R t + R t 

1.4 THE SYSTEMS ENGINEERING PROBLEM 
Environmental systems problems are characterized by (1) a large num

ber of possible alternatives, (2) a series of economic, environmental, social, 
and possibly hydrauliC constraints, and (3) the often conflicting and con
tradictory design, economic, or engineering criteria that are used to eval
uate the effectiveness of solutions to the underlying engineering problem. 
Traditionally engineering effectiveness is predicated on a cost effective so
lution. A cost effective alternative minimizes the total discounted system 
costs while satisfying the constraints or restrictions of the problem. More 
generally the system effectiveness reflects all of the quantifiable objectives 
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of the planning or design problem. Defining it as the .eth system objec
tive, <I> as a vector of state variables (pressure, temperature, concentration, 
potential), and d as the vector of possible decisions or control variables, 
the systems engineering objective for the planning or design problem max
imizes or minimizes a weighted sum of the individual objectives by choice 
of the design variables or 

n 
min or max = 2: i\£h (d, <1» 

£=1 

1.4 

where 11.£ is the weight or preference associated with objective.e. The 
weights or preferences for a particular objective are assumed to be deter
mined a priori from a consensus of the interest groups and decision makers 
responsible fqr, and impacted by, the engineering problem. As such, they 
represent initially the tradeoffs between the differing criteria or objectives 
of the engineering system. The weights also reflect the relative priority of 
each objective; a higher priority objective consequently receives a relatively 
larger weight in the overall objective function. Also, the weights transform 
the units of each objective function in Equation (1.4) into a single numeric 
measure. For example, assuming the overall objective is expressed in dol
lars and an environmental objective is given in concentration units, mg/l, 
then the weight associated with an environmental objective is expressed in 
dollars per mass concentration or $/mg/l. 

As we have discussed in the context of the water quality example, en
vironmental systems are also characterized by a set of restrictions or con
straints that limit the variation in the decision variables of the design prob
lem. These constraints reflect, for example, the prevailing environmental 
or public health standards, economic or cost limitations (budgetary con
straints), societal preferences, and the underlying response equations of 
the system. Defining r as a set of these restrictions, then the constraints 
can be summarized by the equation 

d, <I> E r 1.5 

The systems engineering problem is expressed by Equations (1.4) and 
(1.5). The systems engineering methodology minimizes or maximizes a 
weighted sum of the system objectives while satisfying the constraints of 
the planning or design problem. 
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1.5 SYSTEMS ENGINEERING PROBLEMS 
A hierarchy of problems occur in environmental systems engineering. 

The prediction or simulation problem is the highest level systems problem. 
It presumes that the system inputs and parameters are known. The problem 
becomes one of predicting the response of the system for a given set of 
decisions and/or alternatives. The prediction problem is the basis of the 
mathematical simulation methodology discussed in Section 1.7. 

The second systems problem is the parameter estimation or inverse 
problem. The inverse problem, as discussed in Section 1.6, attempts to 
identify the system's parameters and, pOSSibly, boundary and initial con
ditions, from observational data. The system's inputs and outputs are as
sumed known. The solution of the parameter estimation problem is a pre
cursor to the prediction or simulation of alternative solutions to the design 
problem. 

The instrument or detection problem, the third systems problem, in
volves the determination of the inputs or forcing functions of the problem. 
It assumes that the parameters, outputs, and/or boundary conditions are 
known. The estimation of the flow rate and mass concentrations of a waste
water point source discharge is an example of the instrument problem. 

It is also useful to categorize several systems characteristics. Environ
mental systems are linear systems if the principle of superposition is valid. 
Otherwise, the system is nonlinear. For example, assume a system has in
puts i1 and iz, and outputs 01 and Oz. Then, 

The system is linear if 
i1 + iz - 01 + Oz 

The system is also either a lumped or distributed parameter system. In 
a lumped parameter system, the parameters are not spatially dependent but 
a single or lumped value. The water quality system is a lumped parameter 
system if the kinetic reaction parameters do not vary spatially throughout 
the river basin. 

The system is a steady-state system if there is no time variation. In a 
steady state system, there is no time dependence in the model, e.g. there 
are no time derivatives in the system's equations. The Streeter-Phelps equa
tions discussed in Section 1.4 are examples of steady-state models. In con
trast, systems in which the state variables change in time are transient or 
dynamic systems. 
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Environmental systems are also either deterministic or stochastic. In 

stochastic systems, the parameters, boundary conditions, and as a result, 
the state variables are random variables with known probability density 
functions. Deterministic systems presume no such variation: the state vari
ables are equal to their mean values with probability one. 

Example Problem 1.2 
The convection-dispersion equation is a common mathematical model 

for the representation of water quality variation in surface and ground
water systems. Assuming the overall solution density is constant and a 
one-dimensional system, the equation can be expressed as 

~ (DOC) _ o(cu) -kc = oc 
ox ox ox at 

where c is the mass concentration, D is the diffusion or dispersion param
eter, u, the velocity, and k, the kinetic reaction coefficient. Determine the 
systems properties of the mathematical model. 

The state variable or dependent variable of the model is the mass con
centration c; it is a function of the independent variables, x and t. The pa
rameters of the convection-dispersion equation are the coefficients in the 
model. The parameters are D, u, and k. Since the convection-dispersion 
equation includes time, the model is transient or time-varying. The param
eters of the model are included within the derivatives implying that they are 
not constant, but spatially varying, i.e. distributed parameter system. There 
is no information on any random variables of the problem; the system is 
deterministic. 

Example Problem 1.3 
In Example Problem 1.1 continuity equations were developed for a sur

face reservoir. Classify the models according to the systems properties 
described in Section 1.5. 

The mass balance equation is 

St+l = St + It - Rt 

where St is the storage volume, It is the inflow, and Rt is the release during 
time period t. The dependent or state variable is the storage volume at the 
beginning of time period t, St. The release, Rt, is the control variable, i.e. 
it controls or alters the state of the system. The inflow, It, is a hydrologic 
parameter of the problem. Since there is no spatial variation in the problem, 
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it is a lumped parameter system. The system is transient and deterministic. 
The mass balance equation is also a linear system. 

The water quality equation developed in Example Problem 1.1 is 

_ Rtcrev + RtCin 
C = A 

Rt + Rt 

Again, the system is transient, lumped parameter, and deterministic. The 
state variable characteristizing downstream water quality is c. Typically the 
model is used to represent a downstream water quality constraint. For ex
ample, assuming C * , is the downstream environmental standard, the water 
quality constraint can be expressed as 

Rtcrev + RtCin * 
A ::; C 

Rt + Rt 

The equation includes Rt , a control variable of the surface reservoir. Note 
that the constraint can also be expressed as the linear inequality, 

1.6 THE MODEL BUILDING PROCESS 
The development of mathematical models is based on a series of inter

dependent modeling stages. The process is illustrated in Figure 1-4. The ini
tial step of the model building process is predicated on observational data. 
Hydrologic data (precipitation, evapotranspiration, runoff), water quality 
information, streamflow records, hydraulics data (flow velocities and flow 
rates), geomorphic data (channel slopes, cross-sectional areas), are com
piled and whenever pOSSible, statistically analyzed. The statistical infor
mation will provide estimates of the mean, variances, and higher moments 
of the data, and possibly define underlying trends, correlation structure, 
or periodicity reflecting the underlying flow, energy, and mass transport 
processes. 

The overlying objective of the data analysis phase is to ultimately de
termine the quantity and the reliability (quality) of the observational data. 
The analysis may determine a consistent, reliable set of information. More 
often, however, the data analysis will indicate a deficiency or a lack of relia
bility in the baseline data for the problem, e.g. missing streamflow records 
or water quality data at selected locations in the river basin. Incomplete or 
missing information may provide the impetus for the initiation of a data 
monitoring and sampling program. 
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1.6 The Model Building Process 

table Results? 

Figure 1-4 Model building process. 

The objective of the second phase of the model process is the selec
tion of the most appropriate type of mathematical model for the systems 
investigation. The model choice problem is characterized by a hierarchy 
of mathematical models. For example, in the case of limited or imprecise 
information regarding the physical processes of the system, a statistical or 
time series model may be appropriate. These models may have limited util
ity in environmental planning since the underlying statistical relationships 
will undoubtedly change as the design solutions alter the environmental 
system's state variables. 

Mathematical models of environmental systems are based on: 

• algebraic, ordinary, partial differential or integral equations de
scribing the flow, mass, and energy transport processes occurring 
in the environmental system. These equations relate the state vari
ables of the system, the policy or decision variables that control 
or affect the state variables (e.g. water quality), and the system's 
parameters . 

• boundary conditions that define the inputs and outputs of the sys
tem, and 

• initial conditions that portray the state of the system at time zero, 
prior to implementation of any decision or control strategy. 

The complexity of the mathematical model, such as the choice between an 
algebraic or partial differential equation, depends on (1) the assumptions 
made or relaxed regarding the flow and mass transport processes occur
ring in the system and (2) the availability of data describing the system. 
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Typically, the more complex the model, the fewer assumptions are made 
regarding the physics of the system. However, complex models typically 
have a corresponding greater need for data to estimate model parameters 
as compared to simple models. 

Many mathematical models are based on ordinary and partial differen
tial equations. A key element in the application of the mathematical model 
is the numerical solution of the underlying governing equations. Typically, 
finite differences, finite elements or boundary integral methods are used to 
transform the equations into systems of algebraic equations. The resulting 
equations can then be solved with a variety of standard, solution algorithms 
such as Thomas' algorithm for tridiagonal systems or Gauss-Seidel meth
ods. 

The third phase of the model building process is concerned with as
sessing how well the mathematical model replicates or reproduces the his
torically observed conditions occurring in the system. The model's predic
tions are compared with the observed pressure, temperature, or concentra
tion data using the historical inputs and boundary conditions. During this 
phase of the model building process, the system's parameters, which may 
include the parameters of the mathematical model and the boundary and 
initial conditions, are estimated from observations of the state variables of 
the system. 

The most common criterion for evaluating the "goodness-of-fit" of the 
mathematical model is the least-squares objective. The calibration objec
tive is the sum of the squared differences between the historical and pre
dicted data. In reality, however, the choice of a calibration objective is a 
function of the statistical distribution of the underlying errors of the data. 
If, for example, these errors are uniformly distributed, then an objective 
minimizing the maximum error produces the best, linear, unbiased esti
mates of the model's parameters. 

The initial phase of the calibration process determines the impacts of 
the model's numerical parameters on the simulation results. For example, 
the spatial discretization and time step may be varied to assess how the 
numerical error impacts the simulations, e.g. how does the truncation er
ror affect the model's predictions. In this phase of model calibration and 
validation, the simulation or predictive model is compared with the results 
of an analytical (closed form solution) model of a Simplified or scaled-down 
representation of the system. Model verification is used to determine if the 
numerical solution can actually mimic simplified, analytical results. For 
example, if a two-dimensional transient numerical model is unable to re-
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Distance Downstream 

Figure 1-5 Model calibration. 

produce the analytical results for a steady-state, one-dimensional problem, 
there are probably serious numerical problems with the simulation model. 

An example of the calibration process is illustrated in Figure 1-5. The 
historical and predicted concentrations of BOD determined from Equation 
1.2 are shown as a function of the distance downstream of a point source 
discharge. The vertical distance between the historical and predicted con
centration at a particular downstream distance (x) is the error of the model. 
The model's reaction parameter, the deoxygenation coefficient (k1), can be 
adjusted to improve the fit between the historical data and the simulation's 
predictions. The process of iteratively adjusting the model's parameters 
and observing the response of the calibration objective is known as the 
parameter estimation, parameter identification, or inverse problem. 

In systems engineering, the inverse or calibration problem is said to 
be ill-posed (Chavent, 1974). Ill-posedness refers to the nonuniqueness 
of parameter estimation and model calibration. Different combinations of 
parameters, boundary and initial conditions, can yield the same value of 
the calibration or goodness-of-fit objective. The underlying cause of the 
ill-posed or nonuniqueness problem is the lack of consistent and reliable 
information or poor model choice. Measurement error, noise, or bias all 
can degrade the parameter estimation process. 

Calibration may result in parameters that are adjusted beyond normal 
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or physical limits. The goodness-of-fit may be acceptable, but the parame
ters themselves may be physically untenable. For example, kinetic reaction 
parameters could possibly have values that exceed baseline laboratory val
ues. The implication for modeling is that the mathematical model cannot 
be considered calibrated. It is likely that the model itself should be rejected; 
it is possible that important assumptions have been neglected in the anal
ysis. In this event, the model choice problem has to be re-examined. This 
feedback element of the methodology typifies the iterative nature of the 
model building process. 

The calibration of the mathematical model is acceptable provided the 
error criterion is reasonable and the parameters are within acceptable lim
its. The validation of the mathematical model proceeds by applying the 
mathematical model to a different set of data. The objective in model val
idation is to assess the predictive capabilities of the model under a differ
ent set of field conditions. Again, an error criterion is used to evaluate the 
effectiveness of the predictions. There again may be minor parameter ad
justments and changes in boundary and/or initial conditions. This phase 
of the model building process concludes with a detailed sensitivity analysis 
of the model. The sensitivity analysis will describe how variations in the 
parameters can be expected to influence the model's predictions. 

Following calibration and validation, the mathematical model and the 
systems' methodology can be used for the simulation and/or optimization 
of the environmental system. The following sections of this chapter de
scribe and illustrate these two approaches to environmental resources en
gineering. 

1.7 SIMULA TION MODELING 

Simulation models are used to examine the possible impacts of a pro
posed planning or management alternative on the environmental system. 
Environmental engineers and planners initially identify a range of alter
natives from engineering design and economic considerations, and from 
preliminary information obtained during the calibration and validation of 
the mathematical model. Each of the alternatives is in turn simulated with 
the mathematical model. The model's results or output provide a detailed 
description of how the environmental system responds to, or is affected 
by, the planning or design "solution." By examining a range of possible 
alternatives, a solution can generally be identified within the context of the 
quantifiable costs and benefits. The alternative that maximizes, for exam
ple, the net benefits, and satisfies the imposed constraints will most likely 
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be a candidate solution. Sensitivity analysis can also delineate whether or 
not the solution is robust-minor variations in the system's parameters 
produce little change in the overall design solution. 

Simulation modeling is the most direct way of identifying possible so
lutions to the environmental design problem. Although straightforward in 
application, the methodology does have several limitations. Repetitive ap
plication of the mathematical model is time-consuming and tedious. The 
procedure does not generate direct sensitivity analysis information and 
more importantly, the system tradeoffs are difficult to obtain. 

The principal limitation of simulation modeling is, however, that the 
methodology examines only a finite number of alternatives. The solutions 
identified during the simulation process provide only localized and lim
ited information about the environmental system. The design solution is 
only optimal in relation to the other alternatives that have been considered 
during the simulation analysis. 

1.8 OPTIMIZATION MODELING 
Optimization models, in contrast to simulation modeling, identify the 

optimal planning, deSign, or control alternatives. As a byproduct of the 
optimization, the system's tradeoffs and sensitivity information are also 
generated. Optimization models are solved using mathematical program
ming (optimization) algorithms presented in Chapters 6 and 7. 

Optimization models contain the same elements as the systems en
gineering problem. A set of objectives is defined for the problem. The 
decision or control variables detail the possible solution alternatives or 
strategies. The constraints represent limitations on resource availability, 
budgetary limitations, or possibly environmental standards. A mathemati
cal model is again used to relate how the decision or control affect the state 
variables of the environmental system. Formally, the optimization problem 
can be expressed by (1) a composite objective function, Equation (1.4), 

n 
minz = :z:: AeJe(d,if» 

e=1 

where d is a vector of the decision variables, if> is the state variable vector, 
(2) a series of constraints, Equation (1.5), 

d, if> E r 

and (3) the mathematical model of the system. Defining g as a set of vector 
valued functions relating the control and state variables of the system, the 
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mathematical model can be expressed as, 

g[d,lf>(x,y,z,t)] = 0 1.6 

The constraints and the mathematical model define the feasible region of 
the optimization model. The feasible region is the set of decisions that 
satisfy the constraints of the optimization problem. 

The principal advantage of optimization modeling is that it identifies 
the optimal solution from an essentially infinite number of possible alter
natives. A disadvantage of the methodology is primarily computational: 
optimization models with nonlinear constraints and objectives can present 
severe computational problems. The problems involve not only the com
putational resources needed to solve the problems, but also the types of 
solutions generated by the optimization algorithms. 

Stationary solutions are optimization solutions where the first order 
derivative of the objective with respect to the decision variables vanish. The 
solutions mayor may not be actual solutions to the optimization model. 
The only way to identify the optimality of the alternatives, i.e. whether they 
are "true" solutions to the planning problem, is to perturb the solutions to 
examine whether or not there is an improvement in the objective function. 
For a finite region about the solution, if the solution is greater than all 
other solutions, the point is known as a local solution. If the solution point 
dominates all other solutions in the feasible region, then the solution is a 
global solution. 

Simulation models at best produce locally optimal solutions. In con
trast, under the appropriate conditions, optimization models can generate 
globally optimal solutions. However, serious nonlinearities in the problem 
can limit the identification of global solutions. In these cases, simulation 
modeling may be more computationally efficient in identifying possible de
sign solutions. 

The follOwing example problems illustrate the application of simula
tion and optimization. 

Example Problem 1.4 

The production of wheat (crop 1), com (crop 2), and cotton (crop 3) 
in the North China plain is described by a series of production functions . 
These production functions are mathematical models relating the yield of 
a particular crop to the resources used in the production process. These 
resources are Lj the amount of land in hectares allocated to crop j, the 
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amount of water Wj (m3) applied on-site to crop j, and the fertilizer ap
plication Fj (kg). Defining Yj as the yield in kg of crop j, the production 
functions can be expressed as, 

YI = .50LrWi27Fi18 

Y2 = .65Llowls F:}5 

Y3 = .55LlsW33SF320 

The unit price per kg for the crops are 

PI = 2000 

P2 = 2500 

P3 = 1800 

The unit costs for the resources are 

CL = 10 

Cw = 15 

CF = 17.5 

1.7 

1.8 

1.9 

The total amount of land available for cultivation is 2000 hectares; the 
upper limits on fertilizer and water available are 1000 kg and 1500 m3, 

respectively. Formulate the systems model for the allocation of the region's 
resources. Determine the best alternative using simulation modeling. 

The systems model of the North China plain includes an objective func
tion, a mathematical model, and a series of constraints or restrictions. In 
lieu of any additional data, an objective for this planning problem is to maxi
mize the sum of the revenues generated from the production of wheat, com, 
and cotton less the total costs of the resources. The objective function can 
be expressed as 

3 3 3 3 

maxz = L PjYj - CL L Lj - Cw L Wj - CF L Fj 1.10 
j=1 j=1 j=1 j=1 

The first term of the objective function is the sum of the revenues produced 
from each crop. The remaining terms are the total cost of land, water, and 
fertilizer, respectively. 

The constraints or restrictions of the planning model are the limitations 
on the availability of the resources. For example, the total land used in 
agricultural production cannot exceed the land available, 2000 hectares. 
This constraint can be expressed by the inequality, 

1.11 
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Similar constraints are necessary limiting the total amount of water and 
fertilizer, or 

1.12 

1.13 

We also require the nonnegativity of the decision or control variables, 

1.14 

where V j means for all j. 
The mathematical model of the problem is the production function of 

each crop relating how much of each crop is produced for a given amount of 
land, fertilizer, and water. The mathematical model has been incorporated 
directly into the objective function of the systems' model. Equations (1.10 
- 1.14) formally define an optimization model 

In simulation modeling, a set of alternatives is selected on the basis of 
engineering judgment and economic considerations. These alternatives are 
simulated using the mathematical model to analyze the probable response 
of the system. In this example problem, we examine a range of possible 
values for the decision variables: the land, water, and fertilizer allocations 
for each crop. The mathematical model (the production function) is used 
to determine the crop yield from a given combination (alternative) of land, 
water, and fertilizer. Once the yield has been determined, the total cost 
and net revenue can then be evaluated. The structuring of the alternatives, 
the land, water, and fertilizer allocations, are selected to ensure that the 
constraints on resource availability are satisfied. 

Table 1.2 illustrates how the simulation alternatives can be analyzed 
using a spreadsheet program. The columns represent the land, water and 
fertilizer resources-the decision variables of the model-the crop yields, 
net revenue for each crop, and the total net revenue. The rows of the spread
sheet are alternatives or "solutions" that are examined in the simulation. 

In this example problem, 10 alternatives are simulated to determine the 
optimal resource allocation policy. The total net revenue is summarized in 
Table 1.3. 

Alternative 9 is the "optimal" solution; the net revenue is approximately 
$426,624. The simulation data indicate that the overall net revenue is the 
result of the production of corn and cotton. DecreaSing the land, water, and 
fertilizer allocated to wheat increases the net revenue associated with corn 
and cotton. Although the simulation does not generate explicit tradeoff 
information, the prices and resource costs can be easily changed in the 
spreadsheet equations to identify the variation in the net revenue. 
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Table 1.2 North China Plain simulation analysis. 

Wheat 
Alt Lj [hal Wj [m3] Fj [m3] Yj [kg] Zj [$] 

1 2000 1500 1000 83.52 107,033 

2 1500 1000 500 61.49 84,231 

3 200 100 200 16.92 26,841 

4 150 50 100 11.53 19,054 

5 150 50 100 11.53 19,054 

6 100 50 100 10.42 17,332 

7 75 45 90 9.24 15,488 

8 75 45 50 8.32 14,332 

9, 10 50 35 50 7.02 12,143 

Com 

Alt Lj [ha] Wj [m3] Fj 1m3] Yj [kg] Zj [$] 

1 0 0 0 0.00 0 

2 500 500 500 93.78 213,189 

3 800 450 300 83.91 189,781· 

4 850 500 400 96.44 218,102 

5 800 450 300 83.91 189,781 
6 900 500 400 97.55 220,374 
7 925 505 410 99.18 223,958 
8 925 505 460 103.26 233,274 

9 950 515 460 104.32 235,530 

10 900 500 400 97.55 220,374 

Cotton 

Alt Lj [hal Wj [m3] Fj [m3] Yj [kg] Zj [$] 

1,2 0 0 0 0.00 0 

3, 4 1000 950 500 118.13 179,634 

5 1050 1000 600 126.27 191,281 

6, 7 1000 950 500 118.13 179,634 

8, 9 1000 950 490 117.65 178,951 

10 1050 965 550 122.55 185,992 
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Table 1.3 North China plain optimal net revenue. 

Alternative Total Net Revenue [$] 

1 107,033 

2 297,420 

3 396,256 

4 416,790 

5 400,116 

6 417,339 

7 419,081 

8 426,557 

9 426,624 

10 418,509 

Example Problem 1.5 
The North China Plain agricultural problem presented in Example Prob

lem 1.4 was formulated as an optimization problem. The objective function 
maximized the total net revenue for producing wheat, corn, and cotton. The 
constraints ensured that the allocations of water, land, and fertilizer to each 
crop did not exceed the availability of each resource. 

The optimization model is a classical programming problem provided 
the nonnegativity restrictions are neglected, and the constraints are satis
fied as strict equalities, i.e., all of the available resources are utilized. The 
solution of the classical optimization problem, as discussed in Appendix 
B, was presented by Lagrange circa 1730. The Lagrangian function is first 
formed by appending the constraints to the original objective function. The 
weighting functions for each constraint, Yi, are referred to as Lagrange 
multipliers. The original optimization problem is replaced by the uncon
strained Lagrangian function, L, or 

3 3 3 3 

maxL = I PjYj - CL I Lj - Cw I Wj - CF I Fj+ 
j=l j=l j=l j=l 

3 3 3 

yr(2000 - I Lj) + Y2(1500 - L Wj) + Y3(1000 - L Fj) 1.15 
j=l j=l j=l 

The solution of this unconstrained problem is obtained by differentiat
ing the Lagrangian with respect to the decision variables, and the Lagrange 
multipliers, or 

:f. = 0, Vj 
) 

1.16 
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oL 
oWj = 0, Vj 1.17 

or 
'Vj 1.18 oF- = 0, 

J 

oL = 0 
°Yi ' 

'Vi 1.19 

The solution of this system of nonlinear equations identifies the optimal 
allocation of land, water, and fertilizer to each crop and the Lagrange mul
tipliers associated with each constraint. These results are summarized in 
Table 1.4. Note that the optimal net revenue is approximately $484,773; 
the objective is 14% greater than that obtained using simulation analysis 
(Example Problem 1.4). 

Table 1.4 Optimization results. 

Crop Land [ha] Water [m3] Fertilizer [kg] 

1 40.9 26.1 9.3 

2 1644.9 1214.2 911.1 

3 314.2 259.7 79.5 

In contrast to the simulation or spreadsheet analysis, the optimization 
model also produces a set of tradeoffs for the problem. These tradeoffs 
are the values of the Lagrange multipliers at optimality. As is shown in 
Appendix B, the tradeoff or Lagrange multiplier is defined as 

. L\System Objective 
Yi = L\RHS of constraint i 1.20 

where RHS is the right-hand side of constraint i. Again the RHS of a con
straint represents the total amount of the resource available for allocation. 
The optimal values of the tradeoffs, Y t ' are 

yt = 45.7 

Y; = 79.3 

Y; = 158.5 

The constraint most limiting further increases in the net revenue is fertil
izer; if additional funds were available to purchase this resource, every unit 
increase in the fertilizer available will increase the net revenue by 158.5. 
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Figure 1-6 Confined aquifer system. 

Example Problem 1.6 
Another application of simulation modeling is the development of a 

groundwater pumping plan for the confined groundwater system shown in 
Figure 1-6. The length of the aquifer is 310 m; it has been discretized into 
10 m increments. There are a total of 30 discrete points which are used to 
develop the finite difference (numerical approximation) of the underlying 
confined flow equation. The aquifer is required to satisfy an exogeneous 
water demand of 350 m2/day. Two streams bound the aquifer; the water 
levels in the streams are 40 m and 30 m, respectively. The cost for extract
ing the water from well site i, Ci, can be expressed as, 

where Qi [L 2 /Tl is the extraction rate and hi is the hydraulic potential at 
well site i [Ll. The cost function represents the energy cost to "lift" the water 
from the aquifer to the ground surface; the term (50 - hd is the distance 
from the ground to the water surface. 

Environmental constraints dictate that the water level or potential in 
the aquifer cannot fall below 10 m. This minimizes the potential for land 
subsidence or water quality problems. 

The mathematical model of the groundwater system is predicated on 
mass conservation. Assuming steady-state conditions and a lumped pa-
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rameter system. the mathematical model is described by the ordinary dif
ferential equation (Bear. 1972). 

1.21 

where h(x) is the hydraulic potential. and T is the transmissivity IL 2 ITJ. The 
transmissivity represents the capacity to "transmit" water under a hydraulic 
gradient in the aquifer. {) is the Dirac delta function. If x = Xi. then {) = 1; 
otherwise. {) = o. The Dirac delta function defines the location of all wells 
in the system. 

The numerical transformation (solution) of"the model's partial or ordi
nary differential equations is an important element in any systems' study. 
In this simple example. finite difference methods are used to discretize the 
confined flow equation. For any discrete point i in the aquifer. the finite 
difference model can be represented as 

-- h· 1 - 2h· + h· 1 - _t = 0 T ( ) Q. 
~X2 t+ t t- ~x 1.22 

where ~x represents the discretization interval; in this example. ~x = 10 
m and the truncation error of the approximation is O(~X2). 

The next step in the development of the numerical model is to apply 
the finite difference equation to all the internal nodal points in the aquifer. 
The known boundary conditions are then incorporated in the finite differ
ence equations (the prescribed water levels at x = 0 m and x = 310 m). 
The resulting equations are a system of linear. algebraic equations. The 
equations relate the state variable vector. the hydraulic potential. h. and 
the pumping rate vector. Q. The head vector defines the hydraulic head at 
each discrete point in the aquifer system. e.g. h = (hl.h2 •...• h30)t. Simi
larly. Q = (Ql.Q2 •...• Q30)t. 

The linear model can be expressed as the matrix system of equations. 

Ah + f(Q) = 0 1.23 

where A is an 30 x 30 coefficient matrix. and f is a 30 x 1 column vector 
containing the boundary condition information and the pumping rates. The 
coefficient matrix is dependent on the hydraulic parameters of the aquifer 
and the numerical discretization of the underlying confined flow equation 
(see Willis and Yeh. 1987). The coefficient matrix can be expressed as. 

-2 1 0 
1 -2 1 

T 0 1 -2 1 A=-
~x2 

1 -2 
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The A matrix is a tridiagonal matrix. The constant vector, f, is 

f= 

T h ili. 
~ L- 6x 

_ih 
6x 

_ilill. 
6x 

Th ili2. 
~ R- 6x 
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where hL = 40 m and hR = 30 m are the water levels (potentials) on the left 
and right boundaries, respectively. 

In the systems methodology, the state and control variables are iden
tified as the hydraulic head or potential and the pumping or extraction 
rates. The objective of the planning problem is to minimize the total cost 
of groundwater pumping, or 

30 

minz = L 10Qi(50 - hi) 
i=l 

1.24 

where the summation is over all well sites in the aquifer (in this example 
the well sites correspond to any internal nodal point in the aquifer). The 
constraints of the simulation/optimization model include (1) the water de
mand constraint, 

30 

I Qi = 350 1.25 
i=l 

(2) the head lower bound constraints, 

1.26 

(3) the mathematical model of the groundwater system, 

Ah + f(Q) = 0 1.27 

and (4) the nonnegativity of the control variables, 

1.28 

We will explore in Chapter 7 how this model can be solved using nonlinear 
programming methods. 

In the simulation methodology, we can again use the mathematical 
model to investigate how the groundwater system responds to a range of 
pumping scenarios. Ten simulation alternatives are summarized in Table 
1.5. The table summarizes the minimum head, its location (relative to the 
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Table I.S Groundwater simulation results. 

hmin Location Cost 
Alt [m] h min (x) [$] Active Wells 

1 30.3 300 0 Ql = Q2 = ... = Q30 = 0 

2 -104.0 160 332,038 Ql = Q2 = ... = Q29 = 10, Q30 = 60 

3 -41.0 40 256,741 Ql = Q2 = Q3 = 100, Q4 = 50 

4 -64.0 60 294,298 Ql = 100, Q2 = Q3 = ... = Q6 = 50 

5 5.4 20 136,755 Ql = Q2 = 100,Q29 = 50,Q30 = 100 

6 7.5 290 125,231 Ql = 200, Q29 = 50, Q30 = 100 

7 -3.2 280 139,444 Ql = 150,Q2 = Q28 = Q29 = Q30 = 50 

8 -19.3 270 176,619 Ql = 100, Q2, Q3, Q27, Q28, Q29 = 50 

9 5.9 10 145,553 Ql = 300, Q30 = 50 

10 11.3 10 128,556 Ql = 250, Q30 = 100 

left stream boundary, x = 0), the total cost of meeting the water demand, 
and the active well sites. 

The baseline case is alternative 1; no pumping produces a minimum 
head of 30.3 m at x = 300 m. The second scenario distributes the pumping 
over the entire aquifer; this actually is the worst case scenario-the head 
is the lowest and the pumping cost the greatest. The third scenario iso
lates the pumping adjacent to the left and right boundaries. The cost is 
substantially reduced from alternative 2; the minimum head constraint is 
still, however, not satisfied. Alternative 5 places the active wells, at much 
higher pumping rates, adjacent to the boundaries. The cost reduces to 
approximately $137,000; the minimum head, 5.4 m, still does not satisfy 
the required lower bound. The last alternative, scenario 10, appears to be 
the best. The cost is approximately $129,000; the minimum head is 11.3 
m. There are only two wells in the system, adjacent to the left and right 
boundaries. 

As in all simulation modeling, alternative 10 is "optimal" only in rela
tion to the other simulated policies. There is no guarantee that it is indeed 
the global solution for the planning problem. Note also that no tradeoff 
information is directly available from the simulation analysis. For exam
ple, how does the cost change if the demand were increased or possibly, 
decreased? Also, if the head lower bound (10 m) were relaxed, how would 
the cost function respond? 

The optimal pumping pattern reflects the underlying physics of the 
aquifer system. In steady-state, mass conservation requires that the mass 
inflow equal the mass outflow. The outflows are the extractions; the in-
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flows represent the flow of water across the stream-aquifer boundaries. At 
steady-state, these amounts are equal. The location of the wells adjacent 
to the boundaries is optimal since the pumping induces recharge from the 
stream to the aquifer system. The greater the difference in the potential be
tween the stream boundary and the potential in the well, the greater is the 
flow into the aquifer system. This linear relation between the head gradient 
and the flow is known as Darcy's law. 

Example Problem 1. 7 

Two firms discharge a constituent into the river system shown in Figure 
1-1. Firm 1 produces 20 units/day of the constituent; firm 2 generates 14 
units/day. The flow in the main river upstream of firm 1 is 5 MGD (million 
gallons per day). The headwater flow in the tributary is 2 MGD. On-site 
wastewater treatment has been selected as the water quality control option. 
The treatment costs for firms 1 and 2 are $lOOO/unit of waste removed and 
$800/unit of waste removed, respectively. Assume (1) that the flow rates 
of the waste sources are negligible compared with the river flows, (2) the 
stream assimilates approximately 20% of the waste discharged from firm 1 
prior to reaching firm 2, and (3) that in-stream water quality standards are 
to be maintained just downstream of each discharge point. These standards 
are 2 units/day /MGD. Develop an optimization model for the control of the 
point source pollution (Meredith et al., 1973). 

An optimization model consists of an objective(s), a set of constraints 
or restrictions, decision variables, and an underlying mathematical model. 
The decision variables in this example are the amount of waste to remove at 
each point source. The objective function minimizes the total cost of waste
water treatment, e.g. the model is a cost effective optimization model. The 
mathematical model of the problem is highly simplified. The 20% waste 
removal by the river represents the combined effects of convection, disper
sion, and biochemical reactions. The constraints of the model are the water 
quality standards that are to be satisfied immediately downstream of each 
discharge point and the waste capacities of each plant. 

Defining Xl and X2 as the amount of waste per day removed at waste 
sites 1 and 2, respectively, the objective function of the model can be ex
pressed as, 

minz = 1000XI + 800X2 1.29 

Neglecting the waste flow volume and assuming complete mixing in the 
stream, the first water quality standard constraint is 

20 - Xl :5 10 1.30 

The left-hand side of the expression represents the waste discharged to 
the stream following treatment. The right-hand side of the equation is the 
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product of the water quality standard, 2 unitsjday/MGD and the flow rate, 
5MGD. 

Similarly, the water quality constraint downstream of the second waste 
source consists of the waste that has not been assimilated from firm 1 and 
the waste introduced by firm 2, 

0.8(20 - Xl) + (14 - X2) :5 14 

or, 
0.8Xl + X2 ~ 16 1.31 

The right-hand side of the constraint is the product of the instream stan
dard and the total streamflow, 7 MGD. Additional constraints of the model 
include (1) bounds on the amount of waste that can be removed at each 
source, 

X2 :5 14 

and (2) the nonnegativity restrictions of the decision variables, 

1.32 

1.33 

1.34 

The optimization model presented in Equations (1.29)-(1.34) is a special 
type of optimization problem known as a linear programming problem. 
The constraints and objective(s) are linear functions of the decision and 
control variables. Solution methods for linear programming problems are 
presented in Chapter 6. 

This two decision variable, linear programming problem can be solved 
graphically. Figure 1-7 summarizes the graphical solution. The coordinate 
axes represent the values of the Xl and X2 decision variables. The fea
sible region is defined in the first quadrant because of the nonnegativity 
restrictions. The waste bounds, Equations (1.32) and (1.33) are the upper 
and right boundaries of the feasible region, respectively. The water qual
ity equations define the remaining boundaries of the trapezoidal feasible 
region. Any point in this shaded region is a possible solution to the opti
mization problem. 

The optimal solution of the planning model can be obtained by plotting 
contours of the cost objective function. These contours are straight lines 
obtained by assigning a value (cost) to the objective. For example, for a 
total cost of $1000, the objective function is given by the equation, 

1000Xl + 800X2 = 1000 

or, 
X2 = 1.25 - 1.25xl 
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Figure 1-7 Graphical solution to waste removal problem. 

and, in general, 
X2 = z/800 - 1.25xI 
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The further away from the origin these contours are, the more costly 
the treatment solution. The optimal solution is at that point (or possibly 
along an edge of the feasible region) closest to the origin. Verify that the 
optimal solution is 

The total system cost is $16,400. 

Example Problem 1.8 

xi = 10 

x; = 8 

Solve Example Problem 1.7, the water quality optimization problem 
using a spreadsheet program such as ExceI™. 

The solution of the optimization problem presented in Equations (1.29) 
to (1.34) can be determined using a spreadsheet. The solution is illustrated 
in Figures 1-8 and 1-9. In Figure 1-9, the decision variables, Xl and X2 are 
defined in cells A2 and B2. Cell C2 contains the cost objective function; 
the function is evaluated using the "values" of the decision variables (refer
enced to A2 and B2.) The constraints of the model are in cells D2, E2, F2, 
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and G2; the constraints again refer to the values of the decision variables 
in cells A2 and B2. The right-hand sides of the constraints are located in 
D6, £6, F6, and G6. The "Solver" tool in Excel is used to minimize the 
objective function by varying the "target cells," the decision variables. Con
straints are added and nonnegativity options are selected. The solution of 
the model is shown in Figure 1-8; it is identical to the graphical solution of 
the linear programming problem. The spreadsheet solution also provides 
additional sensitivity information regarding the system's tradeoffs; these 
dual variables will be explored in Chapter 6. 

x1 x2 z WQCon 1 WQ Con 2 WQCon3 WQ Con 4 
10 S 16400 10 16 10 S 

RHS1 RHS2 RHS3 RHS4 
10 16 20 14 

Figure 1-8 Excel water quality optimization. 

A B C D E F G 
1 x1 x2 z WQCon 1 WQ Con 2 WQCon3 WQ Con 4 
2 10 S =1000*A2+800*B2 =20-A2 =0.S*A2+B2 =A2 =B2 
3 
4 
5 RHS1 RHS2 RHS3 RHS4 
6 10 16 20 14 
7 
8 

Figure 1-9 Spreadsheet cell contents for Example Problem 1.5. 
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PROBLEMS 

Systems Engineering 

1. Develop the water quality system for Humboldt Bay. Clearly discuss the 
inputs, outputs, parameters and state variables of the system. Discuss 
how simulation and optimization modeling can be used for manage
ment of the system. What are the advantages and disadvantages of 
each approach? 

2. The capacity, Q, and the removal effiCiency, € are to be determined for 
a regional wastewater treatment plant. The effluent from the plant is 
required to satisfy the water quality standard, c*. Assume that the 
annual operation and maintenance treatment cost function, Ct , can be 
expressed as 

Ct = ()(Q~€Y 

where Qt is the wastewater flow in year t, and ()(, 8, Y > 0 and 8, y < 1. 
The effluent quality, Ceff, and influent quality, Cinfl, are related by the 
mathematical model, 

Ceff = g(Cinfl, €) 

The capital cost of the treatment plant, KC, can be expressed as 

where a and b are parameters and Q is the treatment plant capacity. 
The available funds for construction of the treatment plant are $D. De
fine the wastewater treatment system, the inputs, outputs, parameters 
and state variables. Formulate the mathematical optimization problem 
for the design of the waste treatment facility. What are the constraints, 
objective(s), and decision variables. Classify the optimization model. 

The Model Building Process 

3. As a consulting engineer, you are reviewing an environmental modeling 
study. The investigation presents the application of a model predicting 
water quality in an estuary. Briefly discuss the areas you would examine 
in the modeling report to ensure the conclusions of the investigation 
are valid. 

Simulation Modeling 

4. Briefly discuss the advantages and disadvantages of simulation mod
eling. 

5. A confined groundwater system is to be developed to satisfy a time
varying water demand Dt. The mathematical model of the groundwater 
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system, g, relates the time-varying pumping rates, Qt and the hydraulic 
potential, ht , or 

The estimated cost of pumping in time period t, Cf, at a particular well 
location, i, in the groundwater basin is 

where Q~ [m3 jday] is the magnitude of pumping, and h~ is the hy
draulic head [m] at the well location. 

There is also the potential for subsidence and water quality problems 
in the aquifer; to minimize these problems, the hydraulic head cannot 
fall below 10 m anywhere within the aquifer. 

Discuss how the simulation model can be used to determine the best 
locations and pumping rates to satisfy the water demand. Assume 
the objective is to minimize the total pumping cost over the planning 
horizon. What are the tradeoffs of the model and how can they be 
estimated? 

Optimization Modeling 

6. Verify the optimal solution of Example Problem 1.7. Graph the con
tours of the objective function. 

7. A multipurpose reservoir generates hydropower and water supply. The 
hydropower benefit in any time period t, HPt, is a function of the reser
voir release, Rt , and storage, St. The release from the reservoir is used 
in part to satisfy a downstream water demand, D t . The water quality 
standard of the water supply is c *. An irrigation area downstream of 
the reservoir is supplied primarily with groundwater. The runoff from 
the irrigation area, which is routed through a diversion canal to the 
river, contains high concentrations of IDS (total dissolved solids). The 
magnitude of the irrigation return flow is IRF t ; the IDS concentration 
is CIRF. The concentration of IDS in the reservoir is crev • Assume the 
water demand is to be met immediately downstream of the confluence 
of the return flow canal and the stream. Formulate an optimization 
model of the water resources system. 

8. A groundwater basin is developed to satisfy a water demand, Dt . The 
unit cost of pumping is Cpo The natural recharge to the aquifer is 
estimated for any time period as NRt . The initial groundwater storage is 
GWo. Using the continuity equation developed in Example Problem 1.1, 
develop a cost effective management model to determine the optimal 
pumping rate, Pt. 
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9. The Streeter-Phelps equations are a mathematical model for predicting 
the concentration of BOD (biochemical oxygen demand) and DO (dis
solved oxygen) in a stream or river (see Table 1.1). Using the continuity 
equation, determine a relationship for the concentration of BOD and 
DO immediately downstream of a point source discharge. Assume the 
concentrations of BOD and DO in the point source are CBOD and Coo, 
respectively. The discharge rate of the point source is Q. How can 
the equations be used to predict the downstream concentrations as a 
function of possible waste treatment alternatives at the point source? 

10. A heat storage unit has a rectangular base with dimensions Land W; 
its height is H. The unit is used to store heat energy temporarily. The 
rate of heat losses, he, due to convection, and hr the heat loss from 
radiation can be expressed as, 

he = keA(T - Ta) 

hr = kyA(T4 - Ta) 

where ke and kr are parameters, T is the temperature of the heat stor
age unit, A is the surface area, and Ta is the ambient temperature. The 
heat energy stored in the unit is given as 

Q = kV(T - Ta) 

where k is a constant and V is the volume of the storage unit. The 
storage unit is required to store at least d.. Space availability restricts 
the dimensions of the storage unit to 

o~L~d, 

O~W~W 

O~H~H 

Formulate an optimization model to minimize the total heat loss. What 
are the parameters and state variables of the model? (Bazaraa and 
Shetly, 1979) 

11. Currently n manufacturing facilities dump their refuse into a river sys
tem. The water quality is examined along the river at m control points. 
The minimum desired quality improvement at point i is b i , i = 1, ... , m. 
Define Xj as the amount of waste to be removed from source j at cost, 
fj (x j), and aij as the water quality improvement at control point i for 
each unit of waste removed at source j. Formulate an optimization 
model to meet the water quality standards at minimum cost. 

12. In Example Problem 1.7, assume the obj ective is to maximize the down
stream environmental equality. Formulate the water quality manage
ment problem as a linear programming problem assuming the total 
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cost of waste treatment is TC. Clearly define the objective, the con
straints, and the decision variables. What are the tradeoffs of the 
model? 

13. The water supply for a city is obtained from surface and groundwater. 
The unit cost of the surface water supply is $100/MGD (million gallons 
per day); the unit groundwater cost is $50/MGD. The total water re
quirement is 4 MGD. The IDS concentration of the surface water is 50 
ppm; the groundwater concentration is 200 ppm. The water supply is 
required to satisfy the standard of 100 ppm. The upper bounds on the 
daily groundwater and surface supplies are 2 and 10 MGD, respectively. 
Develop an optimization model to determine the optimal surface and 
groundwater allocations. Clearly state all assumptions and delineate 
the constraints, decision variables, and objectives of the planning prob
lem. 

14. A surface water reservoir is to be designed to provide a reliable water 
supply for a local community. The projected water demand in any 
time period is D t . The inflow to the reservoir in any time period is 
It. Using the continuity equation presented in Example Problem 1.1, 
develop an optimization model for 3 time periods to determine the 
optimal releases, Rl, R2, and R3. Clearly show all the constraints for 
the optimization model, e.g. for all time periods. Assume the objective 
is to minimize the cost of constructing the reservoir, C(K), where K is 
the capacity of the reservoir. 

Mathematical Models 

15. Identify for each of the following mathematical models whether they 
are (a) steady-state or transient, (b) lumped or distributed parameter, 
or (c) stochastic or deterministic. For each model, what are the state 
variables and parameters? 

d2c dc D--v--kc=O 
dx 2 dx 

-kx 
c(x) = coeu-

Assume k is a log normal, random variable in Equation (1.35). 

1.35 

1.36 

16. The following mathematical model is used to describe the variation in 
BOD in an estuarine system, 

dCBOD A--;,u- + RCBOD + f(€) = 0 

where CBOD is the BOD concentration and € is a vector containing the 
point source removal rates (the decision variables). (a) What are the 
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state variables of the mathematical model? (b) What are the param
eters? (c) Is the model steady-state or transient? (d) Is the model 
stochastic or deterministic? 



2 

An Introduction to Optimization Theory 

2.1 INTRODUCTION 

Optimization models in environmental systems consist of a set of ob
jectives, constraints, and decision or control variables. The decision vari
ables detail the possible operational, planning, or design alternatives. In 
many problems, decision variables include state variables of the environ
mental system. The optimization models are predicated on mathemati
cal models describing the underlying flow, mass, or energy transport pro
cesses. The mathematical models are used in optimization modeling to 
relate how the decision variables affect the state variables of the environ
mental system. 

In contrast to simulation modeling, which provides only localized infor
mation about the solution of an engineering design problem, optimization 
models identify the best or optimal decisions and the tradeoffs associated 
with these alternatives. The optimality of the design solution, e.g. how good 
the solution is in maximizing the objectives of the planning or design prob
lem, is dependent on the mathematical properties of the objectives and 
constraint relationships. As is discussed in Chapter 7, these functions also 
influence the solution methodology for the optimization problem. This 
chapter addresses the optimality problem-how to characterize the opti
mality of the planning or design problem by examining the mathemati
cal properties of the constraints and the objective function. We begin the 
discussion with a classification scheme for single objective, differentiable, 
mathematical optimization problems. 

R. Willis et al., Environmental Systems Engineering and Economics

© Kluwer Academic Publishers 2004
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2.2 CLASSIFICATION OF OPTIMIZATION MODELS 
The general, scalar (single-objective), optimization problem is to iden

tify a vector of decision variables, x, that maximizes an objective function, 
I, and satisfies a series of constraints. Defining 9i as the ith constraint 
of the problem, the nonlinear optimization problem is described by the 
equations, 

maxz = I(x) 

subject to: 
91 (x) :5 b1 

9m(X) :5 bm 

X~o 

2.1 

2.2 

2.3 

2.4 

where bi is the known right hand side of constraint i. We assume the ob
jective and constraint functions are real-valued and continuously differen
tiable. 

The unconstrained optimization model is an optimization problem with 
neither constraints nor nonnegativity restrictions. The unconstrained op
timization problem can be expressed as, 

maxz = I(x), x E r- 2.5 

where En is Euclidean n space. 
The classical programming problem is a special case of the general non

linear programming problem. The constraints are equalities rather than 
inequalities, and there are no nonnegativity restrictions. Formally, the clas
sical optimization problem is described by the equations, 

maxz = I(x) 2.6 

subject to: 
91 (x) = bl 2.7 

9m(X) = bm 2.8 

The linear programming problem is another variant of the nonlinear 
optimization problem. In this case, however, all of the constraints and the 
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objective function are linear functions of the decision variables. Defining 
Cj as the objective (cost) coefficient of decision variable j, the linear pro
gramming problem can be expressed as, 

subject to: 

n 
maxz = C1Xl + C2X2 + ... + CnXn = I CjXj 

j=l 

Xj ~ 0, 'if j 

2.9 

2.10 

2.11 

2.12 

where the aij are constants in the constraint inequalities. Defining the m 
x n matrix A as, 

2.13 

and the objective coefficient vector, e, as the 1 x n row vector, 

2.14 

the linear programming problem can be expressed as, 

maxz = ex 2.15 

subject to: 
AX:5 b 2.16 

x~o 2.17 

where b is the m x 1 vector of constants, 

2.18 

The follOwing example problem illustrates the development of linear 
and nonlinear programming problems in environmental systems engineer
ing. 
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Xl 
~ 

ql 

X2 
~ 

q2 
· · · Firm · · · 
Xm-l~ qn-l 
Xm 

~ 
qn 

R esources Products 

Figure 2-1 Multiproduct firm. 

Example Problem 2.1 
As shown in Figure 2-1, a firm uses m resources in the production of 

n goods or products. The amount of good j produced is qj, and the unit 
profit for any good j is TTj. bi is the total amount of resource i available to 
the firm. aij is the amount of resource i used to produce a unit amount of 
commodity j. Formulate an optimization model to determine the optimal 
level of production. 

We assume the objective function of the firm is to maximize its profit. 
The profit is the sum of the individual profits from the production of each 
good,or 

n 

maxz = I TTjqj 2_19 
j=l 

The constraints of the model include the nonnegativity restrictions of the 
production levels, 

2.20 

and limitations on the availability of each resource used in the production 
process_ The total amount used of a particular resource cannot exceed 
the amount available of that resource. Considering resource 1, al1 is the 
amount of resource 1 used to produce a unit amount of good 1. The total 
amount of resource 1 needed to produce ql is al1ql. Similarly, the total 
amount of resource 1 needed to produce q2 is a12q2. The total amount of 
resource 1 used in the production of all goods and services cannot exceed 
the availability of resource 1, b 1, or 

al1ql + a12q2 + ... + alnqn ~ b1 

The resource constraints can then be expressed as, 
n 

L aijqj ~ bi, Vi 
j=l 

2.21 
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Figure 2-2 Reservoir system. 

The production problem is a linear programming problem. The aij 

coefficients represent the production function or mathematical model of 
the firm. 

Example Problem 2.2 
Develop an optimization model to determine the optimal capacity, K, 

and uniform release, R, of the reservoir system shown in Figure 2-2. As
sume the reservoir storage at the end of any time period, t, is St, and the 
inflow occurring during a time period is It. The cost function (the capital 
cost) for the construction of the reservoir is C(K) = exK/3, ex> 0, ° < f3 < 1. 

The optimization model is based on the mathematical model of the 
reservoir system. Assuming the time scale of the problem is greater than 
the time of travel through the reservoir system, the mathematical model 
relates the reservoir storage volumes (the state variables of the system) and 
the decision variables (the reservoir's releases). Mass conservation requires 
that the inflow less the outflow in any time period equal the change in 
water stored in the reservoir (see Example Problem 1.3). The mass balance 
equation can be expressed as, 

St+l = St + It - R - Rt 2.22 

The equation relates the storage at the end of one time period to the storage 
occurring at the beginning of the time period, the inflow during the time 
period, the uniform release (an outflow), and Rt an excess release. 

The storage is bounded by the capacity of the reservoir, K, or 

St ~K, Vt 2.23 

At the beginning of the planning horizon, we assume the initial storage 
volume, SI is known. The storage volumes and releases are also required 
to satisfy nonnegativity restrictions, 

2.24 
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The objective of the planning model is to minimize the cost of the 
reservoir and maximize the reservoir's uniform yield, R. Defining ,\ as the 
preference or weight associated with the cost objective, the composite ob
jective of the planning model can be expressed as, 

max z = R - l\()(Kf3 

where the minus sign is necessary on the construction cost term because 
the composite objective is expressed as a maximization problem. l\ repre
sents the tradeoff between the cost and the uniform release; it measures 
the relative worth of the uniform release per unit capital cost. 

The reservoir planning problem is a nonlinear programming problem. 
The objective function is a nonlinear function of the decision variables; 
the constraints, however, are linear functions. The decision variables of 
the model are the uniform release for each planning period, the reservoir 
storage volumes (the state variables), and excess releases. 

Example Problem 2.3 
The concentration of a water quality constituent in a river, c, is related 

to the distance downstream from a waste discharge, x, by the model 

C = ()( + /3x + yx2 2.25 

where ()(, /3, and yare parameters. Water quality data have been collected 
for the river system. The water quality concentration, ct, is sampled at Xi, 

the distance downstream of the discharge. Develop an optimization model 
to identify the parameters of the mathematical model. 

As was discussed in Chapter 1, parameter estimation occurs during 
the calibration and validation of the mathematical model. The parameter 
estimation problem consists of (1) a set of observational data, (2) a mathe
matical model, and (3) an error or calibration criterion. In this example, we 
assume that the objective of the identification process is to minimize the 
sum of the squared differences between the historical data and the model's 
predictions. [The model is described by Equation (2.25)]. The residual or 
model error at any downstream location, Xi, is 

Ei = (ct - Ci) 

= ct - ()( - /3Xi - yxf 
The objective function of the optimization model minimizes the sum of the 
squares of the individual residuals or, 

n 2 
minz = 2: [ct - ()( - /3Xi - yxf] 2.26 

i=l 

where the summation is over all n observations. The decision variables of 
the model are the model's parameters, ()(, /3, and y. 

Without any additional restrictions on the model's parameters, the op
timization model is an unconstrained optimization problem. 
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Example Problem 2.4 

A local power company is developing a planning model to allocate en
ergy sources to a variety oflocal energy demands. The sources and amounts 
of energy include solar (S1), geothermal (S2), coal fired (S3), and hydropower 
(S4)' Demands for energy include municipal (Dd, industrial (D2), and agri
cultural (D3). The cost to deliver energy from source i to demand j is iij, 
a nonlinear function of the amount of energy delivered. Develop an opti
mization model to determine the optimal distribution of energy resources. 

The decision variables of the model are the amount of energy allocated 
from source i to demand j. Defining Xij as the amount of energy trans
ferred or allocated from source i to demand j, the objective function of the 
planning model minimizes the total energy transfer costs or, 

4 3 

minz = 2: 2: iij(Xij) 
i= 1 j= 1 

2.27 

where the summation is over all the energy sources (i) and demand sites 
(j). 

The decisions are constrained by (1) the availability of each energy sup
ply and (2) the demand requirements. The supply constraint for each source 
of energy requires that the total allocation cannot exceed its availability (Si), 

3 

L Xij :5 Si, Vi 
j=l 

2.28 

The demand requirement stipulates that the total energy supplied from all 
sources has to be greater than or equal to the energy demand, (D j), or, 

4 

2: x ij ~ D j, V j 
i=1 

We also have the nonnegativity restrictions of the energy allocations, 

Xij ~ 0, Vi,j 

This allocation model is a nonlinear programming problem. 

2.29 

2.30 
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Z3 
----Z2 

Figure 2-3 Optimal solution. 

2.3 GEOMETRY OF THE MATHEMATICAL 
OPTIMIZATION PROBLEM 
The geometry of the mathematical optimization problem is illustrated 

for the case of two decision variables in Figures 2-3, 2-4, and 2-5. In these 
figures, contours of the objective function are shown. These contours, Zj, 

are sets of points in En for which the value of the objective function is 
constant, or 

2.31 

where Yj is a constant. Differing constant values produce different contour 
lines. 

The preference direction is the direction of greatest increase in the 
value of the objective function. The preference direction is the gradient of 
the objective, or 

of 
ax = [OflOX1, ... ofloxn] 2.32 

The solution of the mathematical optimization problem involves selecting a 
point or possibly a set of points in the feasible region at the highest contour 
value. 

Figure 2-3 depicts a typical problem in classical optimization with in
creasing contours of the objective function, Z3 > Z2 > Zl. The solution of 
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X2 

Feasible Region 

Figure 2-4 Nonlinear optimization boundary solution. 

Feasible IRegion 

Figure 2-5 Interior optimal solution. 

Optimal 
Solution 
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the problem occurs at a tangent point where the slope of the contour equals 
the slope of the curve of the feasible solutions. 

Possible solutions to the nonlinear programming problem are shown 
in Figures 2-4 and 2-5 for maximization and minimization problems, re-
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spectively. In Figure 2-4, the optimal solution occurs on the boundary of 
the feasible region. An interior solution is depicted in Figure 2-5. 

2.4 NONLINEAR OPTIMIZATION AND TYPES OF 
MAXIMA 
The general nonlinear programming problem can be expressed in vec

tor notation as, 
maxz = j(x) 2.33 

subject to: 
g(x) .:5 b 2.34 

x~O 2.35 

or, 
maxz = j(x) 2.36 

subject to: 
XEn 2.37 

where g is a m x 1 column vector of the system's constraints and n defines 
the feasible region of the problem, i.e. n = [xix ~ 0 n g(x) .:5 b] 

The optimal solution to the nonlinear programming problem, as illus
trated in Figure 2-6, is a global maximum if the solution, x* , is feasible and 
the value of the objective function is greater than or equal to the objective 
function evaluated at any other feasible decision vector. Formally, a global 
maximum is 

x* En, f(x*) ~ f(x), Vx En 2.38 

A strict global maximum occurs if the value of the objective is strictly larger 
than any other feasible decision vector, 

x* En, j(x*) > j(x), Vx En 2.39 

A strict global maximum is also an unique optimal solution. 
A local maximum is a solution to an optimization model, x**, that is 

"locally" optimal. There exists a finite region about x** for which the value 
of the objective function is greater than or equal to the objective function 
evaluated for any other feasible decision vector. The region about x**, 
N((x**), is an E neighborhood, 

2.40 
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Global Maximum 

Local I 

Loca~um \1 b 1 .. Go a Mmunum 

x 

Figure 2-6 Local and global solutions. 

A local maximum is defined as 

x** En, j(x**) ~ j(x), '<;fx E n nN£(x**) 2.41 

A strict local maximum, x** implies that 

x** En, j(x**) > j(x), '<;fx E n n N£(x**) 2.42 

Figure 2-6 illustrates the types of optimal solutions for an objective 
function of a single decision variable. The feasible region for the problem 
is the positive, real line, x ~ O. The peak or highest value of the objective 
function is the global maximum. The individual peaks represent locally 
optimal solutions. The global maximum is a local maximum; the converse 
is not true, however. 

An important element in the development of an optimization model is 
the determination of the type of optimization solution. There can be signifi
cant differences between the optimal values of decision variables associated 
with local or globally optimal solutions. From an economic perspective, the 
difference between the two types of solutions can dictate whether or not 
a particular planning or design alternative is economically feasible. Before 
examining theorems that characterize the type of optimal solutions, we 
discuss how to mathematically characterize the objective and constraint 
functions. 
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2.5 CONVEX SETS AND FUNCTIONS 
The feasible region of the general nonlinear programming problem is 

the set of all points that satisfy the constraints of the optimization problem. 
Formally, the feasible region, n is defined as 

n = [xix ~ 0 n g(x) ~ b] 2.43 

The feasible region, a subset of Euclidean n space, En, is a convex set, if 
for any two points in the set, the line segment joining the points also lies 
within the set. If, for example, xI. and X2 are two feasible decision vectors, 
the feasible region is convex, if and only if, 

2.44 

where .\ is a real-valued number such that, 0 ~ .\ ~ 1. 

In mathematical optimization, an important class of functions are con
vex functions. A function, j, defined on a set r E En is a convex function 
if and only if, for any two points, XI. X2, 

2.45 

where 0 ~ .\ ~ 1. The geometric interpretation of a convex function is 
shown in Figure 2-7. The chord connecting any two points of the function 
lies on or above the curve. Figure 2-7 depicts two convex functions defined 
on a convex subset of En. A strictly convex function satisfies Equation (2.4 5) 
as a strict inequality, or 

A concave function and strictly concave function follow from the defi
nition of convex functions. A concave function, j, satisfies the inequality, 

2.47 

A strictly concave function is, 

Figure 2-8 illustrates two examples of concave functions. 
Note that a convex function defined on a convex set is not necessarily 

a continuous function. For example, as shown in Figure 2-7, the function is 
not continuous at x = -1. However, if the feasible region is an open convex 
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Figure 2-7 Convex functions. 
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set, that is, it does not contain its boundary, the convex function is contin
uous. We restrict the discussion to proper convex functions. Nowhere do 
these functions have the value -00 and are not identically equal to +00. 

The objectives and constraints of environmental engineering optimiza
tion problems are usually differentiable functions. Two other definitions of 
convex functions are used for differentiable functions. Again let f be a real 
valued, differentiable function defined on a convex set r E En. f is convex 
on r if and only if, 

2.49 
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f(x) 

x 

Figure 2-8 Concave functions. 

The function is a concave function if and only if, 

where 'V f (Xl) is the gradient vector of the function, or, 

2.51 

Strictly convex and concave functions can be similarly defined by replacing 
the inequalities with strict inequalities, or, 
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f(x) 

x 

Figure 2-9 Convex function linearization. 

and, 

Figure 2-9 illustrates this definition of a convex function. The inequal
ity is a Taylor's series approximation of the function at Xl. The linearization 
never overestimates the function, j, for any x E r. 

Assuming a function, j, is twice-differentiable on an open, convex set 
r, the function is convex for each x E r if and only if, 

2.54 

where H is the matrix of second partial derivatives of the function, the 
Hessian matrix, and y is any point in pt. The left hand side of Equation 
(2.54) is a positive semidefinite quadratic form. A function is a convex 
function if the Hessian is positive semidefinite. 

As is discussed in Appendix A, a quadratic form is positive semidefi
nite if the determinants of the principal minors of the Hessian satisfy the 
conditions (Simmons, 1975), 

H > o· J Hll H12 J > o· II 'H21 H22 - , 

Hll H12 H13 
H21 H22 H23 ~ 0; ... ; IHI ~ 0 
H31 H32 H33 

2.55 
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Similarly, a function is a concave function if and only if, 

yt H (x)y :$ 0, 'i/y E En 2.56 

The function is concave if the Hessian is negative semidefinite. 
A function is negative semidefinite if the determinants of the principal 

minors of the Hessian alternate in sign, or 

H < O· 1 H II H 121 > O· 
II . H21 H22 - , 

Hll H12 H13 
HZl H22 HZ3 :$ 0 
H31 H32 H33 

Defining the nth principal minor as Hn , then for n -J I, 

IHn I :s 0, n odd, IHn I ~ 0, n even 2.57 

The theorem cannot be broadened to include strictly convex and con
cave functions. However, under the conditions of the theorem, a nonnec
essary but sufficient condition for a strictly convex function is the positive 
definiteness of the Hessian matrix, that is, if the Hessian is positive definite, 
the function is strictly convex. A similar result holds for a strictly concave 
function (Mangasarian, 1969). 

A positive definite quadratic form requires that the determinants of 
the principal minors of the Hessian are all positive, or 

Hll H12 HI3 
HZl H22 HZ3 > 0; ... ; IHI > 0 
H3I H3Z H33 

2.58 

The determinants of the principal minors alternate in sign and are nonzero 
for negative definite quadratic forms, or 

or for n -J I, 

Hll < 0; 1 Hll HIZI > 0; 
HZl Hzz 

Hli HIZ H13 
HZI Hzz HZ3 < 0 
H31 H3Z H33 

IHnl < O,nodd, IHnl > O,neven 2.59 

The follOwing example problems illustrate the applications of convex sets 
and convex functions. 
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Example Problem 2.5 

Show that the nonnegativity restriction, x ~ 0 is a convex set. 

The definition of a convex set is based on examining whether or not 
a line segment joining two points in the set also lies within the set. As
sume that Xl ~ 0 and X2 ~ O. Since .\ is nonnegative, the linear or convex 
combination of these points can be expressed as 

The set is convex. 

Example Problem 2.6 

z = .\Xl + (1 - .\)X2 

~O 

Show that the hyperplane, cx = b is a convex set. 

The feasible region of the hyperplane, f, is 

f=[xlex=b] 

Again we define two points in the set, Xl and X2. Because these points are 
in the set we have, eXI = b and eX2 = b. The linear combination of Xl and 
X2 is 

Multiplying both sides of the equation by e produces 

ez = .\exi + (1 - .\)ex2 

=.\b+(1-.\)b 

=b 

We have shown that a linear combination of Xl and X2 also lie within the 
set. The set is a convex set. 
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Example Problem 2.7 
Prove that the intersection of an arbitrary collection of convex sets is 

also a convex set. 

Let Xl and X2 be points contained in the intersection of the sets. This 
means that they are also contained in every member of the collection as is 
x = AXI + (1 - A)X2, A ~ O. As a result, x is also contained in the intersec
tion. 

This example problem has important implications for mathematical 
optimization. Consider a variant of the linear programming problem with 
linear equality constraints, 

maxz = ex 

subject to: 
aiX= bi, i= l, ... m 

X~o 

where ai = [ail ai2 ... ain]. Each constraint of the optimization problem is 
a linear hyperplane, and as shown in Example Problem 2.6, is a convex set. 
The feasible region is defined by the intersection of the linear hyperplanes 
(convex sets) and the nonnegativity restrictions which are also convex sets. 
As a result, the feasible region is a convex set. 

Example Problem 2.8 
A production function, as introduced in Example Problem 2.1, relates 

the quantity produced as a function of the resources utilized in the produc
tion process. A common production function in agricultural economics is 
the Cobb-Douglas function, 

q = lXxfxf 

were Xl and X2 are the factors of production (resources) and q is the pro
duction level. For what conditions is the production function a concave 
function? 

Since the function is twice-differentiable, the Hessian matrix can be 
used to determine whether or not the production function is a concave func
tion. The first partial derivatives or marginal products can be expressed as 
(see Chapter 3), 

oq = tx{3xf3-1 x y = {3q 
OXI 1 2 Xl 

oq = txyxf xr l = yq 
OX2 X2 

The second partial derivatives are, 

o2q = tx{3({3 _ l)xtl-2xY = {3({3 - l)q 
ox2 I 2 x2 

I I 
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The Hessian is, 

(~ m) H - Xl XlX2 - m ~ 
XlX2 X2 

The production function is a concave function provided the Hessian is nega
tive semidefinite. The Hessian is negative semidefinite if the determinants 
of the principal minors of the Hessian alternate in sign from negative to 
positive. The determinant of the first principal minor is also required to 
be strictly negative. The determinant of the first principal minor of the 
Hessian is 

IH I - 13(13 - l)q 
11 - 2 

Xl 

Assuming Xl > 0 and provided 0 < 13 < I, the determinant is negative. 
The determinant of the second principal minor, IH21, is 

IH21 = 13(13 - l)q. y(y - l)q _ f32y2q2 

xi x~ xix~ 
f3yq2(1 - y - 13) 

xix~ 
The determinant of the second principal minor is <': 0 if 0 =:; 13 + y =:; 1 and 
/3, y <': O. As is discussed in Chapter 3.3, the exponents of the production 
function are the elasticities of output with respect to each resource, or the 
percentage change in the output divided by the percentage variation in each 
input. The total elasticity of production, which is the sum of the individ
ual elasticities, is required to be less than or equal to one for a concave 
production function. 

Example Problem 2.9 

Show that if f is a real-valued, convex f1mction, then for any scalar, lX, 
the set fa = [xlf(x) =:; lX] is a convex set. 

The proof that fa is a convex set begins with two points, Xl. and X2 that 
are in the set, i.e. Xl,X2 E fa. Because the points are in the set, f(XI) =:; lX 
and f(X2) =:; lx. From the convexity of f, we have 

Z = f [AXI + (1 - ,\)X2] =:; Af(xd + (1- A)f(X2) 
=:; AlX + (1 - ,\) lx 

=lx 

Since AXI + (1 - A)X2 is contained in fa, the set is convex. 
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Example Problem 2.10 

Determine if the Hessian matrix is positive definite for the function, 

The Hessian matrix for the function, H, can be expressed as, 

( 6 -2 -2) 
H = -2 4 2 

-2 2 2 

The positive definiteness of the function requires that the determinants of 
the principal minors are all positive. The determinant of the first principal 
minor is equal to 6 > o. The determinant of the second principal minor, 
IH21 is 

1 6 -21 IH21 = -2 4 

The value of the determinant is the difference in the product of the diago
nals, or IH21 = 24 - 4 = 20. The determinant of the second principal minor 
is also positive. 

The determinant of the third principal minor, IH31, is the determinant 
of the entire Hessian, or 

6 -2 -2 
IH31 = -2 4 2 

-2 2 2 

The determinant can be expanded by cofactors as, 

IH31 = 61 ~ ; 1+ 21 =; 
= 6(4) + 2(0) - 2(4) 

= 16> 0 

The determinant of the third principal minor is also positive. The quadratic 
form is positive definite, which is a sufficiency condition for the strict con
vexity of the function. 
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2.6 WEIERSTRASS THEOREM 
The Weierstrass theorem provides sufficient conditions for the exis

tence of a global maximum for a mathematical programming problem. The 
theorem can be summarized as, 

Weierstrass Theorem. A mathematical optimization problem will 
have a global maximum either in the interior or on the bound
ary of the feasible region provided the (1) feasible region is closed 
and bounded (the feasible region is compact), (2) feasible region is 
nonempty, and (3) objective function is continuous. 

Applications of the Weierstrass theorem are illustrated in the following 
example problems. 

Example Problem 2.11 

Investigate using the Weierstrass theorem the optimization problem, 

maxz = X4 

subject to: 
x~O 

The feasible region, which is defined by the nonnegativity restriction, 
is unbounded, i.e. there is no upper limit on x. The objective function also 
increases with increasing x. Therefore no information on the existence 
of a solution to the optimization problem is provided by the Weierstrass 
theorem. 

Example Problem 2.12 

Consider the optimization problem, 

maxz = x 3 

subject to: 
O<x:s;l 

Does the Weierstrass theorem guarantee the existence of a global solution? 

The objective function is continuous over the feasible region. The fea
sible region is nonempty. However the feasible region is not closed and 
bounded, i.e. it is not compact. As a result, the Weierstrass theorem p~o
vides no information about the existence of the global solution to the prob
lem. Note however that the solution of the optimization problem is by 
inspection, x* = 1. This example illustrates that the conditions of the 
Weierstrass theorem are sufficient, but not necessary conditions for the 
existence of a global solution. 
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2.7 THE LOCAL-GLOBAL THEOREM 

The local-global theorem provides a set of necessary and sufficient con
ditions for a local maximum to be a global maximum. The theorem can be 
stated as, 

Local-Global Theorem. If the objective function is real-valued, 
continuous and a proper concave function in En, and the feasi
ble region is a convex set, then every local maximum of the objec
tive function is a global maximum over the feasible region (Avriel, 
1976). 

Two other corollaries of the local-global theorem have importance in 
engineering applications. The theorems can be summarized as, 

Convex Set of Solutions. If the objective function is a concave 
function on En, then the set of points at which the objective attains 
its maximum is a convex set. 

Strictly Concave Functions. If the objective function is a strictly 
concave function defined on a convex set, then if the objective 
attains its maximum, it is attained at a unique point in the feasible 
region. 

The importance of the local-global theorem is that it provides the con
ditions for global optimality. If any of the conditions of the theorem are not 
satisfied, then there is no guarantee that a solution is a global solution. The 
solution is at best one of many possible local solutions to the optimization 
problem. 

The example problems illustrate how the local-global theorem can be 
used to assess the types of solutions of some common optimization models. 

Example Problem 2.13 

Determine the type of solution of the classical programming problem 
using the local-global theorem. 

The classical programming problem can be expressed as [Equations 
(2.6)-(2.8)] 

maxz = j(x) 

subject to: 
g(x) = b 

where g(x) is a vector of nonlinear functions. We first investigate the con
vexity of the feasible region of the classical programming problem. Specif
ically, is the set of points that satisfy the ith equality constraint, Bi (x) = h 
a convex set? 
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We begin by first replacing the equality constraint with two inequalities. 
The set of points that satisfy the original equality constraint is equivalent 
to the intersection of the sets defined by the inequalities, or 

Assume that Bi is a convex function. Then, by Example Problem 2.9, 
the set of points that satisfy [XIBi(X) ::5 bd is a convex set. We rewrite 
the other part of the inequality constraint as -Bi(X) ::5 -bi. Since Bi is a 
convex function, then -Bi is a concave function. We conclude that the set 
of points satisfying this inequality is not a convex set. The intersection of 
the sets, [XIBi(X) ::5 bi n -Bi(X) ::;; -bd is not a convex set. As a result, one 
of the conditions of the local-global theorem is not satisfied and there is no 
guarantee the solution (local solution) is a global solution of the problem. 

What type of functions would permit the identification of a global so
lution to the classical programming problem? 

Example Problem 2.14 

Identify the type of solution to the nonlinear programming problem 
presented in Equations (2.1)-(2.4). 

The general nonlinear programming problem can be expressed as, 

maxz = j(x) 

subject to: 
g(X) ::5 b 

X~o 

The set of solutions that satisfy the nonnegativity restrictions is a convex 
set. Assuming the constraint functions are convex functions, then each 
constraint is a convex set, i.e. [XIBi (x) ::5 bd is convex (see Example Problem 
2.9). The intersection of this set with all the other constraints including the 
nonnegativities is also a convex set. Provided the objective function is real
valued, continuous, and a concave function, any solution identified will be 
the global solution of the mathematical programming problem. 
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Example Problem 2.15 

Consider the optimization problem, 

minz = j(x) 

subject to: 
XEO 

where j is a real-valued, continuous concave function and the feasible re
gion, 0 is a compact, nonempty, convex set. Show that the optimal solution 
lies on the boundary of the feasible region. 

The sufficiency conditions of the Weierstrass theorem are satisfied so 
that a global minimum exists either in the interior or on the boundary of the 
feasible region. The local-global theorem is not satisfied, however. The ob
jective function is a concave function; it is required to be a convex function 
for minimization problems. 

The local solutions occur on the boundary of the feasible region. As
sume, for example, that x* is the optimal solution of the programming 
problem. The optimality condition implies that, 

j(x) ~ j(x*), Vx EO 

Assume z is an interior point in the feasible region. Since the feasible region 
is a convex set, we can write 

From the concavity of the objective function, we can write 

j(z) = j[AXl + (1- A)X2] 

~ Aj(xt> + (1- A)j(X2) 

~ Aj(x*) + (1 - A)j(x*) 

= j(x*) 

We have shown that the objective value at an interior point is greater than 
the optimal solution. The optimal solution, therefore, lies on the boundary 
of the feasible region. 
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Example Problem 2.16 

The quadratic programming problem is described by the optimization 
model, 

subject to: 
Ax:-;;b 

x~o 

2.60 

2.61 

2.62 

Will a solution identified from the model be a local or global solution? 

We first examine the constraint set ofthe quadratic programming prob
lem. The nonnegativity restrictions form again a convex set. The set of 
points that satisfy a linear inequality, [xlajx :-;; bd is a convex set since the 
function, ajX, is a linear function. The intersection of each of the inequali
ties and the nonnegativities is also a convex set that is presumed nonempty. 

The second partial derivatives of the objective function can be used to 
determine the positive, negative semidefiniteness or indefiniteness of the 
function. The derivatives can be expressed as, 

oz 
- =c+xtD oX 

02 Z 
-=D ax2 

The objective function will be a concave function if D is negative semidefi
nite. The solution of the quadratic programming problem in this case is a 
global solution. 

2.8 THE KUHN-TUCKER CONDITIONS 
In sections 2.6 and 2.7, the existence and type of optimal solutions 

have been examined with the Weierstrass and local-global theorems. The 
remaining problem is to develop a set of mathematical relations or nec
essary conditions which characterize an optimal solution. These relation
ships are known as the Kuhn-Tucker conditions; they are analogous to the 
optimality conditions of classical programming presented in Appendix B. 

The heuristic development of the Kuhn-Tucker conditions is based in 
part on classical and unconstrained optimization. Following Intriligator 
(1971), we first develop the necessary conditions that characterize an opti
mal solution for the nonlinear programming problem. We assume, however, 
the optimization problem is constrained only by nonnegativity restrictions, 

maxz = j(x) 2.63 
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x ~ 0 2.64 

The necessary conditions for a local maximum, x*, of the optimization 
problem can be developed from the fundamental inequality, Equation (B.6), 

oj 1 
8 oX (x*)~x+ 282~xtH(x* + e8~x)~x::5 0 2.65 

where 8 is a small positive number. Ifx* is an interior solution, x* > 0, then 
the inequality holds for all directions ~x. We can conclude, as in Appendix 
B, that oj lox = O. 

The situation is somewhat different for a boundary solution, x j = O. 
Assuming all other variations in x are zero, and taking the limit as 8 -> 0, 

the inequality implies 

oj (x*)~Xj ::5 0 
OXj 

Since ~X j ~ 0, the inequality requires 

oj(x*)::50 if xj=O 
OXj 

2.66 

2.67 

The product of the first derivative and the boundary or interior solution 
always vanishes and the necessary conditions can be expressed as 

oj (x*)x'!' = 0, 'I;j j 
ox) J 

2.68 

The necessary conditions for a local maximum are sununarized by the 
2n + 1 necessary conditions, 

~~ (x*) ::5 0 

oj (x*)x* = 0 
oX 

x* ~ 0 

2.69 

2.70 

2.71 

The necessary conditions are illustrated in Figure 2-10 for the single 
variable case. For an interior solution, the first derivative vanishes and 
Equation (2.70) is satisfied. A boundary solution can occur if the first deriva
tive vanishes or is less than zero. In either case since x is zero, the first order 
conditions are again satisfied. 

The necessary conditions for the general nonlinear programming prob
lem, can be developed from the necessary conditions presented in Equa
tions (2.69) and (2.70). First we convert the inequalities of the optimiza
tion model into a series of equality constraints by introducing nonnegative 
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Figure 2-10 Interior and boundary solutions. 
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slack variables, Xs. These variables "take up" any slack in the inequalities; 
the slack variable for a constraint is the difference between the right hand 
and left hand sides of the constraint, e.g. Xis = b i - Bi (X). The nonlinear 
programming problem can be expressed as 

maxz = j(x) 2.72 

subject to: 
g(x) + xs = b 2.73 

x, xs ~ 0 2.74 

The Lagrangian for the problem is 

L(x, y) = j(x) + y[b - g(x) - x s ] 2.75 

The first-order necessary conditions are obtained by differentiating the La
grangian with respect to x, y, and Xs and equating the resulting expressions 
to zero. The nonnegativity of X and Xs requires, however, that the deriva
tives with respect to these variables are replaced by the conditions defined 
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in Equation (2.69) and Equation (2.70). The first order necessary conditions 
can be expressed as 

oL = oj _ og < 0 
ox ox yOX-

oL x = (oj _yOg)X=O 
ox ox ox 

x~O 

oL 
oy = b - g(x) - Xs = 0 

oL - = -y:5 0 
OXs 

oL 
-Xs = -yxs = 0 
OXs 

Xs ~ 0 

The conditions are evaluated at the optimal solution, X*, y* , and x; . 

2.76 

2.77 

2.78 

2.79 

2.80 

2.81 

2.82 

The slack variables can be eliminated from these equations by replacing 
the variables with the identity, Xs = b - g(x). The resulting expressions are 
the Kuhn-Tucker conditions, 

oj og 
--y- <0 ax ox-

( oj _yOg)x = 0 
ax ox 

x~o 

b - g(x) ~ 0 

y[b - g(x)] = 0 

y~O 

2.83 

2.84 

2.85 

2.86 

2.87 

2.88 

Alternatively, the Kuhn-Tucker conditions can be obtained by defining 
the Lagrangian, L, of the original nonlinear programming problem, Equa
tions (2.1)-(2.4), as 

L(x, y) = j(x) + y[b - g(x)] 2.89 

and differentiating the Lagrangian with respect to x and y. The Kuhn
Tucker conditions can be expressed as, 

oL = oj _ og < 0 
ox ox yox- 2.90 
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OLx=Cf _yOg)X=O 
oX OX OX 

2.91 

x~O 2.92 

oL 
oy = b - g(x) ~ 0 2.93 

oL 
2.94 y- = y[b - g(x)] = 0 

oy 

y~O 2.95 

The solution or point (x, y), is a Kuhn-Tucker point since it satisfies the 
Kuhn-Tucker conditions. 

The Kuhn-Tucker conditions contain all of the relevant information 
of the mathematical programming problem. Equations (2.92) and (2.93) 
ensure that the nonnegativity and inequality constraints are satisfied at 
optimality. Equation (2.91) reflects the possibility of boundary rather than 
interior solutions to the optimization problem. If oL/ox} = 0, then xJ may 
or may not be zero. If however, at optimality, oL/ ox} < 0, xJ has to vanish; 
xJ is a boundary solution. 

Equation (2.94) is the complementary slackness condition of the op
timization problem. At optimality, complementary slackness relates the 
Lagrange multiplier of a constraint and the slack or excess occurring in the 
constraint. If at optimality the constraint is satisfied as a strict inequality, 
the Lagrange multiplier vanishes. The Lagrange multiplier mayor may not 
be zero if the constraint is a strict equality at optimality, or 

2.96 

2.97 

The following example problems illustrate the application of the Kuhn
Tucker conditions. 
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Example Problem 2.17 

Interpret the Kuhn-Tucker conditions geometrically. 

The geometric interpretation of the Kuhn-Tucker conditions can be de
veloped from Equations (2.90)-(2.95). Introducing a new r x 1 column vec
tor of slack variables, xr , in Equation (2.90) and restoring the original slack 
variables, xs, the Kuhn-Tucker conditions can be expressed as, 

oj og 
2.98 - -y-+xr = 0 

ax ax 

XrX = 0 2.99 

x,xr ;:: 0 2.100 

b - g(x) - Xs = 0 2.101 

YXs = 0 2.102 

y,xs ;:: 0 2.103 

where again all the equations and inequalities are evaluated at the optimal 
solution. The first set of n conditions can be expressed as 

oj (x*) = y* og (x*) + xi (-I) 
ax ax 

2.104 

where I is the identity matrix. At the optimal solution, the gradient of the 
objective function is a weighted combination of the gradients of the con
straints and nonnegativity restrictions. The gradients of the constraints 
are the rows of the Jacobian matrix, og/ ax, and the gradients of the non
negativity restrictions are the rows of the negative identity matrix. The 
weights of the equations are the Lagrange multipliers and slack variables, 
xr . Equivalently, the gradient vector is a nonnegative linear combination 
of the outward pointing normals of the active constraints at the optimal 
solution. Figure 2-11 depicts these optimality conditions. 
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Grad f(x) 

Grad g1 (x) z 

Figure 2-11 The Kuhn-Tucker conditions. 

Example Problem 2.18 

Develop the Kuhn-Tucker conditions for the linear programming prob
lem, 

maxz = cx 

subject to: 
AX:5 b 

x~O 

The Kuhn-Tucker conditions are developed from the Lagrangian of the 
optimization problem. Introducing y, a m x I row vector of Lagrange multi
pliers, the Lagrangian of the linear programming problem can be expressed 
as, 

L = ex + y[b - Ax] 2.105 

The Kuhn-Tucker conditions are given by differentiating the Lagrangian 
with respect to x and y, or 

aL 
-=e-yA<O ax - 2.106 
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aL 
-x=[c-yA]x=O ax 

x~O 

aL 
ay = b -Ax ~ 0 

aL 
y ay = y[b - Ax] = 0 

y~O 

2.107 

2.108 

2.109 

2.110 

2.111 

The Kuhn-Tucker conditions are related directly to what is known as 
the dual programming problem. As is discussed in Chapter 6, the dual 
problem can be expressed as, 

minw = yb 2.112 

subject to: 
yA~c 2.113 

y~O 2.114 

Equation (2.106) are the constraints of the dual programming problem. 
The optimal solution is required to satisfy the dual constraints. The dual 
variables or Lagrange multipliers, Equation (2.111), are the nonnegative re
strictions of the dual programming problem. Equations (2.107) and (2.110) 
are known as the complementary slackness conditions of linear program
ming. If a constraint is satisfied as a strict inequality, the corresponding 
dual variable (Lagrange multiplier) is zero. The Lagrange multiplier is only 
nonzero when the associated primal constraint is satisfied as an equality 
[Equation (2.110)] (we assume the dual variables or Lagrange multipliers are 
nonzero even though theoretically they could have zero or degenerate val
ues; the condition in this case is automatically satisfied). Similarly, Equation 
(2.107) represents the complementary slackness conditions for the primal 
problem. A primal variable is nonzero only when the corresponding dual 
constraint is satisfied at optimality as a strict equality. The Kuhn-Tucker 
condition of the linear program automatically satisfy the constraints and 
complementary slackness conditions of the dual programming problem. 
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Example Problem 2.19 

Develop the Kuhn-Tucker conditions for the nonlinear programming 
problem, 

. 2 rmnz = Xl - X2 2.115 

subject to: 
Xl + X2 = 6 2.116 

Xl ~ 1 2.117 

xi + X~ ::; 26 2.118 

x~o 2.119 

The programming problem is first transformed into the format of the 
nonlinear programming problem presented in section 2.2. The minimiza
tion problem is converted to a maximization problem by multiplying Equa
tion (2.115) by -1. The first constraint, Equation (2.116) is transformed into 
two inequalities, Xl + X2 ::; 6, -Xl - X2 ::; -6. The nonlinear programming 
problem is then 

maxz = -XI + X2 2.120 

subject to: 
Xl + X2 ::; 6 2.121 

-Xl - X2 ::; -6 2.122 

-Xl::; -1 2.123 

XI + X~ ::; 26 

x~o 2.124 

The conditions of the Weierstrass theorem are satisfied; a solution exists 
either in the interior or the boundary of the feasible region. The constraint 
set is compact and non-empty. It is also a convex set. (Why?) The Hessian 
of the objective function is 

H= ( -2 
o 

The determinant of the first principal minor is IHd = -2 < O. The deter
minant of the second principal minor is IH21 = HllH22 - H2lHl2 = O. Since 
the Hessian is negative semidefinite, the objective function is a concave 
function; the local-global theorem is satisfied. 

The Lagrangian for the optimization problem is, 

L(Xl,X2,YI,Y2,Y3,Y4) = - XI + X2 + yd6 - Xl - X2) + Y2(-6 + Xl + X2) 

+ Y3(-1 + xI> + Y4(26 - XI - x~) 



72 2.8 The Kuhn-Tucker Conditions 

The Kuhn-Tucker conditions can be expressed as, 

oL 
- = -2Xl - Yl + Yz + Y3 - 2Y4Xl ~ 0 
OXl 

oL 
- = 1- Yl + Yz - 2Y4XZ ~ 0 oxz 

[ -2Xl - Yl + Yz + Y3 - 2Y4Xdxl = 0 

[1- Yl + Yz - 2Y4XZ]XZ = 0 

x~O 

oL - = 6 - Xl - Xz ~ 0 
°Yl 
oL - = -6 + Xl + Xz ~ 0 oyz 

oL - = -1 +Xl ~ 0 
°Y3 

oL z z 
- = 26 - Xl - X z ~ 0 
°Y4 

Yd6- Xl-XZ]=0 

YZ[-6+Xl+XZ]=0 

Y3[-1 +xd = 0 

Y4[26-Xf-X~]=0 
y~O 

2.125 

2.126 

2.127 

2.128 

2.129 

2.130 

2.131 

2.132 

2.133 

2.134 

2.135 

2.136 

2.137 

2.138 

Although the Kuhn-Tucker conditions characterize a solution, in prac
tice they are of little help in identifying a solution. At best, a series of in
terior and boundary solutions can be examined that may satisfy the condi
tions. For example, assume that Xl and Xz are interior solutions, Xl, Xz > O. 
This implies that Equations (2.125) and (2.126) are satisfied as equalities, 
or 

-2Xl - Yl + Yz + Y3 - 2Y4Xl = 0 

1 - Yl + Yz - 2Y4XZ = 0 

2.139 

2.140 

We next examine the feasibility of boundary or interior solutions for the 
Lagrange multipliers. Assuming that Yl,YZ are boundary solutions (= 0) 
and Y3,Y4 are interior solutions (> 0), Equations (2.136) and (2 .137) yield 
Xl = 1 and Xz = 5. Equations (2.139) and (2.140) become, 

-2(1) + Y3 - 2Y4(1) = 0 

1 - 2Y4(5) = 0 

2.141 

2.142 

The solution of these equations is Y4 = 0.1 and Y3 = 2.2. Verify that the 
solution satisfies all the Kuhn-Tucker conditions. 
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2.9 THE KUHN-TUCKER THEOREM 
The relationship between the solution of the nonlinear optimization 

problem and the Kuhn-Tucker conditions is provided by the Kuhn-Tucker 
optimality theorem (Kuhn and Tucker, 1951). The Kuhn-Tucker optimality 
theorem can be expressed as, 

Kuhn-Tucker Optimality Theorem. Let the feasible region be an 
open subset of En and let x* solve either the local or global max
imization problem. Assuming that f and g are differentiable at 
x* and either of the constraint qualifications discussed below are 
satisfied, then there exists a set of Lagrange multipliers, y*, such 
that x*, y* solves the Kuhn-Tucker conditions. 

Equations (2.90)-(2.95), are, in general, a set of necessary conditions 
for a local maximum to the nonlinear programming problem. A set of suffi
ciency conditions relate the Kuhn-Tucker conditions to the solution of the 
original nonlinear programming problem (Mangasarian, 1969), 

Sufficient Optimality Theorem. Letx* En = [xix 2! Ong(x) ::; b], 
and let f and g be differentiable and concave and convex at x* , re
spectively. If (x*, y*) is a solution of the Kuhn-Tucker conditions, 
then x* is a solution of the nonlinear programming problem. 

The proof of the theorem follows from the concavity of the objective func
tion and the convexity of the constraint functions. 

The Kuhn-Tucker theorem requires that certain regularity conditions 
or constraint qualifications exist for the feasible region of the optimization 
problem. Two examples of these regularity conditions are, 

Slater's Constraint Qualification. Assuming the feasible region, n, 
is convex, then Slater's constraint qualification is satisfied if there 
exists X 2! 0 such that g(x) < b. 

Bazarra and Shetty's Constraint Qualification (1979). Let x* be a 
feasible, optimal solution of the mathematical programming prob
lem such that 1= [ilxi = 0 nOi(x*) = bd. If YlOi(X*) for i E I 
are linearly independent, the constraint qualification condition is 
satisfied. 

The requirement that the feasible region is convex implies that the con
straint functions, g, are convex functions. A feasible region is convex if 
equality constraints are linear functions and inequality constraints (::;) are 
convex functions. Slater's constraint qualification requires the existence of 
at least one point that is strictly inside the feasible region of the problem. 

The relationship between the Kuhn-Tucker conditions and the nonlin
ear optimization problem is summarized in Figure 2-12. From the suffi
ciency conditions, the solution of the Kuhn-Tucker conditions (x*, y*) is 
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Figure 2-12 MPP and Kuhn-Tucker problem (Mangasarian, 1969). 

a solution of the mathematical programming problem provided concavity 
and convexity assumptions are met. Solutions to the global or local maxi
mization problem satisfy the Kuhn-Tucker conditions if the constraint and 
objective functions are differentiable and a constraint qualification con
dition is satisfied (necessary conditions). The solution of the mathemat
ical programming problem satisfies the Kuhn-Tucker conditions and con
versely, if and only if, (1) a constraint qualification condition is satisfied, (2) 

the objective is a differentiable, concave function, and (3) the constraints 
are convex, differentiable functions. 

The example problems illustrate the application of the necessary and 
sufficiency theorems. 

Example Problem 2.20 
Consider the nonlinear optimization problem, 

maxz = -(Xl - 1)2 - x~ 

subject to: 
-(I-xd 3 +X2:5 0 
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x~o 

Determine the optimal solution by inspection and show that the Bazarra 
and Shetty's constraint qualification condition is not satisfied. What are 
the Kuhn-Tucker conditions for the problem (Reklaitis et al., 1983)? 

The optimal solution of the problem is X( = 1 and x~ = O. The optimal 
value of the objective function is z* = -4. Bazarra and Shetty's constraint 
qualification condition is based on the linear independence of the gradi
ents of the active constraints at the optimum solution. The constraints at 
optimality are 

91 = -(1 - xn 3 + x2' = -(1 - 1)3 + 0 = 0 

9z = X( = 1 > 0 

93 = x2' = 0 

The first and third constraints are active or binding at the optimal solution; 
the set of active constraints is I = [91, 93]. The gradients are 

\193=[0,1] 

The gradients are linearly dependent and the constraint qualification is not 
satisfied. 

The Kuhn-Tucker conditions can be developed from the Lagrangian of 
the problem, 

or, 
aL z 

-a - = -2(Xl - 3) + 3y(l - xI> ::; 0 
Xl 

aL 
- = -2xz - y::; 0 
axz 

aL 
-a -Xl = [-2(Xl - 3) + 3y(1 - Xl)Z]Xl = 0 

Xl 

aL 
-xz = [-2xz - y]xz = 0 
axz 

aL 3 
ay = (1 - xI> - Xz ~ 0 

aL 
y- = -y[(1-xd 3 +xz] = 0 

ay 

2.143 

2.144 

2.145 

2.146 

2.147 

2.148 

2.149 
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y ~ 0 2.150 

Substituting the optimal solution, x = [I, O]t, in Equation (2.145) yields, 

[-2(1 - 3) + 3y(1 - 1)2](1) = 4 i 0 

The Kuhn-Tucker condition is not satisfied at the optimal solution. As a 
result, there does not exist a Kuhn-Tucker point, a solution that satisfies 
all the Kuhn-Tucker conditions at the optimum. (Are the Kuhn-Tucker suf
ficiency conditions satisfied for the problem?) 

Although the constraint qualification is violated, it does not necessarily 
imply a Kuhn-Tucker point does not exist. As described by Reklaitis et al., 
(1983), consider a modified objective function for the optimization prob
lem, Z = -(Xl - 1)2 - x~. The same optimum occurs; it does not however 
satisfy the constraint qualification restriction. The solution of the modified 
problem, x = (1,0) t, Y = 0, does satisfy the Kuhn-Tucker conditions. 

Example Problem 2.21 

Consider the nonlinear programming problem, 

maxz = x 2 - 1 

subject to: 
-1::5 X::5 3 

Identify the optimal solution and show that it satisfies the sufficiency 
conditions of the Kuhn-Tucker theorem. Show also that the solution X = 

Y = 0 is a Kuhn-Tucker point. Is the point an optimal solution (Reklaitis et 
al., 1983)? 

We again transform the nonlinear programming problem to the format 
presented in Equations (2.1)-(2.4). Introducing the new decision variable, 
x = x + I, the optimization problem can be expressed as, 

maxz = (x - 1)2 - 1 

subject to: 

x~O 

We note that the constraints of the optimization problem are linear and the 
constraint qualification condition is satisfied. 

The Lagrangian for the problem is 

L = (x - 1)2 - 1 + y(4 - x) 



2.10 Interpretation of the Lagrange Multipliers 

The Kuhn-Tucker conditions can be expressed as, 

;~ = 2(x- - 1) - Y :s 0 

aL _ [( _ ) ] _ ax-x = 2 x - 1 - Y x = 0 

aL = 4 - x- > 0 
ay -

yaL=y[4_X-]=0 
ay 

y~O 
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2.151 

2.152 

2.153 

2.154 

2.155 

By inspection, the optimal solution is x-* = 4, or x* = 3; the optimal La
grange multiplier is from Equation (2.152), y* = 6. 

Note that a feasible solution to the problem is X- = 1 (x = 0). Provided 
that y* is zero, the solution satisfies the Kuhn-Tucker conditions. The 
point is not an optimal solution however, since the concavity assumption 
of the objective function is violated. 

2.10 INTERPRETATION OF THE LAGRANGE 
MULTIPLIERS 
The optimal values of the Lagrange multipliers represent the change in 

the objective as the constraint constants are varied, or 

af* y* =--ab 2.156 

The proof of this identity is similar to that presented in Appendix B. 
We assume, without loss of generality, that at optimality the first ml 

constraints are satisfied as strict equalities; the remaining m - ml con
straints are inequalities. Similarly, we assume there are nl interior solu
tions (> 0) for the decision variables. The remainder, n - nl are boundary 
solutions. The vectors of the optimization problem are partitioned as, 

( gl (x) ) (bl ) 2 (Xl) g(x) = g2(X) , b = b2 ' Y = [yl y], x = x2 2.157 

where gl, b l , and yl consist of the first ml elements of g, b, and y, and Xl 
contains the first nl elements of x. The Kuhn-Tucker conditions are then 

aL _ af _ 1 ag1 _ 0 
axl - axl y axl - 2.158 
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2.159 

oL oL 
- = b 1 - gl (x) = O· - = b 2 - g2X > 0 
Oyl ' oy2 

2.160 

yl > 0, y2 = 0 2.161 

We note that Equation (2.156) holds for the m - ml multipliers since 
these multipliers are zero. The corresponding constraint constants cannot 
alter the optimal objective value since they are satisfied as strict inequali
ties. 

Equations (2.158-2.161) imply that the original optimization problem 
can be recast into a classical optimization problem. ConSidering the first 
ml multipliers, we have 

maxz = j(x1, 0) 2.162 

subject to: 
2.163 

The Lagrangian for the problem can be expressed as, 

2.164 

Equation (2.156) follows after differentiating the Lagrangian with respect 
to b 1• 

As before, the approximate value of the objective function with changes 
in the constant vector can be expressed as, 

2.165 

where z~ld is the previous value of the optimal objective function. 

2.11 THE SADDLE POINT PROBLEM 
The Kuhn-Tucker conditions developed in Chapter 2.8 assume that the 

objective and constraints of the optimization problem are differentiable 
functions. A related set of optimality conditions can also be developed 
for optimization problems with nondifferentiable functions. The optimal
ity conditions of these problems are known as the saddlepoint problem. 
The saddlepoint conditions are analogous to the Kuhn-Tucker conditions 
of nonlinear optimization. 
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The optimization problem under consideration is again described by 

maxz = j(x) 2.166 

subject to: 
g(x) :5 b 2.167 

x~o 

Initially, no convexity or differentiability restrictions are placed on the func
tions of the optimization problem. As in the differentiable case, we define 
the Lagrangian of the problem, L, as 

L(x, y) = j(x) + y(b - g(x)) 2.168 

where y is a m x 1 vector of Lagrange multipliers. 
A saddle point of the Lagrangian, or more formally, the Kuhn-Tucker 

saddlepoint problem, is defined as 

L(x,y*) :5L(x*,y*) :5L(x*,y), y~O,x~O 2.169 

where x* maximizes the Lagrangian for all x, and y* minimizes the La
grangian for all y. 

The relationship between the Kuhn-Tucker saddlepoint problem and 
the Kuhn-Tucker conditions is established in two theorems. The theorems 
detail the necessary and sufficiency conditions for a Kuhn-Tucker saddle
point and the optimality of the nonlinear program. 

Sufficiency Optimality Theorem. If (x*, y*) is a solution of the 
Kuhn-Tucker saddlepoint problem, then x* is an optimal solution 
of the nonlinear programming problem. 

The proof of the theorem, which is left as an exercise, follows from 
the definition of the saddlepoint conditions. It does not require convexity 
assumptions, or a constraint qualification condition. Since it is however a 
sufficiency condition, it is possible that a saddlepoint does not exist even 
though the nonlinear programming problem has an optimal solution. 

The necessary conditions relating the Kuhn-Tucker saddlepoint prob
lem and the Kuhn-Tucker conditions are more restrictive. In the absence of 
differentiability, convexity and a constraint qualification condition are nec
essary to ensure the existence of the saddlepoint. The following theorem 
summarizes the necessary conditions relating the optimal solution of the 
nonlinear program and the saddlepoint problem. 
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Necessary Optimality Theorem. Assume x* is the optimal so
lution of the nonlinear programming problem and, the objective, 
j, is a concave function and the feasible region is a convex set. 
Assuming there exists a point, X, in the feasible region such that 
g(x) < b and x > 0, then there exists a set of Lagrange multipliers, 
y* ~ 0 such that (x*, y*) is a saddlepoint of the Lagrangian, 

L(x,y*) ~L(x*,y*) ~L(x*,y), x*feasible, y~O 

The determination of a Kuhn-Tucker saddlepoint is generally difficult 
without convexity and differentiability requirements. As described by Las
don (1979), conventional optimization methods can iteratively be used to 
identify an optimal solution from the definition of a Kuhn-Tucker saddle
point: 

Kuhn-Tucker Saddlepoint. A solution (x*, y*) with y* ~ 0 and 
x* for the nonlinear programming problem is a Kuhn-Tucker sad
dlepoint if and only if (1) x* maximizes L(x, y*) for all feasible x, 
(2) g(x*) ~ b, and (3) y* (b - g(x*» = O. 

Condition (1) of a Kuhn-Tucker Saddlepoint is an unconstrained opti
mization problem, assuming y* is known (unconstrained optimization is 
discussed in Chapter 7). Trial and error can be used to estimate y* and x* 
such that conditions (2) and (3) are satisfied. The approach is known as the 
generalized Lagrange multiplier method (Everett, 1963). 

2.12 MAXIMIN DUAL PROBLEM 
Associated with every mathematical programming problem, there exits 

a dual programming problem. The dual function of the nonlinear program
ming problem, h(y), is defined as 

h(y) = maxL(x, y), x feasible, y E ~ 2.170 

where ~ is the domain of the dual function. ~ is the set of nonnegative 
multipliers for which L(x, y) has a finite maximum over the feasible region 
or, 

~ = [YIY ~ 0, maxL(x, y) exists, x feasible] 2.171 

The dual optimization problem can be described as (Lasdon, 1969), 

minw = h(y) 

subject to: 
YE~ 
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The primal and dual problems are referred to as the maximin dual since 
the problems can be expressed as 

min max L(x, y), x feasible 
y x 

2.172 

Duality is important in nonlinear programming both from a theoretical 
and computational perspective. Duality in linear programming is examined 
in Chapter 6. Certain classes of nonlinear programs can also more easily 
be solved using the dual program. Examples of the application of dual 
algorithms in groundwater management are presented in Willis and Yeh 
(1987). 

Example Problem 2.22 
Develop the dual of the linear programming problem, 

maxz = ex 

subject to: 
Ax::;b 

x~O 

The formulation of the dual problem is based on the Lagrangian. In
troducing the Lagrange multipliers, y, we have 

L(x, y) = ex + y(b - Ax) 

The dual function, h(y), can be expressed as for y ~ 0, 

h(y) = max [ex + y(b - AX)] 
X2:0 

= max[(e - yA)x + Yb] 
X2:0 

The maximum exists if and only if 

e - yA::; 0 

or, 
yA ~ c 

2.173 

2.174 

Otherwise, the dual function can be made arbitrarily large and positive. The 
domain of the dual function, ~, is then 

2.175 
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For any feasible, y E ~, the maximum is obtained by requiring that (c -
yA)x = o. This is the complementary slackness condition for linear pro
grams. The dual objective is then hey) = yb. The dual progr~g prob
lem can then be expressed as 

subject to: 

minw = yb 

yA~c 

y~O 
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PROBLEMS 

Convex Sets and Convex/Concave Functions 

1. Prove whether the following functions are convex, concave, or neither 
"Ix E En, 

n 

Z = - LX/ 
i=l 

2. State whether each of the following functions is convex, concave or 
neither over the indicated regions. 

j(X) = X-2,X > 0 

j(Xl,X2) = XIX2, VXl,X2 E E2 

j(Xl,X2) = Xf(X~ + 4), [Xl,X2Ixf + X~ :s; 4] 

3. Show that the linear function, 

h(x) = ax + b 

is both concave and convex on En. 

4. Which of the following sets of points are convex sets? 

Local-global Theorem 

5. Assume that x* is a solution to the classical optimization problem. 
Under what conditions will the solution be globally optimal? Repeat 
the analysis if x* is a solution of a linear programming problem. 
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6. Assuming that the objective function, f, is a concave function, prove 
that the optimal solution of the programming problem, 

minz = j(x), x E X 

occurs at the boundary of the feasible region, X. 

7. Consider the optimization model, 

subject to: 

maxz = xi + 2XIX2 

xi + x~ = 4 

Xl + 2X2 :5 2 

Assume the solution of the model is xi, xi. Will the solution be a local 
or global solution? Prove (analytically, not graphically) your answer by 
examining each component of the optimization model. 

8. Is the solution, xi, xi, a local or global solution of the optimization 
problem, 

subject to: 

Prove your answer. 

Kuhn-Tucker Conditions 

maxz = xi + 2xix2 

xi + x~ :s 3 

Xl + 2X2 :5 12 

XI,X2 ~ 0 

9. Verify that x = [0.67, 0.33]t and y = [1.33,0] satisfy the Kuhn-Tucker 
conditions of the optimization problem, 

subject to: 
Xl + X2 :5 1 

xi + x~ :5 4 

Is the solution a local or global solution? Prove your answer. 
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10. Develop the Kuhn-Tucker conditions for the quadratic programming 
problem, 

maxz = ex + xtDx 

subject to: 
Ax~b 

x;:: 0 

For what conditions are the Kuhn-Tucker conditions necessary and suf
ficient? 

11. Consider the nonlinear programming problem, 

maxz = X2 

subject to: 
-2 ~ x ~ 2 

(a) Identify the optimal solution by inspection. (b) Transform the op
timization model into the general nonlinear programming problem, 
Equations (2.1)-(2.4). (c) Show that the solution, x = 2, Y = 4 satisfies 
the Kuhn-Tucker conditions. (d) What is the reason for this apparent 
inconsistency? 

12. Consider the resources allocation problem defined by the optimization 
model, 

subject to: 

minz = 'I, '(x' .) L- t,l t,) 

i,} 

LXij~Si' Vi 
j 

LXij;:: Dj, Vj 

Xij ;:: 0, Vi,j 

Develop the Kuhn-Tucker optimality conditions for the model. Under 
what restrictions will the conditions be necessary and sufficient? What 
is the interpretation of the Lagrange multipliers? 

13. Consider the nonlinear programming problem, 

subject to: 

minz = ~(XI + 1)3 + X2 

Xl ;:: 1 

X2 ;:: ° 
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Determine the optimal solution using the Kuhn-Tucker conditions. Are 
the conditions necessary and sufficient? Prove your answer. 

14. Develop the Kuhn-Tucker conditions for a classical optimization prob
lem. Show that the Kuhn-Tucker necessary conditions reduce to the 
optimality conditions of classical programming. 

15. Identify the optimality conditions for the nonlinear programming prob-
lem, 

minz = j(x) 

subject to: 
g(x) 50 

Constraint Qualification 

16. Consider the optimization problem, 

subject to: 

Verify the optimum is x* = (3, O)t. Show that the point does not satisfy 
the Bazarra-Shetty constraint qualification. 

Parameter Estimation 

17. The mathematical model, 

c = oc + f3x + yx2 

has been proposed to predict the concentration of a constituent in a 
river. Observational data have been compiled summarizing the concen
tration variation, c, as a function of the downstream distance, x. The 
data are ct ' Xi, i = 1, ... , n. Develop a classical optimization model to 
identify the model parameters. Is the solution of the model a local or 
global solution? 

18. The hydraulic conductivity, K, is a parameter in groundwater systems 
that controls how readily water flows through a porous medium. Re
cent data suggest that the hydraulic conductivity is a log-normal ran
dom variable. The probability density function of K, fK can be ex-
pressed as 
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where 11K and UK are the mean and standard deviation of the natu
rallogarithm of K. A series of observations of K, Kj,j = l, ... n, have 
been obtained for an extensive groundwater basin. Formulate an op
timization model to determine the maximum-likelihood estimators of 
the probability distribution. Assume the likelihood function can be 
expressed as 

n n n n 2,1,1 2 lnL = --ln2rr - -lnuK + L..,.ln - - L..,. -2 (lnKi - 11K) 
2 2 i=l Ki i=12uK 

19. A mathematical model describing the concentration of dissolved oxy
gen (DO), Coo, in a stream is 

Coo = klcBOO [e-klXU-l _ e-k2XU-l] + cooe-k2XU-1 
k2 - kl 

where CBOO and Coo are unknown concentrations of BOD and DO at 
the beginning of the reach, u is the stream velocity (assumed known), 
x is the distance downstream, and kl and k2 are known parameters. 
Water quality data have been collected for the river relating the DO 
concentration, CtiO,i' and the distance downstream, Xi. Formulate a 
mathematical model to determine the CBOO and Coo. What are the first
order necessary conditions? 

20. The concentration of a contaminant, c, in a groundwater basin is de
scribed by the mathematical model, 

c(x, t) = M e-(x-vn2(4Dt)-1 

.j4rrDt 

where x is the spatial coordinate, t is time, and M, D, and v are pa
rameters. A series of observation wells have been used to monitor the 
water quality in the aquifer system. The groundwater quality data are 
C * (Xi, td, i = 1, ... , n where i denotes the observation; C * (Xl, tt), for 
example, is an observation at time tl and location Xl in the groundwa
ter basin. Formulate a parameter estimation model. Describe how the 
optimal parameter estimates are obtained. 

Classical Optimization 

21. An important application of classical optimization is the solution of a 
system of nonlinear equations, 

g(x) = b 

Show how these equations can be solved using classical optimization. 
(Hint: formulate an objective function that incorporates the constraint 
equations.) 
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Saddle Point Problem 

22. Prove the sufficiency optimality theorem showing that if (x*, y*) is a 
saddlepoint solution, then x* is the optimal solution of the nonlinear 
programming problem. 

23. Prove the necessary saddlepoint optimality theorem. Assume the ob
jective and constraint functions are first-order differentiable. 

Optimization Models 

24. The production functions (mathematical models) for wheat and cotton 
in the North China Plain are given as 

Y L i31 WYI F81 
1 = £Xlii 1 

Y - AI L i32 WY2 F 82 
2 - "'2 2 2 2 

where Yi is the yield in kg, Li is the amount of land allocated to crop i 
(hectares), Wi is the water allocation for crop i (m3), and Fi is the fertil
izer application for crop i (kg). The unit price per kg for the crops are 
Pi and P2, respectively. The unit costs for land, water, and fertilizer 
are CL,CW and CF. The total amount ofland available for cultivation is 
L hectares; the upper limits on fertilizer and water available are P (kg) 
and W (m3), respectively. (a) Formulate the planning model for the op
timal allocation of the region's resources. (b) Develop the Lagrangian 
function for the problem. (c) What are the first-order necessary condi
tions? (d) Interpret the optimal values of the Lagrange multipliers (be 
specific). 

25. A regional authority is developing a mathematical optimization model 
to allocate groundwater, surface water, imported water, and reclaimed 
water (i) to competing municipal, industrial, and agricultural water de
mands (j). The amount of water allocated from source i to demand 
j is Xij; the unit cost of allocating water from source i to demand j 
is Cij. The forecasted water demands are Dj; the available water sup
ply of source i is Si. Develop an optimization model to allocate the 
water resources. What is the interpretation of the optimal Lagrange 
multipliers? 

26. A series of firms are required to reduce the nutrient discharge to a lake. 
The current discharge of firm j is Xj kg/day. The local environmental 
authority requires that the total daily discharge to the lake not exceed, 
TD kg/day. The total waste treatment cost of firm j, TCj, ($/day) can 
be expressed as 

TCj = £Xj + {3jXj + }'jX] 

where Xj is percentage removal of the nutrient, and £Xj, {3j, and }'j are 
treatment cost parameters. (a) Formulate an optimization model to 
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determine the optimal removal rates. (b) What are the Kuhn-Tucker 
complementary slackness conditions? (c) For what conditions will the 
Kuhn-Tucker conditions be necessary and sufficient, e.g. what are the 
requirements on the treatment cost functions? 

27. The air quality in an urban area is described by a series of response 
coefficients, aij. Each coefficient represents the improvement in air 
quality at site j for a unit reduction in emissions at source location i. 
The air basin consists of two waste sources and three air quality control 
points. The cost of reducing the emission at site i is Ii (xd where Xi is 
the total amount of emission reduction at site i. The desired improve
ment in air quality at site j is cj. (a) Formulate an optimization model 
to control air quality in the urban area. (b) What is the interpretation of 
the Lagrange multipliers of the problem? (c) For what conditions will 
there exist a global solution to this planning problem? 
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Microeconomics: Theory of Production 

3.1 INTRODUCTION 
Wastewater treatment plant design and the control of regional ground

water quality are examples of environmental systems engineering prob
lems. The design of the unit processes of a wastewater treatment plant 
is based on the control and transformation of an influent waste flow, a wa
ter quality resource. The management of groundwater quality is essentially 
a resource management problem involving both the water supply and the 
water quality (the assimilative capacity) of the aquifer system. 

In contrast to traditional design or product-oriented engineering, envi
ronmental systems engineering involves the control, utilization, and man
agement of air, water, and land resources. The decisions as to how, where, 
and when to allocate or distribute these resources to competing needs or de
mands is essentially an economics problem. Economics (Samuelson, 1973) 

"is concerned with how people and society end up choosing to em
ploy scarce production resources that can have alternative uses, to 
produce various commodities and distribute them for consump
tion, now and in the future, among various peoples and groups in 
society. It analyzes the costs and benefits of improving patterns 
of resource allocation." 

In this and the follOwing chapter, we will examine the allocation of re
sources and the consumption of goods and services using microeconomics. 
Microeconomics represents the building blocks of the economic system as 
firms or producing units, and households. Households represent a group of 
individuals sharing income so as to purchase and consume goods and ser
vices or commodities. Figure 3-1 is a Simplified representation of such an 
economic system. A set of inputs or resources such as land, labor, capital 
and other factors of productionare transformed by the technology available 
to the firm into a variety of goods and/or services or outputs. Ignoring the 

R. Willis et al., Environmental Systems Engineering and Economics
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Goods Markets 

Firms Households 

Resource Markets 

Figure 3-1 Economic system. 

distribution cycles, these commodities are then purchased in the market 
place by consumers or possibly by other firms. The demands or needs of 
the consumers provide the impetus for the creation of products and the 
transformation of resources. 

The overriding objective of this chapter is to present an overview ofmi
croeconomic models of resource management and allocation. The example 
problems will illustrate how these models may be used to develop opti
mal resource allocation production policies and to evaluate public project 
benefit functions. 

3.2 THE COMPETITNE ECONOMY 
The theory of production is concerned with the transformation of re

sources into goods and services of the economy. A useful starting point for 
the analysis of the theory of production is a competitive economy, e.g. pure 
or perfect competition. Each producing unit in the competitive economy is 
assumed homogeneous, that is the same. Moreover, the producing units 
are also small in relation to the market; they cannot affect the prevailing 
price structure for the products they produce and the resources they utilize 
in the production process. They are referred to as price takers. 

The competitive economic model also assumes there are no restraints 
to production such as price fixing or rationing. The firms also have perfect 
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mobility. Resources, as a result, are free to move throughout the economy. 
Moreover, firms can enter any industry and have complete knowledge of 
the economy, i.e. perfect information. 

In contrast to environmental engineering problems, in pure competi
tion, the decisions of a firm are based on a single objective: the firm max
imizes its profits. The profit is the revenue generated from producing the 
product less the costs of production. In neoclassical microeconomics, there 
is no consideration given to other economic and environmental objectives 
such as increasing market share, reducing indebtedness, or mitigating the 
impacts of environmental contamination. 

3.3 THE PRODUCTION FUNCTION 
The central problem of the firm, under the assumptions of pure com

petition, is to determine the optimal allocation of resources or inputs to the 
production process and the optimal production level. These decisions are 
based on (1) the technological relation between the inputs and outputs, and 
(2) the prices of the factors of production (inputs) and outputs. The trans
formation of the inputs to the outputs represents the technology available 
to the firm and is known as the production function. Defining the vector x 
as the inputs to the production process such as land, labor, and water, and 
assuming the firm produces a single product, q, the production function is 
described by the equation, 

3.1 

where Xj is the amount of resource j used in the production process. We 
assume (1) the production function is continuously differentiable, and (2) 
the production function represents the maximum output that can be pro
duced for a given input vector. Table 3.1 summarizes common production 
functions used in microeconomics. 

An example agricultural production function is shown in Figure 3-2. 
The production function represents the amount of wheat produced as a 
function of the amount of land and water used in the production process. 
The curve is known as an isoquant ("equal quantity"). It is the locus of points 
generating the same level of output as the input resources are varied. The 
further the isoquant is from the origin, the greater is the production level 
(q2 > ql). In prinCipal, any level of output can be achieved using many 
different combinations of the resources. The substitution of one resource 
for another tends to produce isoquants that are asymptotic to the axes of 
the resource inputs. This is the result of having some of each input in the 
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Table 3.1 Example production functions [Intriligator (1971)]. 

Production Production Elasticity of Elasticity 
Function Type Function Equation Substitution of Production 

Linear q = a1X1 + a2X2 00 I 

Cobb-Douglas q = boxrlx~2 1 b1 + b2 

Input-Output q = min (XIIC1,X2/c2), ° 1 provided 

or Xj ~ Cjq, 'Vj x1/c1 = x2/ c2 

Constant 
h 

Elasticity of [-Il -Ilrj! (1+/3)-1 h q = eo e1x1 + e2x2 
Substitution 

process in order to maintain production. There is, however, an upper limit 
on the substitution possibilities. 

Production functions in microeconomics and engineering systems are 
based on two axioms. The first axiom assumes there exists a subset of 
the input space-the space defining all possible inputs to the production 
process-known as the economic region. Within the economic region, ER, 

the first partial derivatives of the production function, the marginal prod
ucts (MPj = oj loxj), are nonnegative, or 

ER = [xIMPj ~ 0, \ti] 3.2 

The nonnegativity of the marginal products implies that increasing the in
puts does not decrease the production level. 

The second axiom is based on the assumption that within the economic 
region there exists a convex subregion, the relevant region, RR. In the rele
vant region, the second-derivatives of the production function, the Hessian 
matrix, is negative definite, or 

RR = [x IH is negative definite] 3.3 

for every nonnegative q. Within the relevant region, (1) the production func
tion is a concave function of the resource inputs, and (2) the law of dimin
ishing returns and returns to scale occur. The law of diminishing returns 
means that as more and more of one input is added to fixed amounts of the 
other inputs, eventually the marginal production of the input decreases, i.e. 
a!j (MPj) < 0, 'Vj. 

Returns to scale measures how the output changes when all the inputs 
or factors of production change by the same proportion. Defining oc as 
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Land 

Figure 3-2 Agricultural production function. 

a scale factor that multiplies all the inputs, then the production function 
exhibits constant returns to scale if, 

f «()(x) = ()(f (x) 3.4 

Similarly, increasing (decreasing) returns to scale occurs if output increases 
by a larger (smaller) proportion than all inputs, or 

f«()(x) > «) ()(f(x) 3.5 

The elasticity of production or output is a local measure of the returns 
to scale for any point defined in the space of the inputs. The elasticity of 
output with respect to input j, E j, is the ratio of the percentage change in 
output to the percentage change in resource j, 

100% Llq/q E' - ___ -"-'---'0-

J - 100%Llxj/xj 

Llq/ !:l.Xj 

q/Xj 

In the limit as Llxj - 0, Ej can be expressed as 

Xj af 
E - ----

J - f(x) aXj 

MPj . 
= AP" 'V) 

J 

3.6 

3.7 
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where MPj and APj are the marginal and average product of resource j, 
respectively. The total elasticity of production is the sum of the individual 
elasticities, or 

n 

E (x) = 2:: Ej (x) 
j=l 

3.8 

The production function also characterizes the substitution possibili
ties of the resources, that is the alternative combinations of inputs gener
ating the same level of output. A local measure of the substitution possi
bilities is the elasticity of substitution between inputs ph and kth , (Ijk. 

dIn (Xj/Xk) 
(Ijk(X) = - dIn(MPj(X)/MPk(X)) 3.9 

The elasticity of substitution measures the percentage change in the ratio 
of the inputs divided by the percentage change in the ratio of their marginal 
products. 

The marginal rate of substitution between two inputs is the rate at 
which marginal increases in one input substitutes for marginal decreases 
in another input; the total product or production level remains constant. 
The marginal rate of substitution, (MRSjk), is the slope of the isoquant. For 
the two resource case, the production function is 

3.10 

Since there is no change in product or output along an isoquant, we have 

3.11 

The slope of the isoquant is the marginal rate of substitution, 

MRSl2 = dX21 = _( of )/( of) = _ MPl 3.12 
dXl isoquant OXl OX2 MP2 

The marginal rate of substitution is the negative of the ratio of the marginal 
products. 

The following example problems illustrate how these concepts are used 
in the analysis of production functions. 
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Example Problem 3.1 

Develop the marginal products and elasticities of output for the Cobb
Douglas production function shown in Table 3.1. 

The Cobb-Douglas production function is 

where bo is the scale factor (> 0) and the exponents are assumed nonneg
ative. The marginal products of the function can be expressed as, 

oq _ b b h b-1 _ b2q 
OX2 - 0 2X1 x 2 - X2 

The elasticities of production are, 

C2 = X2 (;:) / q = b2 

The exponents in the production function are simply the elasticities of out
put with respect to each input x j. The total elasticity is 

C = C1 + C2 = b1 + b2 

Verify that the elasticity of substitution is l. 

Example Problem 3.2 

Develop the returns to scale conditions of the Cobb-Douglas produc
tion function. What is the marginal rate of substitution? 

The returns to scale of a production function is defined in Equation 
(3.5). For the Cobb-Douglas production, we can write 

!(cx.x) = bo(cx.xd bl (cx.X2)b2 

= cx.(bl +b2)q 

Comparing the expression with Equation (3.5), we have 
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Returns to scale of the Cobb Douglas function depend on the exponents 
(elasticities) of the production function. Summarizing. 

{ 
> 1 Increasing returns to scale; 

b 1 + b2 = = 1 Constant returns to scale; 
< 1 Decreasing returns to scale. 

Note that in the case of decreasing returns to scale. the production function 
is a concave function. 

The marginal rate of substitution of the inputs is the negative ratio of 
the marginal products. 

3.4 THEORY OF THE FIRM 

In the theory of production. the firm or producing unit maximizes its 
profit by choice of the resources or factors of production. The product's 
selling price and the costs of the resources are assumed known and given 
to the firm (price-taking assumption). The decisions are constrained by 
the production function. Defining rr as the profit function. the resource 
allocation problem can be summarized by the optimization model. 

n 
maxrr = pj(x) - 2: WjXj. x ~ 0 

j=l 

= pq -wx. x~ 0 

3.13 

where p is the unit price of the firm's product and W j is the unit cost of 
resource i. The vector. w. is a row vector containing the costs of all factors 
of production. w = [Wl.W2 .... Wn]. Assuming that Xj > o. Vi. i.e. each 
resource is utilized. the resource allocation problem is an unconstrained 
optimization problem. The optimal resource allocation is obtained by dif
ferentiating the profit function with respect to the decision variables and 
setting the resulting expressions to zero. These necessary conditions can 
be expressed as 

orr oj . 
oXj = p oXj - Wj = O. V J 3.14 

The solution of these equations identifies the optimal resource allocation. 
The allocation is a global solution within the relevant region. 
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For any pair of resources, Xk and Xl!, the optimality conditions can be 
expressed as 

oj 
P-=Wk 

OXk 

oj 
p-=wl! 

OXl! 

3.15 

3.16 

Equating the price, p, in these equations produces the optimality condition, 

(~)/(~) = Wk 3.17 
OXk OXl! wl! 

At optimality, the ratio of the marginal products of any two resources are 
in the same ratio as their unit or marginal costs. 

Example Problem 3.3 
Develop the optimality conditions for a production process described 

by the two input Cobb-Douglas production function (see Table 3.1). 

The optimization model maximizes the firm's profit by choice of the 
resources, or 

b b1 b2 0 maxrr = p OXl x 2 - W1Xl - W2X2, Xl,X2 ~ 3.18 

Assuming Xl, X2 > 0, the first order necessary conditions are 

orr b b h -1 b2 0 ;-- = p 0 IXI X2 - WI = 
UXI 

3.19 

orr b b b1 b2- I 
-':I - = P 0 2X I X2 - W2 = 0 
UX2 

3.20 

These equations can be Simplified to yield, 

bl b2 

WIX( W2Xr 
3.21 

where xt is the optimal level of resource i. 
The optimality conditions can be used to determine the expansion path 

of the firm. The expansion path is the locus of all the optimum inputs 
(factors of production) for every level of output, q. It is dependent on the 
production function and the prevailing prices and costs. The expansion 
path is determined by solving the optimality conditions for any resource, 
xJ, in terms of the remaining resources. For example, Equation (3.21) can 
be expressed as, 

xi = (:~ )(:~ )xr 3.22 

In this example, the expansion path is a straight line; regardless of the size 
or level of output, the inputs or factors of production are always in the 
same proportion. 
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3.5 MAXIMUM OUTPUT MODEL 
The neoclassical model of the theory of production presumes the firm's 

objective is to maximize its profit. In a competitive economy, the profit ob
jective is equivalent to an objective maximizing the production level of the 
firm. The price-taking assumption of a competitive economy implies that 
irrespective of the production level, the price for the firm's product is fixed. 
Resource allocation is constrained only by the availability of resources. 
Defining B as the amount of money available to purchase resources, a bud
getary limitation, the resource allocation problem is described by the opti
mization model 

subject to: 

maxz = q = j(x) 

n 
I WjXj::5:B 
j=l 

Xj ~ 0, 'r;J j 

3.23 

3.24 

3.25 

Assuming the resource budget is fully used and that Xj > 0, 'r;J j, the 
optimal production model is a classical programming problem. The opti
mal solution of the maximum output problem can be obtained using the 
Lagrange multiplier method presented in Appendix B. The Lagrangian, L, 
of the model can be expressed as 

n 
L(x,y) = j(x) + y(B - 2: WjXj) 

j=l 

3.26 

where y is the Lagrange multiplier associated with the budgetary con
straint. The optimality conditions are obtained by differentiating the La
grangian with respect to x, and y, and setting the equations to zero, or 

3.27 

oL n 
- = B - I WjXj = ° oy j=l 

3.28 

Writing Equation (3.27) for any two resources, Xk and Xc, produces, 

3.29 

Again as in Equation (3.17), at optimality, the ratio of the marginal products 
is the same ratio as the marginal or unit costs. 
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These equations can also be used to solve for the optimal value of the 
Lagrange multiplier, y*, or 

* aflaXk aflaxe y = = -"----"-
Wk we 

3.30 

The optimal Lagrange multiplier is the ratio of the marginal product and 
the marginal (unit) cost for any resource. The Lagrange multiplier also 
measures the change in the system objective divided by the variation in the 
right-hand side of the budgetary constraint, or 

* tlq y=-
tlB 

3.31 

The optimality conditions for a firm maximizing its profit or level of 
production are identical. The optimization problems, although presenting 
somewhat different views of production decisions, are essentially the same 
because of the assumptions of pure competition. As was discussed in Sec
tion 3.2, each firm is a price taker and, as a result, whatever it produces can 
be sold in the market. The price structure does not change. The only con
straint imposed upon the firm is the availability of monetary funds to pur
chase the resources for the production process. For a purely competitive 
firm, all available funds will be used to secure the resources to maximize 
the output of the firm. 

Example Problem 3.4 

Develop the optimality conditions for a firm minimizing the cost of 
production for a prescribed level of production, q. Discuss the similarity 
of the model with the models presented in Section 3.4 and 3.5. 

The optimization model characterizing the firm's decision can be ex
pressed as, 

subject to: 

n 

minz = L WjXj 

j=l 

q = j(x) = q 

3.32 

3.33 

Xj ~ 0, Vj 3.34 

Again assuming Xj > 0, V j, the optimization model is a classical pro
gramming problem. Introducing y as the Lagrange multiplier associated 
with the production constraint, Equation (3.33), the Lagrangian is 

n 
L(x,y) = L WjXj + y (q - j(x)) 

j=l 

3.35 
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The optimality conditions require that the derivative of the Lagrangian van
ish with respect to x, and y, or 

oL = q _ j (x) = 0 oy 
Equation (3.36) can be expressed for any two resources, Xk and Xe as 

oj /OXk Wk 
ai/axe We 

3.36 

3.37 

3.38 

or at optimality, the ratio of the marginal product is in the same ratio as 
the marginal costs. The optimal value of the Lagrange multiplier, y* is 

3.39 

Equivalently, the Lagrange multiplier represents the sensitivity of the sys
tem cost as the level of production is varied, 

* Llz 
y = ilq 3.40 

The optimality conditions of the problem are the same as the condi
tions obtained from maximizing the profit or level of production. 

Example Problem 3.5 

Using graphical methods, develop the optimality conditions described 
by Equation (3.29). Illustrate the expansion path of the firm for a series of 
increasing resource budgets. 

Figure 3-3 illustrates a series of isoquants or increasing production 
levels for the example firm, that is 

The budgetary constraint for the two input case is 
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,~ Budget Constraint 

B/W2 ?",\ 
" 

B/Wl 
Resource 1 

Figure 3-3 Maximum output model. 
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Expansion Path 

This constraint is simply a straight line as shown in Figure 3-3. The slope 
of the budget constraint is (-wl/w2), the negative ratio of the resource 
prices. 

The optimal level of production occurs on the isoquant that is furthest 
from the origin while still satisfying the budget constraint. At this point, 
the slope of the budget constraint is equal to the slope of the isoquant. 
The slope of the isoquant can be obtained using the total derivative of the 
production function. Along any isoquant, we have 

of of 
dq = -dXl + -dX2 = 0 

OXl OX2 

The slope of the isoquant is then, 

dX21 OflOXl 
dXl isoquant = -oflox2 

The slopes of the isoquant and the budgetary constraint are equal at the 
optimal production level yielding Equation (3.29) (the ratio of the marginal 
products is equal to the ratio of the marginal costs). 

The expansion path of the firm defines the optimal allocation of re
sources for various budgetary values. Figure 3-3 depicts two budget con
straints. The locus of the optimal production levels determines the expan
sion path of the firm. 
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3.6 PRODUCTION OPTIMIZATION 

The most common formulation of the theory of the firm is based on 
optimizing the production level, q. The cost function is now expressed in 
terms of the production level, q, rather than the level of resource utilization, 
x. Defining C(q) as the total cost of production, the profit function can be 
expressed as, 

maxrr = pq - C(q), q ~ 0 3.41 

The optimization model is a function of a single decision variable, the pro
duction level. 

Assuming an interior solution (temporarily ignoring the nonnegativity 
constraints), the optimal production level is obtained by differentiating the 
profit function and requiring that the first derivative vanish, 

or, 

drr _ _ dC _ 0 
dq - P dq-

dC 
p=

dq 

3.42 

3.43 

Since the price is the marginal revenue, MR, the derivative of the total rev
enue function pq, the optimal condition can also be expressed as 

MR=MC 3.44 

where MC is the marginal cost, the derivative of the cost function with 
respect to q. The solution of this equation determines the optimum pro
duction level. 

A second-order necessary condition is also required to ensure that the 
production level maximizes the profit. This second derivative condition 
can be expressed as, 

~ (p _ dC) = _ d 2 C < 0 
dq dq dq2 3.45 

Equivalently we can write, 

3.46 

where MC is the marginal cost, the derivative of the cost function. The 
profit will attain its maximum, if and only if, the slope of the marginal cost 
function is positive at the optimum production level. Equivalently from the 
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local-global theorem, the profit function is a concave function of q. Since 
the revenue function is linear and concave, the cost function is required to 
be a convex function of the production level. 

The optimality conditions are illustrated in Figure 3-4. The marginal 
revenue and marginal cost curves are shown as a function of the level of 
production. The intersection of the marginal revenue and marginal cost 
curves determines, via Equation (3.44), the optimum level of production. It 
is assumed that at this optimum production level the slope of the marginal 
cost curve is positive. Figure 3-5 depicts the case when this condition is 
not satisfied. In this event, the production level minimizes the firm's profit 
and a loss occurs. 

3.6.1 COST FUNCTIONS 
Production cost functions can be described by, 

C(q) = FC + VC(q) 3.47 

where FC is the fixed cost of production, and VC(q) is the variable cost of 
production. The variable costs can often be represented by an exponential 
cost function, 

VC(q) = /3qO 3.48 

where f3 and [) are cost parameters. The average cost function, AC, is de
fined as, 

AC == C(q) 
q 

FC VC(q) 
=-+--

q q 
= AFC+AVC 3.49 

The average fixed cost is AFC, and the average variable cost is AVe. Aver
age cost curves are illustrated in Figures 3-4 and 3-5. 

An economy of scale occurs if the cost per unit capacity decreases as 
the capacity increases-the average cost decreases as the level of output 
or production increases. Economies of scale exist in large-scale systems 
such as reservoirs, refining facilities, transportation systems, and regional 
wastewater treatment plants. In these systems, it is usually prudent to 
anticipate future growth and provide additional capacity during the initial 
design phases of the project. For an exponential total cost function, an 
economy of scale exists provided 0 < 8 < 1. 
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Figure 3-4 Optimum production level. 
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Figure 3-5 Economy of scale. 

Analogous to the production elasticity, the cost elasticity, E, is defined 
as the percentage change in cost divided by the percentage change in sup
ply, or 

100% Do in Cost q DoC 
€= =--

100% Do in Supply C Doq 
3.50 
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In the limit as 6.q - 0, the cost elasticity may be expressed as the ratio of 
the marginal to the average cost, or 

dC/dq MC 
E = C/q = AC 3.51 

Example Problem 3.6 

Show that the optimum profit level for a firm is directly related to the 
efficiency of production, i.e. the average and average variable costs of pro
duction. 

Consider the optimal profit function, 

rr* = pq* - C(q*) 3.52 

where q * is the optimal production level. From the definition of the average 
cost, Equation (3.49), the cost function can be expressed as 

C(q*) = ACq* 

Equation (3.52) can then be rewritten as 

rr* = pq* - ACq* = (p - AC)q* 3.53 

The profit will be positive provided the price for the firm's output is greater 
than the average cost of production. 

If the prevailing price is less than the average cost, the profit, rr* = 
(p - AC)q* < O. The firm must decide whether to produce at the level 
where the marginal revenue equals the marginal cost or to produce nothing. 
The decision is based on the average variable cost. From Equation (3.49), 
the profit function can also be expressed as 

rr* = (p - AVC)q* - FC 3.54 

If the prevailing price exceeds the average variable cost, p > A V C, the firm 
loses less than its fixed costs. If it produces 0, it loses all its fixed costs. 
Since these costs are sunk costs, which are past unrecoverable costs, the 
firm should ignore them in deciding whether or not to produce. 

In the event that the price is less than the average variable cost, p < 
AV C, the firm's loss is greater than its fixed costs. The optimal production 
level is 0, i.e. the firm shuts down. At zero production, the firm's loss is its 
fixed costs. 
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Example Problem 3.7 

The cost function for a firm is given by the equation, 

C(q) = 0.5qO.75 

The current unit price for the firm's product is $10 and the capacity of the 
plant is 100 units. What is the optimum production level? 

The profit function for the firm is given by the equation, 

max IT = IOq - 0.5qO.75, q 2: 0 

The first order necessary condition can be expressed as 

~: = 10 - 0.5(.75)q-O.25 = 0 

This expre~sion yields the production level, 

q* = (0.:~5 r = 0.000002 

which is essentially zero. 
The second order condition, Equation (3.44), for the problem can be 

expressed as 

~:~ = -0.5(0.75)( _0.25)q-1.25 = 0.09375q-1.25 > 0 

The second-order condition is not satisfied because the cost function has 
an economy of scale, i.e. the cost function is a concave function of the 
production level. Assuming the average costs are still decreasing at the 
production limit of the plant, the optimum production level is the plant 
capacity, 100 units. The situation is illustrated in Figure 3-5 where direct 
application of the first-order condition indicates a negative profit or loss. 
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3.6.2 EXTERNALITIES 

Water quality pollution, as discussed in Chapter 1, is an example of 
a negative externality. A negative externality, is a "harmful" effect on one 
or more individuals that emanates from the action of a different person 
or firm (Samuelson, 1973). Externalities are the effects of production and 
consumption activities that are not directly reflected in the market. Exter
nalities are important public policy questions because they typically involve 
environmental quality. For example, in water quality management, a central 
problem is how much effluent should firms be permitted to discharge into 
streams or rivers? Since the downstream water users will have to "pay" for 
water treatment, how are the treatment costs reflected or accounted for in 
the decision making of the upstream dischargers? Typically, they are not. 

Firms can be motivated to reduce emissions (negative externalities) in 
several ways: an output tax, emissions standards, emissions fees, and trans
ferable emissions permits. An output tax encourages the firm to produce 
less. Reduced production generates less pollUtion and, ideally, less envi
ronmental impact. Usually however, firms can substitute the inputs in the 
production process by altering their choice of technology. For example, less 
water intensive technologies can be used to reduce the level of wastewater 
generation. These technological changes reduce the externalities without 
reducing production levels. 

An emission standard is a legal mandate on the amount of pollution a 
firm can emit. An emissions fee is a charge or cost assessed on each unit of 
a firm's emissions. Transferable emissions permits require that each firm 
has a permit to generate emissions. These permits detail how much the 
firm is allowed to emit. Monetary sanctions are enforced if emissions are 
generated that are not allowed by permit. Emissions permits are allocated 
among firms; the permits are marketable, i.e. they can be bought and sold. 

The preference of any of these methods to correct externalities is de
pendent on the marginal cost and benefit curves for the firm. With an emis
sions standard, a firm meets the standard by installing pollution abatement 
equipment. The cost of the equipment causes the firm's average cost of pro
duction to increase. Firms will only enter the industry if the price of the 
product exceeds the average cost of production including the abatement 
costs. 

With an emissions fee, the firm minimizes its cost by reducing emis
sions. As long as the marginal cost of abatement is less than the emissions 
fee, the firm reduces its pollution loadings. When the marginal cost of 
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abatement exceeds the fee, the firm will pay the fee rather than reduce 
emissions. 

The transferable emissions permit system provides firms with incen
tives to trade permits. Pindyck and Rubinfeld (1992) noted that provided 
there are sufficient firms and permits, a competitive market for the per
mits will develop. Assuming market equilibrium, a permit's price is the 
marginal cost of abatement for all firms, and the total emissions will be at 
that level specified by the government. The emissions will also be reduced 
at the minimum cost. Firms with low marginal abatement costs will reduce 
emissions the most; conversely, firms with high marginal abatement costs 
will buy more permits and reduce emissions the least. 

Example Problem 3.8 

Water quality pollution is an example of an external dis economy or ex
ternality. As discussed in Chapters 1 and 3.6.2, the "classical" water quality 
management problem involves the control of firms' discharging wastewater 
directly to surface waters. Downstream water users are forced to treat the 
water prior to use. These treatment costs are passed on to the water users, 
e.g. mUnicipalites and are neither accounted for nor allocated to the up
stream waste dischargers. 

A regional authority proposes to reduce point source wastewater dis
charges by imposing an effluent charge or tax on each unit of waste dis
charged. These effluent charges are a method of internalizing the external
ities. Investigate how the effluent charge affects the optimum production 
levels of the firm. Assume (1) the tax, T, is expressed in $ per unit of out
put of the firm, q, and (2) the pollution generated by the firm, P, is a linear 
function of the production level, P = c5q. 

The tax is an added charge to the firm. Assuming the charge is fixed
it is not a function of the level of production-the firm's revised profit 
objective is 

maxrr = pq - C(q) - chq, q ~ 0 3.55 

where c5q is the waste generated from the firm, a linear function of the 
production level. Assuming q > 0, the first-order necessary condition for 
profit maximization is 

dC 
p - c5T =

dq 
3.56 

The tax decreases the firm's marginal revenue or, equivalently, increases 
its marginal cost (Figure 3-6). The intersection of the new marginal revenue 
curve (with the tax) and the marginal cost curve shifts the production level 
to the left, i.e. the overall production is reduced (q2 < qd. Pollution levels 
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are also reduced since there is a linear relationship between the level of 
production and the amount of pollution generated by the firm. 

OJ 
U ..... 
~ 

Marginal Revenue (without tax) 

t 
Marginal Revenue (with tax) 
____ J( _____ _ 

q2 ql 

Quantity (q) 

Figure 3-6 Production with taxation. 

3.7 COMPARATIVE STATICS OF THE FIRM 

A central assumption of the competitive economy is that the firms are 
price takers. All prices for the goods and services produced in the economy 
and the costs of all resources are given to the firm. In comparative statics, 
the assumption is relaxed, and we investigate how the firm responds to 
variations in costs and prices. Comparative statics is a sensitivity analysis 
that examines how changes in the resource costs and price of the output 
affects the production level and resource allocation pattern. The sensitivity 
analysis can be performed using the first-order necessary conditions for 
profit maximization, Equations (3.14) or (3.42). For example, the output 
price and resource costs can be parametrically varied, and the optimality 
conditions re-solved to determine the new pattern of resource utilization 
and level of production. 

Following Intriligator (1971), we assume the optimal resource levels, 
x*, can be expressed in terms of the n + 1 prices of the problem, or 

x*=x*(p,w) 3.57 
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where p is the price for the firm's output, and w is the vector of input 
costs. These n equations are the input demand functions for the firm; these 
equations predict the optimal resource pattern for a given price and cost 
structure. Note that these demand functions are homogeneous of degree 
zero or, 

x* (lXp, lXW) = x* (p, w), V lX > 0 3.58 

where lX is a scale factor. This implies that changes in p and w do not affect 
the inputs. 

The output supply function of the firm can similarly be obtained by 
inserting the input demand functions into the production function, or 

q* = f[x* (p, w)] = q* (p, w) 3.59 

It can be shown that the output supply ftinction is also homogeneous of 
degree zero, 

q*(lXp,lXW) = q*(p,w), VlX> 0 3.60 

The output supply function is also unaffected by variations in the prices 
and costs faced by the firm. 

The sensitivity coefficients, or the marginal change in production as the 
price or costs are varied, can be obtained by inserting the input demand 
functions and the output supply function into the necessary conditions 
characterizing the optimal production levels and the production function of 
the firm. The sensitivities of the optimum inputs and outputs are obtained 
by differentiating these equations with respect to the price and resource 
costs. The sensitivity coefficients may be expressed as (Intriligator, 1971), 

oq = _.!.(Of)H_l(of)t 
op p ax ax 

3.61 

ax = _.!.H- 1 (of)t 
op p ax 

3.62 

(Oq)t = .!.(of)H-l 
ow p ax 

3.63 

ax = .!.H-1 

ow p 
3.64 

where t denotes the matrix transpose. The coefficients depend explicitly 
on the price of the output, the inverse of the Hessian matrix, H-1, and the 
marginal products of the production function. 
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Equation (3.61) shows how the production level is affected by the price 
of the output. Since H is negative definite, H-l is also negative definite, 

and we conclude that, 
aq > 0 ap 3.65 

[afjaX} > 0, V j). An increase in the output price always increases the 
optimum level of production. We inferred this result earlier from the price 
taking assumption of the firms (see section 3.5). The supply curve of the 
firm, the relationship between the unit price of the output and the amount 
produced by the firm at that price, is upward sloping. Moreover, the supply 
curve is that portion of the marginal cost curve that lies above the average 
cost curve (Figure 3-4). 

The variation in the resource levels as a function of the price of the 
output is given in Equation (3.62). Since 

(~:) = (~~) (~:) > 0 

then, in the relevant region, the region where the marginal products are 
nonnegative, 

ax} . ap > 0,) = 1, ... n 3.66 

An increase in the output price increases the supply of output and increases 
the demand for some input. 

We can also infer from Equations (3.62) and (3.63) that 

oq ax 
ow = - op 3.67 

An increase in output prices raises the demand for an input. This can occur, 
if and only if, an increase in the cost of that input decreases the optimal 
output. 

Equation (3.64) summarizes how the input levels change as the prices 
of the resources are varied. Since ox/ ow is symmetric and negative definite, 
the elements along the main or principal diagonal are negative, or 

ax* 
~ <0, Vj 
vWj 

3.68 

An increase in the cost of an input leads to a reduction in the "demand" for 
the input. The symmetry of the matrix also implies that 

ox] ax; 
OWk = ow/ Vj,k 3.69 
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The change in the cost of the kth resource on the demand for the ph input is 
the same as the effect of a change in the cost of the ph input on the demand 
for the kth input. The inputs are substitutes if Equation (3.68) is positive; 
they are complements if the derivatives are negative. 

The variation or sensitivity in the demand as the price changes is de
fined by the elasticity of demand, w. The elasticity of demand is the ratio 
of the percentage change in quantity demanded to the percentage change 
in price, or 

-'- r (% ~Demand) 
w - tJ.~O % ~ in price 

- lim (~q/q) 
tJ.q-O ~p/p 

= ~ (::) 

3.70 

The following example problems illustrate the application of compar
ative statics in agricultural production. 

Example Problem 3.9 

Assume agricultural production is described by the quadratic equation, 

3.71 

where qj is the yield in hectares of crop j, aj, bj, and Cj are the parameters 
of the production function for crop j, and Xj is the amount of water (m3) 

applied to crop j. The unit cost of water is w; the unit market price of each 
crop is P j. Develop a model, based on the theory of the firm, to determine 
the optimal water allocation for each crop. What is the demand function 
for water assuming the production function is a concave function of Xj 
[cj <OJ? 

Assuming that a central authority has the responsibility for allocating 
the water resources of the region, the objective function is to maximize the 
net revenue, or 

n n 
maxR = L Pjqj - L WXj 3.72 

j=l j=l 

n n 

= L pj(aj + bjxj + CjxJ) - L WXj 
j=l j=l 
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The first term on the right side of the equation is the total revenue gener
ated from the production of all crops; the remaining part of the objective 
function is the total cost of water. 

The decision variables are constrained by nonnegativity restrictions, or 

Xj ~ 0, 'it} 3.73 

Assuming some of each resource is used in the production process, 
Xj > 0, 'it}, the solution of the optimization model can be obtained, by 
differentiating the net revenue function, or, 

3.74 

The optimal (global) water allocation for each crop, xj, can be expressed 
as, 

x* = J J (W-b'P') 
J 2cjpj 

3.75 

The water allocation is a function of the resource cost, W, and price of each 
crop, Pj, and parameters of the production function. Note that oxj /ow = 
1/2cjpj; an increase in the price or cost of water decreases the allocation. 
The same result can be inferred from Equation (3.64). 

The demand for irrigation water can be developed from Equation (3.75) 
by parametrically varying the unit cost, w. The demand function for irri
gation water (total amount of water required or demanded), x*, at a given 
unit cost, W is 

n 

x* = I. xj 
j=l 

=wI. _1_ -~I. -1 n ( ) n (b ) 
2 j=l CjPj 2 j=l Cj 

3.76 

As will be shown in Section 3.8, the demand function is the basis for eval
uating the benefit from providing irrigation water to the region. 
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Example Problem 3.10 
Assume the production, q, of a firm is described by Cobb-Douglas pro

duction function, 
q = lXxfxr 

where Xl and X2 are the two factors of production. Determine, using com
parative statics [Equations (3.61) and (3.62)], how the production level and 
resource allocations are affected by changes in the market price. 

The evaluation of the impacts of price changes on resource allocation 
is a function of the marginal products and the inverse of the Hessian matrix 
of the production function. The inverse of the Hessian matrix of the two
factor Cobb-Douglas production function can be expressed as (see Example 
Problem 2.8), 

where 
/3(/3 - l)q2y(y - 1) - /3 2y2q2 

a = 2 2 
XIX2 

The marginal products of the production function are 

oj yq 
OX2 X2 

The change in the production level as the market price changes is given 
by Equation (3.61). After considerable manipulation, the equation may be 
expressed as, 

oq q(/3 + y) 

op p(I-/3-y) 

Assuming /3 + y < I, (the production function is concave), the change in 
price produces a positive change in the production level. 

The variation in the resource allocation with price changes is described 
by Equation (3.62). Again after manipulation, the equations become 

OXI _ Xl > 0 
op - p(I-/3-y) 

OX2 X2 > 0 
op = p(I-/3-y) 

Resource utilization is increased as the market price increases. 
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Example Problem 3.11 

The demand function for a resource is described by the exponential 
function, 

p = aqf3 

where a > 0, {3 < 0 are parameters. Determine the demand elasticity. 

The demand elasticity is determined from Equation (3.70), 

P 1 
W= ----

q dp/dq 
aqf3 

q (a{3qf3- 1 ) 

= {3-1 

3.77 

3.78 

The demand elasticity is a constant for the exponential demand function. 
Moreover, the elasticity is always negative since {3 < O. 

A demand function is an elastic demand function if a minor change 
in price causes a large change in demand. Elastic demand functions occur 
when W ~ -1. Inelastic demands occur when the demand is relatively 
unchanged irrespective of the price change, or -1 ~ W ~ O. 

3.8 PUBLIC PROJECT EVALUATION 

Public project evaluation in environmental engineering is based on 
maximizing the national welfare. Traditionally this has been interpreted as 
maximizing the national income. The principal problem with the objective 
is that it is too closely tied to market values. Traditional profit objectives 
do not reflect the "true" benefit of developing and providing the resource. 
In the case of irrigation water, for example, an extensive network of reser
voirs, canals, and diversion structures is usually necessary to control and 
distribute the surface water resources. The costs associated with the de
sign and operation of these facilities are usually financed from public rather 
than private funds. These public projects require a new definition of benefit 
rather than relying on market forces to maximize the net revenue. 

A more realistic objective for a public project is economic efficiency. 
A proposed alternative or design is economically efficient, if no other al
ternative design would make any member of the community affected by 
the project better off, without making some other individual worse off. 
This definition does not however discriminate between efficient designs, 
i.e., there may be more than one alternative that satisfies the criterion. The 
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meaning of economic efficiency, as a result, has been broadened by intro
ducing the concept of compensating side payments. As described by Mar
glin (1962), a design Pi is relatively more efficient than design P2 if those 
affected by Pi are willing to pay those affected by P2 a sum that is sufficient 
to persuade them to agree to the construction and operation of Pl. The 
aggregate willingness to pay of everyone affected by the project, W(P), can 
then be expressed as 

W(P) = E(P) - C(P) 3.79 

where E(P) is the willingness to pay of the project's beneficiaries and C(P) 

is the amount taxpayers are willing to pay not to have the project. E(P) 

are the gross benefits and C(P) are the system costs. Equation (3.79) is a 
"measurable" ranking function provided that (1) no individual derives eco
nomic gain or loss from the provision of goods for another's consumption, 
(2) prices equal marginal cost [see Equation (3.43)], and (3) the scale of the 
project is not so large as to affect prices in the overall economy, i.e. the 
assumptions of a competitive model (Marglin, 1962). 

Generalizing the discussion of the theory of the firm, we can define a 
set of output of a particular project, q = (ql, ... qm) t, and a set of inputs, x. 
The design problem can be summarized by the optimization model, 

max W(P) = E(q) - C(x) 3.80 

subject to the production function and nonnegativity constraints, 

f(x,q) = 0 3.81 

q,x 2! 0 3.82 

where f is the production function of the alternative or project; f is an 
implicit function of the inputs and system outputs. 

The evaluation of the benefit function represents the willingness to pay 
of the positive beneficiaries of the project. This willingness to pay is how 
much the beneficiaries of the system output would purchase at successive 
prices if the output were sold in a market, i.e. the demand for the project's 
outputs. 

Figure 3-7 presents a typical demand function for irrigation water. The 
market value of output level ql is the shaded rectangular area beneath the 
demand curve. The triangular area above the market value is the consumer 
surplus. The consumer's surplus represents an inputed benefit. As repre
sented by the demand function, some individuals are willing to pay more 
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Figure 3-7 Willingness to pay. 
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than the prevailing price for the project's output rather than forgo having 
the project. As described by Samuelson (1973), the consumer surplus is the 
gap between the "utility" the project provides and the total market value. 
The consumer in effect receives more than is actually paid for. 

Assuming that the willingness to pay is independent of the quantities 
of other outputs of the system, the system benefit can be expressed as 
the sum of the individual output benefits. Defining, Pi(qi), as the demand 
function relating the unit price, Pi, and the quantity demanded, qi, the 
gross benefits can be expressed as 

3.83 

where 11 is the ith dummy variable of integration for output i. Each inte
gral in the benefit function is the area beneath the demand function for a 
particular project output. 

The following example problems illustrate the development of the will
ingness to pay and the conditions for project optimality for a public project. 
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Example Problem 3.12 

Develop the willingness to pay benefit function using the comparative 
statics analysis of Example Problem 3.9. 

The relationship between the optimal resource usage, xt and the price 
of the resource, w, was developed in Example Problem 3.9. The total 
amount of water used at a given resource cost, W is from Equation (3.76), 

n 

x* = 2. xj 3.76 
j=l 

= W f. (_1 ) _! f. (b j ) 
2 j=l CjPj 2 j=l Cj 

X * (w) is the inverse demand function for the irrigation water. The unit 
cost of water, w, can be expressed as a function of the total amount of 
water demanded, x*, or 

3.84 

The willingness to payor benefit from providing the irrigation water is 
defined as the area beneath the demand function. The willingness to pay, 
Equation (3.83), becomes 

3.85 

The decision variable in the benefit function is the total water allocation, q. 

Example Problem 3.13 

Determine the conditions of project optimality for the optimization 
model described by Equations (3.80)-(3.82). 

We will assume the project generates a single output, q with a set of in
puts, x. The project optimization problem is described by the optimization 
problem, 

maxz = tq D('1)d'1- C(x) 3.86 

subject to the production function and nonnegativity restrictions, 

j(x,q) = 0, q,x ~ 0 3.87 
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where D is the demand for the project's output. The Lagrangian for the 
problem, L, can be expressed as, 

L(x,q) = Lq D(I1)dl1- C(x) - yj(x,q) 3.88 

where y is the Lagrange multiplier. Assuming q,x > 0, the first-order nec
essary conditions can be expressed using Leibnitz's rule for differentiation 
of an integral (see Appendix A) as, 

oL = D(q) _ y oj = 0 
oq oq 

3.89 

~ = _ oC _ y oj = 0 'Vi 
OXi OXi OXi ' 

3.90 

oL 
oy = j(x,q) = 0 3.91 

Equating the Lagrange multiplier from Equations (3.89) and (3.90) we have 

D(q) OC/OXi 
ofjoq = - ofjoXi 

The total derivative of the production function, Equation (3.87) yields 

oj oj 
dq = -dXi + -dq = 0 

OXi oq 

or, 
ofjoXi oq 

=--
oj /oq OXi 

Substituting Equation (3.94) into Equation (3.92) yields 

3.92 

3.93 

3.94 

3.95 

The interpretation of the optimality condition is straight forward. D(q) is 
the demand price, or the price each beneficiary of the project would pay for 
the last unit of output rather than go without, i.e. the marginal willingness 
to pay. Oq/OXi is the marginal productivity of resource i; it measures how 
much the output would be increased by a unit change in the resource level. 
The product of the price and the marginal productivity is known as the 
marginal value product. The right side of the expression is the derivative 
of the cost function or the marginal cost. The optimality condition equates 
the marginal value product with the marginal cost [see Equation (3.43)]. 
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Example Problem 3.14 

The benefit function for a public project, U(q, x) is a function of the 
system outputs, q, and inputs or factors of production, (x). The production 
function of the project is described by the equation, 

j(q,X) = 0 3.96 

Develop the optimality conditions for the project. Specifically, what condi
tions describe the optimal combination of inputs, outputs, and inputs and 
outputs? 

The production-resource allocation model is described by the equa-
tions, 

maxz = U(q,x) 3.97 

subject to: 
j(q,x) = 0 3.98 

and 
q,x ~ 0 3.99 

The Lagrangian function for the classical optimization problem is 

L(q,x,y) = U(q,x) - yj(q,x) 3.100 

The necessary conditions for project optimality are, assuming an interior 
solution, q, x > 0, 

oL = oU _ y oj = 0 V j 
oqj oqj oqj , 

3.101 

oL = oU _ y oj = 0 Vi 
OXi OXi OXi ' 

3.102 

oL 
oy = j(q,x) = 0 3.103 

The optimal combination of inputs can be identified from Equation 
(3.102). Considering two inputs Xk and Xf, we have 

3.104 

oU _ y oj = 0 
GXf GXf 

3.105 

Assuming the Lagrange multiplier is nonzero, the equations may be ex
pressed as, 

3.106 
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The right hand side of the equation can be simplified using the total deriva
tive of Equation (3.98), or 

and, 

oj oj 
dj = -dXk + -dxe = 0 

OXk OXe 

OJ/OXk dxe 
oJ/oxe = - dXk 3.107 

Substituting Equation (3.107) into Equation (3.106) yields the equation, 

oU /OXk dxe 
oU /oxe = - dXk 

3.108 

Equation (3.108) is a restatement of Equation (3.12); the marginal rate of 
substitution between any two inputs is the negative ratio of the marginal 
benefits. The marginal rate of substitution is the marginal rate at which 
quantities of input xe are substituted for a unit reduction in x} while hold
ing the overall level of production constant. 

The optimal combination of inputs and outputs can be identified from 
Equations (3.101) and (3.102). Again assuming the Lagrange multiplier is 
nonzero, these equations can be expressed for input x} and output qi as 

The total derivative of the production function for Xj and qi is 

or, 

oj oj 
dj = -dx· + -dqi = 0 ox} J oqi 

Substituting Equation (3.110) into Equation (3.109) yields, 

oU /oqi = _ dx} 
oU lox} dqi 

3.109 

3.110 

3.111 

The equation relates the marginal changes in the system benefit function 
for an output and input to the marginal physical product. The marginal 
physical product is the additional output that can be produced per unit 
increase in x}. 

The optimality conditions for any two system outputs, qi and qk can be 
developed from Equation (3.102) and the total derivative of the production 
function, or 

oU /oqi dqk 
=--

oU /oqk 
3.112 
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The equation relates the ratio of the marginal changes in the benefit func
tion with respect to any two outputs and the marginal rate of transforma
tion. The marginal rate of transformation is the marginal rate at which 
production can be shifted from the second output to the first to produce a 
unit change in the first output without altering the inputs to the system. 

3.9 CASE STUDY 1 - AGRICULTURAL BENEFITS 

Microeconomics models of the theory of production can be used to 
determine the benefits associated with the allocation of irrigation water. 
The benefit function is the willingness to pay for the irrigation water or 
the area beneath the demand function for the water. The evaluation of the 
optimal allocation is based upon the determination of the imputed demand 
function for the water. The follOwing case study addresses these issues for 
Pyramid Lake in Nevada. 

3.9.1 INTRODUCTION 

Pyramid Lake is an approximately 170 square mile reservoir located in 
the center of the Paiute Indian Reservation, north of Reno, Nevada. During 
the 1970's after years of declining water levels and increasing salinity, the 
federal government initiated a series of economic and hydrologic studies 
to assess the feasibility of obtaining additional water from the Truckee
Carson river basin and Honey Lake in California. The optimal allocation of 
these water supplies is predicated on the anticipated agricultural benefits 
resulting from a reliable, and higher quality water resource. 

Economic growth in the Truckee-Carson river basin has increased the 
competition for water for alternative uses such as recreation, irrigation, and 
fish and wildlife. Construction in the Truckee-Carson basin of additional 
diversion structures and canals have actually accelerated the long-term re
cession of Pyramid Lake. At the same time, however, recreational opportu
nities and wildlife utilization have also increased. Prior to the development 
of simulation and optimization models for water resources allocation, the 
economic benefit associated with water use, the willingness to pay, is de
veloped from a simple micro economic model of agricultural production. 
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3.9.2 ECONOMIC MODEL 

The study area grows seven principal crops-alfalfa, other hay, barley, 
wheat, ensilage, oats, and irrigated pasture. Each crop has an associated 
unit cost, unit revenue, and maximum acreage allotment. Because of the 
lack of data, the agricultural benefit functions are based on the water allo
cations defining the Blaney-Criddle point and the average yield of a crop. 
The Blaney-Criddle point is the actual amount of water that is required to 
produce the maximum quantity of that crop on an acre of land. Assuming 
that the yield of each crop Yj is a function of the Wj, the amount of water 
in acre-feet applied to an acre of crop j, the production function for a crop 
can be expressed as, 

3.CSl.l 

where b j and C j are parameters of the production function. 
The estimation of the production function parameters can be deter

mined using the definition of the average yield and the Blaney-Criddle point. 
Since the Blaney-Criddle point represents the maximum yield, Wj, the first 
order necessary condition of the production function is, 

and, 

3.CS1.2 

Similarly, from the definition of the average yield, fj, of the production 
function, we have 

- bJ 
Yj = -6"C

J 
3.CS1.3 

These two equations are used to determine the production function param
eters for each crop. 

As in the production optimization models, the assumed objective of 
the economic model is to maximize the profit associated with agricultural 
production. Defining Yj as the unit revenue for crop j, Xj as the number of 
acres grOwing crop j, and p as the price (cost) of water per acre-foot, the 
profit function can be expressed as, 

max 1T = I [rjYj(wj) - PWj] Xj 
j 

3.CS1.4 
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The optimization is constrained by individual (Uj) and total acreage (TU) 

limitations and nonnegativity restrictions, 

LXj.:5 TU 3.CS1.5 
j 

Xj .:5 Uj, 'r:j j 3.CS1.6 

Xj ~ 0 3.CS1.7 

3.9.3 MODEL RESULTS AND CONCLUSIONS 
The optimization model is a nonlinear programming problem that can 

be solved using several of the methods described in Chapter 7; its structure 
is simple enough, however, that it can be solved directly using the calculus. 
The optimal solution of the model is xj (p) and wj (p) where the decision 
variables are recognized as a function of the price of water. The willingness 
to payor the benefit of irrigation water can be determined by solving repeat
edly the optimization model for different prices. The total water demanded 
at a given price p is Lj w j xj. This water demand represents the demand 
at the crop. It may be necessary to inflate the water usage by a loss factor 
as the water is transferred to the crop site (e.g. canal losses, evaporation). 
Table 3.CS1.1 summarizes the demand function data determined from the 
optimization model. The optimal crop allocations are summarized in Table 
3.CS1.2. 

Table 3.CS1.1 Demand function results. 

Water Price Water Demanded Benefits 
($/acre-ft) (acre-feet) ($) 

0 146,250 2,789,800 

11.0 96,900 2,508,800 

22.2 48.570 1,702,800 

25.5 40,580 1,511,800 

39.3 7,110 503,800 

41.3 6,800 491,300 

65.9 2,800 276,300 

70.2 2,500 257,000 

. The economic optimization model, which is based on a simple model 
of profit maximization, has been used to estimate the benefits from pro
viding irrigation water. The benefit functions were used in a large-scale 
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reservoir planning model of the Truckee-Carson river basin. The planning 
model, which is described in Midler et al., (1971), is used to determine the 
optimal releases and diversions from the reservoir system. The objective 
function of the model is the maximization of the net system benefits; the 
benefit function includes the irrigation water benefit function and recre
ational benefits. 

Table 3.CS1.2 Optimal crop allocations (acres). 

Water Barley Oats Wheat Alfalfa Other Irrigated Ensilage 
Price hay Pasture 

($/acre-ft) 

0 6,000 1,500 - 34,000 - 22,000 3,500 

11 6,000 1,500 4,000 34,000 - 18,000 3,500 

22.2 6,000 1,500 4,000 34,000 - 18,000 3,500 

25.5 6,000 1,500 4,000 34,000 - - 3,500 

39.3 6,000 1,500 4,000 - - - 3,500 

41.3 6,000 1,500 - - - - 3,500 

65.9 - 1,500 - - - - 3,500 

70.2 - - - - - - 3,500 
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PROBLEMS 

Allocation of Resources 

1. A firm produces m outputs, qj, j = 1, ... , m. The inputs to the pro
duction process are Xi, i = 1, .. . , n. The production function of the 
firm is described by the equation (mode!), 

j(q,X) = 0 

Assuming p and w are vectors of given output and input prices, deter
mine the optimality conditions characterizing the optimal allocation of 
resources. Is there a local or global solution to the allocation problem? 

2. The production function of a firm is described by the model, 

where q is the level of production and Xl and X2 are the resources. 
The unit costs of the resources are $5.00 and $8.00, respectively. (a) 
Develop an optimization model to determine the optimal resource al
location such that 5000 units of q will be produced. (b) What are the 
optimality conditions using classical optimization? (c) Determine the 
optimal resources with and without the nonnegativity restrictions. Dis
cuss the results. (d) What is the interpretation of the Lagrange multi· 
plier? 

3. The objective function of a firm is to minimize the cost of production. 
The firm is required to satisfy a fixed production level, q. Defining w as 
the unit cost vector, (Wj is the unit cost ofresource j), formulate an op
timization model to determine the optimal allocation of resources. (a) 
Identify the first-order necessary conditions. (b) What is the interpre
tation of the Lagrange multiplier? (c) Relate the optimality conditions 
to the models presented in Chapter 3-why are the models identical? 

4. An agricultural production function is described by the equation, 

q = 0.3L O.65WO.SS FO.35 

where q is the production level (bushels), L is land (acres), W is the 
water applied to the crop (acre-feet), and F is the fertilizer applica
tion (lbs). (a) What is the optimal resource allocation pattern to pro
duce 1000 bushels of the crop. (b) What is the interpretation of the 
Lagrange multiplier? Assume the unit cost of the resources are w = 
(1200, 125, 35). 
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5. The models presented in Chapter 3 have assumed that there are no 
resource availability constraints for the firm, i.e. the long-run alloca
tion problem. The short-run allocation problem is described by the 
optimization problem, 

maxz = pj(x) - wx 

subject to: 
O:;;x:;;X 

where X is a vector of upper bounds for each resource, e.g. Xj :;; Xj. 

(a) For what conditions will there be a global solution to the problem 
(be specific)? (b) What are the Kuhn-Tucker conditions for the opti
mization problem? (c) Show how the Kuhn-Tucker conditions simplify 
to the optimal conditions associated with classical optimization. What 
assumption(s) is(are) necessary for this simplification? 

Production Optimization 

6. The marginal revenue, MR, and marginal cost, MC, curves for a firm 
are 

MC = ()( - f3q 

MR = 8 _ yq + €q2 

where alpha, 13, 8, y, € are parameters. Determine the total revenue, 
total cost, and the average cost. What is the optimal production level 
that maximizes the firm's profit? What is the optimal profit? 

7. The cost function for a firm is described by the equation 

C(q) = ()( + f3qY 

where ()( is the fixed cost and 13 and y are cost parameters. Assume 
p is the market price, develop the first and second order necessary 
conditions for maximum profit. Are the conditions sufficient for profit 
maximization for all values of y? Why or why not? 

8. The cost of production for a firm, C(q), is 

C(q) = O.25q2 

The unit price for the firm's output is $25. Determine the optimal level 
of production. What is the average cost of production? Is the solution 
a local or global solution (Prove your answer)? 

9. The cost of production, C(q), in a manufacturing plant is described by 

C(q) = lOOqo.s 
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The price per unit of the product is $150. The production capacity of 
the plant is 50 units. Develop an optimization model to determine the 
optimal level of production. 

10. A manufacturer has the following short-run total cost function, 

C(q) = 0.5q z + 50q + 800 

where q is the weekly production level. The company has a monopoly 
protected by patents. The company's demand function is 

p = 250 - 2q 

where p is the unit price of the commodity. What weekly output rate 
will produce the maximum profit? What is the monopoly price? What 
is the optimal profit? 

Production, Cost Functions 

11. Develop Equation (3.C51.3) using the definition of the average yield of 
the production function. 

12. A firm uses two inputs, Xl and Xz, to produce a given product. The 
technology of the firm is described by the Cobb-Douglas production 
function, 

t3 y q = aXI X z 

where ()(, /3, y > 0 and /3 + y < 1. (a) Determine the elasticity of out
put with respect to the ph input. (b) Assuming the "prices" are p, Wl 
and Wz, what are the first-order conditions characterizing the optimal 
allocation of Xl and xz? 

13. The unit process costs of an advanced wastewater treatment plant con
sist of chemical coagulation and flocculation, Cf, and granular acti
vated carbon, Ce . The costs of these processes are 

Cf = 175,000qo.ss 

Ce = 2550qZ.7S 

(a) Determine the average costs for flocculation and granular activated 
carbon. (b) Is there an economy of scale? Prove your answer. (c) What 
is the cost elasticity for each process? 

14. A local water district's water system consists of water distribution and 
treatment systems. The distribution cost, Cd, which reflects ground
water pumping and transmission cost, and the treatment cost, Ct , are 
a function of the flow rate, Q 

Cd = 550, OOOQ 
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Ct = 2,500, 000QO.60 

The total fixed costs are $750,000. (a) What are the average costs for the 
distribution and treatment systems? (b) Does an economy of scale exist 
for the distribution system? Prove your answer. (c) Does an economy 
of scale exist for the entire project? 

15. The cost function for the manufacturing of photovoltaic cells can be 
expressed as 

C(q) = 0.25 qo.sO 

The current market price for the cells is $p per unit. (a) What is the 
marginal cost? (b) What is the average cost of production? (c) Deter
mine the cost elasticity. (d) What is the optimal production level? 

Public Project Optimization 

16. Assume the benefit function for a public project can be expressed as, 

U(q,X) = pq - wx: 
n m 

= I Piqi - I WjXj 

i= I j= I 

where Pi and Wj are unit prices and costs, respectively for output qi 
and input Xj. The inputs and the outputs are described by the produc
tion function, <I>(q, x) = O. Develop the optimality conditions for the 
inputs and the outputs. 

17. The production function for a two-input, two-output process is 

q2 + q3 _ xo.sxo.s - 0 
I 2 I 2 -

Using the results from Problem 16, determine the optimum values for 
both inputs and outputs assuming 

PI = 10, P2 = 5, WI = W2 = 2 

Externalities 

18. A firm produces a single commodity using four factors of production, 
Xl,X2,X3, X4. The cost of production, C, is a function of the level of 
production, q, or 

C(q) = 50 + q + 3q2 

The current market price for the product is $49/unit. Determine the 
output level that will maximize the firm's profit. If the market price 
changes to $37/unit, what is the new optimal production level? The 
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firm is taxed $ a/unit of output. Determine the relationship between 
the production level, q, the market price, p, and the tax, a. 

19. The cost of production for a firm is C(q). The relationship between the 
production level, q, and the pollution load of the firm, t, is described 
by the equation 

t = ()( + f3q 

where ()( and f3 are parameters. An alternative to control the pollu
tion discharge is to tax the firm's pollution load. Assume the pollution 
charge or tax is pc [$/kg of waste] and the unit price of the firm's 
product is p. (a) Formulate a planning model to determine the optimal 
production level without the tax. (b) Repeat the analysis with the impo
sition of the tax. (c) What are the first-order necessary conditions with 
and without the tax? (d) What impact does the tax have on the firm? (e) 
Does the tax reduce the pollution discharge? Prove your answer. (f) For 
what conditions will the solution of the model be a global optimum? 
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Microeconomics: Theory of the House
hold 

4.1 INTRODUCTION 

Microeconomic models of pure competition represent the producing 
and consuming elements of the economy by a series of homogeneous firms 
and households. As we examined in Chapter 3, production and resource 
(input) decisions can be analyzed with simple economic models of the pro
duction process. The optimal solutions ofthese models generate the output 
supply and input demand functions of the firms. The supply functions de
fine how much will be produced by the firm at a given market price. The 
input demand functions relate the unit cost or price of a resource to how 
much is demanded of that resource. 

The second major element of the competitive economy is the house
hold. A household is any group of individuals that share income purchases, 
and consumes goods and services. The households of the economy make 
decisions on how much of the available goods and services to purchase 
given the prices of all goods and its income level. 

We begin the discussion with an overview of how household prefer
ences for goods and services can, in principle, be quantified. The develop
ment of the optimality conditions for a household is presented in Section 
4.3. The application of micro economic models of production and consump
tion to the economy as a whole is presented in Section 4.5. 

R. Willis et al., Environmental Systems Engineering and Economics

© Kluwer Academic Publishers 2004
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4.2 COMMODITY SPACE AND PREFERENCE RELATIONS 
A commodity is defined as a good or service delivered at a specific time 

and location. We assume there are a total of n commodities summarized 
by the commodity bundle, q, 

q = (J~) 4.1 

The set of all nonnegative commodities that can be purchased by the house
holds defines the commodity space, CS, of the economy, or formally CS = 
{qlqj ~ 0, \Ii}. 

The decisions or choices of a household are a function, in part, of the 
tastes of the household. These tastes can be described by the weak pref
erence relation 0:). This relation, which is assumed to be the motivating 
force of the household, can be expressed for any two commodity bundles, 
ql and q2 as 

4.2 

which means that ql is preferred to, or indifferent to q2. Indifference im
plies that ql is at least as good as q2 according to the tastes of the house
hold. 

Indifference can be defined in the context of the weak preference rela
tionship. Specifically, a household is indifferent (-) between two commod
ity bundles, ql and q2, if and only if, each is preferred to or indifferent to 
the other, or 

ql - q2 if and only if ql ~ q2 and q2 ~ ql 4.3 

Commodity bundle ql is preferable (~) to ~ if 

ql ~ q2 if and only if ql ~ q2 and not q2 ~ ql 4.4 

As described by Intriligator (1971), the weak preference relation sat
isfies two axioms in microeconomics. The first axiom stipulates that the 
relation is a complete pre ordering of the space defined by all the commodi
ties available in the economy. It is complete in the sense that for any two 
commodity bundles, ql and q2, 

either ql ~ q2 or q2 ~ ql (or both) 4.5 
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Since the weak preference relation is a pre ordering, it is also both transitive 
and reflexive. For example, for three commodity bundles, ql. q2, and q3, 

the transitive property implies that 

4.6 

The weak preference relation is reflexive in that 

4.7 

The complete pre ordering implies that the indifference relation (~) is 
an equivalence relation that is transitive, reflexive, and symmetric, or 

if ql ~ q2 and q2 ~ q3 then ql ~ q3 (transitive) 4.8 

ql ~ ql (reflexive) 4.9 

ql ~ q2 => q2 ~ ql (symmetric) 4.10 

The second axiom for the weak preference relation (!:) assumes that 
the relation is continuous in the preference and nonpreference sets. The 
preference set, P Sqp, is the set of all commodity bundles preferred to, or 
indifferent to, a given bundle, qp, or PSqp = {q E CS iq 2:: qp}. Similarly, 
the nonpreference set, NPSqp ' consists of all commodities for which a given 
bundle is preferred or indifferent, NPSqp = {q E CS iqp 2:: q}. Both sets are 
assumed closed. 

It can be shown that prOvided these two axioms are satisfied, there ex
ists a continuous, real-valued utility function, V, defined on the commodity 
space (Debreu, 1954). The utility function has the property that 

4.11 

The utility function is referred to as an ordinal utility function since the 
utility function is not unique. Example utility functions are summarized in 
Table 4.1. 

Utility functions also satisfy two additional properties. The first, the 
axiom of nonsatiation, implies for any two commodity bundles, ql and q2, 
that if ql contains no less of any commodity than q2, then ql is preferred to 
or indifferent to q2. Similarly, if ql contains no less of any commodity and 
more of some commodity than q2, then ql is preferred to q2. The axiom 
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Table 4.1 Example utility functions [Intriligator (197l)]. 

Type of Utility Function 
Restrictions 

Utility Function U(q) 

Quadratic U(q) = aq + qtBq 
a + qtB > 0 

B negative definite 

Bernoulli U(q) = Ljajlog(Q,j -Q,j) 
aj > 0, 'if j 

qj > qj ~ 0, 'if j 

Constant Elasticity U(q) = L..~(q._q.)I-bj aj > 0, 'if j 
J I-bj J J 0< bj < I, 'if j 

qj > qj ~ 0, 'if j 

implies that the first-order derivatives of the utility function are positive. 
This requirement on the marginal utilities can be expressed as, 

oU 0 \-I)' ~> , v 
uqj 

4.12 

The second axiom requires that the utility function is a strictly concave 
function [a weaker variant of the axiom is possible - see Intriligator (1971)]. 
This presumes that the utility function is twice differential with contin
uous derivatives and that the Hessian matrix is negative definite. Since 
o2U /oq; < 0, 'if j, the marginal utility of a good (oU /oqj, 'if j) decreases as 
more of the good is consumed. This is known as Gossen's law. 

4.3 THEORY OF THE HOUSEHOLD 
The neoclassical theory of the household is concerned with the selec

tion of a bundle of goods and services given the household's budgetary 
limitations and preferences. The assumed objective of the household is to 
choose the most preferred set of goods or services, or equivalently, to max
imize the household's utility function. Defining q as a vector of goods and 
services and p as the vector of the prices of the commodities, the household 
problem is described by the optimization model, 

subject to: 

maxz = U(q) 

pq:$ I 

q~O 

4.13 

4.14 

4.15 
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where J is the money income of the household. Equation (4.14) is the total 
cost or expenditure for the goods and services. 

Assuming that all commodities are purchased (the axiom of nonsatia
tion), q > 0, the optimization problem is a classical optimization model that 
can be solved using the Lagrange multiplier method. Introducing y as the 
Lagrange multiplier associated with the budget constraint, the Lagrangian 
can be expressed as 

L(q,y) = U(q) + y(I - pq) 4.16 

The first order conditions require the derivatives of the Lagrangian with 
respect to q and y vanish, or 

as, 

oL au 
- = --yp=O Vj aqj oqj } ' 

oL 
-=J-pq=O oy 

4.17 

4.18 

For any two commodities, qk and qt, Equation (4.17) can be expressed 

OU/oqk Pk 
au /aqt Pt 

4.19 

At optimality, the ratio of the marginal utilities, or the partial derivatives 
of the utility function with respect to any two goods, is the same ratio as 
the prices of the commodities. 

Also from Equation (4.17), the optimal value of the Lagrange multiplier, 
y* is 

* au /oqj y = 
Pj 

4.20 

The Lagrange multiplier is the ratio of the marginal utility and the price 
of the commodity. The Lagrange multiplier has the dimension of utility 
per unit of commodity j divided by the unit price of that commodity, or 
utility per dollar. From Equation (2.156), the Lagrange multiplier also has 
the interpretation as the change in the objective divided by the change in 
the right hand side of the budgetary constraint, or 

* au y=-oJ 4.21 

The optimality conditions of the household, Equations (4.17-4.18) can 
be solved to determine the optimal commodity bundle and the Lagrange 
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multiplier. These decision variables are functions of the prevailing prices, 
p, and income level, or 

q* = q* (p,J) 

y* =y*(p,I) 

4.22 

4.23 

Equation (4.22) is the demand function for all goods in the economy; the 
quantity demanded of a particular commodity is a function of the prices of 
all goods and the household income. 

The demand functions, as in the theory of the firm, are homogeneous 
of degree zero in the prices and income. As a result we have 

q*(oep,oeI} = q*(p,I), Voe> 0 4.24 

where oe is a positive, scaling factor. Homogeneity implies that the demand 
for any good depends not on the price but upon price ratios. These are 
termed relative prices; the ratio of money income to a price is similarly 
called real income. In microeconomics a base price or numeraire is selected 
as the scaling factor, e.g., oe = l/PI. Equation (4.24) can then be expressed 
as, 

qj = qj (1, P2, P3 , ... pn,!..-) 
PI PI PI PI 

4.25 

Example Problem 4.1 

Develop the graphical interpretation of the optimality conditions for 
the theory of the household. 

A series of contours of the utility function of the household are shown 
in Figure 4-1. These contours are known as indifference curves since along 
each curve the utility is constant. The indifference curves, in other words, 
represent different combinations of goods and services that provide the 
same degree of satisfaction or well-being, i.e. utility. The budgetary con
straint, Equation (4.14), is also shown in the figure. The slope of the budget 
line is -PI/P2, the negative ratio of the prices. 

The household's objective is to maximize its utility function. The util
ity function increases as the distance from the origin to the indifference 
curves increases. The optimality conditions are represented as a tangency 
condition; the optimal decisions occur at that point where the slope of the 
indifference curve is equal to the slope of the budget constraint. The slope 
of an indifference curve can again be found using the total derivative of the 
utility function, or 

4.26 
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Figure 4-1 Theory of the household. 

dqZI aU /aql 
dql isoquant = - aU / aqz 
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4.27 

Equating Equation (4.26) to the slope of the budget constraint produces the 
first-order necessary condition, Equation (4.19). 

Example Problem 4.2 
Develop the necessary conditions for a single household whose tastes 

and preferences are described by the Bernoulli utility function. Assume 
there are a total of two commodities in the economy. 

The household optimization problem (see Table 4.1) is described by 
the optimization function, 

4.28 

and the budgetary limitation, 

4.29 

Assuming q > 0, the model is a classical programming problem. The La
grangian is 
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The necessary conditions follow from Equations (4.17-4.18), or 

oL al 4.31 
Oql ( A ) - YPI = 0 ql - ql 

oL a2 
4.32 

oq2 ( A ) - YP2 = 0 q2 - q2 

oL . 
4.33 - = I - PIql - P2q2 = 0 

oy 

Equations (4.31) and (4.32) can be solved to express ql and q2 in terms of 
the parameters of the utility function and the prices, 

a2 A 

q2 = -- + q2 
YP2 

Substituting these equations into Equation (4.33) yields the optimal La
grange multiplier, 

* al + a2 
Y = I - PIth - P2tl2 

4.34 

The optimal commodities can then be expressed as 

4.35 

4.36 

4.4 COMPARATWE STATICS 
Comparative statics of the household is concerned with how changes 

in the prices of goods or services and income levels affect the quantity of 
goods consumed in the economy. These sensitivity coefficients are obtained 
by first differentiating the first-order conditions with respect to p and I and 
solving the resulting matrix equations. As shown by Intriligator (1971), 
these equations may be expressed as 

4.37 

4.38 
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( Oq) = J1H- 1p t pH- 1y +H-1y 
Op comp 

4.39 

where H is the Hessian matrix and, t denotes the vector transpose. It can 
be shown that 

J1 = - 0;; = - :1 (~~) = - ~~~ 4.40 

J1 is the rate of decrease of the marginal utility of income. 
The left hand side of Equation (4.39) refers to a compensated change in 

price-the income is compensated so as to keep the overall utility constant. 
This can be illustrated by using (1) the total derivative of the utility function 

n au 
dU = L -dqj 

j=l oqj 

and (2) the budget constraint, 

n n 

d1 = L pjdqj + L dpjqj 
j=l j=l 

4.41 

4.42 

Equation (4.41) can be simplified by introducing the first-order optimality 
condition, Equation (4.17) or 

n 

dU = LYPjdqj 
j=l 

4.43 

Since the utility is constant, dU = 0, the term IJ=l P jdqj = 0 (Equation 
(4.43)). As a result, d1 = IJ=l dpjqj. If, for example, the price change of a 
particular good, r, is t.pr, the additional income, dJ = t.prqr, ensures that 
the overall utility is constant. 

Equations (4.37)-(4.39) can be combined to produce the fundamental 
equations of the household, the Slutsky equation, 

(Oq*) = (Oq*) _ (Oq*t)q*t 
op op comp a! 4.44 

The Slutsky equation states that the total effect of a price change on the 
consumption of a particular product is equal to (1) a substitution effect of 
a compensated change in price on demand [the first term on right hand side 
of the equation (4.44)]. and (2) an income effect resulting from a change in 
income on demand. 
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Commodities can be classified as to whether or not the changes in de
mand are positive or negative. As the amount demanded decreases or in
creases with a corresponding increase or decrease in the price, the goods 
are referred to as Normal/Giffin commodities. They are superior (inferior) 
goods if positive changes in income increase (decrease) the demand for the 
product. 

Several of the comparative statics results can be illustrated graphically 
for a two commodity problem. Figure 4-2 depicts the changes in the house
hold consumption pattern as the income of the household increases from I 
to i. The initial consumption pattern is point A. Since the slope of the new 
income curve is the same, the increase shifts the consumption pattern of 
both ql and q2 to the right. The new optimal consumption pattern occurs 
at point B; the new allocation is ih and (h. The locus of points joining the 
"optimal" solutions of the household problem, (AB), is known as the income 
consumption curve. 

The variation in the consumption pattern as the price of ql is varied is 
shown in Figure 4-3. The original consumption pattern is ql and q2, point A. 
Assumming the price of commodity 1 increases to PI, the new consumption 
pattern shifts to point B. The amount of consumption of commodity 1 has 
decreased from ql to ql. The locus of points of the optimal consumption 
pattern (AB) is the price consumption curve. 

The Slutsky equation can be represented using similiar concepts. In 
Figure 4-4, the initial optimal consumption pattern is point A (ql and q2). 

Increasing the price of ql to PI rotates the budget constraint clockwise 
about 1/ P2. Note that the slope of the "new" budget constraint has in
creased from PI / P2 to PI / P2. The new optimal or tangency solution occurs 
now at point B. The consumer's income has been decreased by the price 
increase of ql. Optimal solution B lies on a lower indifference curve than 
solution A. The reduction in q1 to q1 represents the combined income and 
substitution effect. 

The substitution effect can be illustrated by assuming the household's 
income is increased to compensate for the loss in purchasing power. The 
slope of the compensated price change line is the new price ratio, -PI /P2; 
the line has been shifted upwards such that the overall utility is constant 
(A and C are on the same indifference curve). Although at C the utility 
is constant-it provides the same level of consumer satisfaction-the con
sumption of ql has been reduced and q2 increased because the price of ql 
is higher relative to q2. The income effect of the price increase has been 
eliminated by the compensating change in the household's income. This 
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subsitution effect, AC, results solely from the change in price of ql. 
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The income effect can be shown by taking the compensating variation 
in income away from the household. The optimal consumption pattern is 
point B in Figure 4-3. The movement from C to B, CB is the income effect. 
It reduces the consumption of commodity one from ql to ih. As Slutsky's 
equation states, the total effect of the price change, AB, is balanced by the 
substitution and income effects. 

Note also that the commodity is a superior commodity since decreasing 
income reduces the demand, e.g., B lies to the left of C. The commodity is 
also normal; increasing the price reduces the demand, e.g., B lies to the left 
of A. 

4.5 GENERAL EQUILIBRIUM 
The micro economic models of production and consumption, discussed 

in Chapters 3 and 4, are the basic building blocks of a competitive econ
omy. Households that own resources, including labor, sell these resources; 
the income obtained is used to buy goods and services. The firms utilize 
the factors of production-resources-to produce commodities. The allo
cation of resources (inputs) and the production of goods and services is 
based on the production capabilities of the firm (the production functions) 
and the tastes and preferences of the households (utility functions). This 
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Figure 4-4 Comparative statics. 

is known as the general equilibrium problem in microeconomics. The fol
lowing sections illustrate the classical and neoclassical approach to general 
equilibrium. 
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4.5.1 CLASSICAL GENERAL EQUILIBRIUM 
In the classical equilibrium model, we generalize the theory of the firm 

models presented in Chapter 3. We assume a firm produces n goods or 
outputs; there are a total of m factors of production (resources). The prices 
of the inputs and outputs are w and p, respectively. 

The economic problem faced by an individual firm, j, is to maximize 
its profit. The profit function for a firm, TT f' is described by the equation, 

TTf = pqf - WXf 4.45 

where qf is a n x 1 vector representing the quantity of goods sold by the 
firm, and Xf is the m x 1 vector of resources or factors of production pur
chased by the firm. 

The profit function is constrained by the production function of the 
firm, ef, or 

4.46 

The production function is expressed in implicit form and generalized to 
include multiple outputs or products. 

The Lagrangian of the optimization problem is 

4.47 

Again assuming that qf,xf > 0, the necessary conditions of the classical 
programming problem are obtained by differentiating the Lagrangian with 
respect to qf and Xf and the Lagrange multiplier, Yf, or 

oL oef 
-=P-Yf-=O 
oqf oqf 

oL oef 
- = -w-Yf- =0 
OXf OXf 

oL 
- = e f (qf, xd = 0 
oYf 

4.48 

4.49 

4.50 

There are a total of (m + n + 1) equations for each firm in the economy. 
Generalizing the theory of the household, we assume there are a total of 

H households. The households own certain factors of production, which 
when sold on the resource market at given prices, produce income. The 
households can also own shares of the firms and receive a portion of the 
profits. The total income is used to purchase goods and services. Defining 
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q7 as the amount of the ph good purchased by household h, and x~ as 
the ith resource sold by the household, the objective of a household is to 
maximize its utility function, or 

4.51 

Qh is a column vector of commodities consumed by the household, Qh = 
(qlh, ... qnh)t; xh - is the column vector of the resources supplied by the 
household, Xh = (Xlh, ... Xmh)t. 

Households are constrained by their money income. This budgetary 
limitation can be expressed as 

WXh + ShTT = PQh 4.52 

The first term on the left hand side of the equation is the total income 
from the sale of the household's resources. The second term is the income 
from ownership of the firm; the vector Sh = [Slh, S2h, ... ,Sfh] is the share 
of each firm f owned by household h and TT = [TTl, TT2, ••• , TTf]t is a vector 
containing the profits of all firms. The right hand side of the expression is 
the total expenditure. 

Assuming qh, Xh > 0, the optimal quantity of goods consumed by a 
household, and the factors of production supplied by the household, are 
found by solving the classical optimization model, Equations (4.51) and 
(4.52). The Lagrangian for the problem is 

The first order necessary conditions are 

oL OUh 
OQh = oQh + YhP = 0 

oL OUh 
-=--YhW=O 
OXh OXh 

oL -- = PQh - WXh + Sh TT = 0 
°Yh 

4.53 

4.54 

4.55 

4.56 

For each household, there are a total of n + m + 1 unknowns (Qh, Xh, Yh). 
Two additional sets of relations are necessary for the model for market 

equilibrium. The first states that the sum of all demands for a particular 
commodity is the sum of all supplies of that good or service, or 

H F 

I qjh = I qjf, V j 4.57 
h=1 f=1 
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Figure 4-5 Single firm-household economy. 

A similar equation holds for the resource market, 
H F 
L Xih = L Xij, '1i 4.58 

h=l j=l 

The classical problem of general equilibrium is to solve the household 
and firm allocation problems and balance equations, to identify the (1) op
timal prices and costs and (2) resource and product mix. The following 
example problem illustrates the approach and discusses the independence 
of the necessary conditions of the competitive equilibrium model. 

Example Problem 4.3 
Assume the economy consists of a single household and firm. Two 

resources are used to produce two commodities. Develop a mathematical 
model to characterize the optimal production and consumption levels. 

The general equilibrium problem can be formulated as a series of opti
mization problems. As shown in Figure 4-5, the resource inputs to the firm 
are Xlj and X2j. The unit costs of these resources for the firm are Wlj and 
W2j, respectively. The firm produces two commodities, qlj and q2j; the 
prices for these goods, which are fixed, are Pl and P2. The firm's objective 
function is then, 

4.59 

The decisions are constrained by the production function of the firm, or 

8(Qlj,q2j;Xlj,X2j) = 0 4.60 
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The Lagrangian for the problem is 

(qlj,q2j,Xlj,X2j,Yj) =Plqlj + P2Q2j - WIXlj - W2 X 2j 

- Yje(qlj, q2j;Xlj, X2f) 
4.61 

Assuming the firm produces something of every good and utilizes both 
factors of production, the necessary conditions can be expressed as, 

oL oe -- = PI - Yj-- = 0 
oqlj oqlj 

oL oe 
-- = P2 - Y j-- = 0 
oQ2j oq2j 

oL oe -- = -WI - Yj-- = 0 
oXlj oXlj 

oL oe -- = -W2 - Yj-- = 0 
OX2j OX2j 

oL 
-'::I - = e(Qlj,Q2j;Xlj,X2j) = 0 
uYj 

4.62 

4.63 

4.64 

4.65 

4.66 

These necessary conditions can be solved, in principal, to identify the op
timal resource and product mix. 

Household behavior is assumed to be described by a utility function, 
U. The utility is dependent on the level of consumption of the two products 
in the economy, qlh and q2h and the resources "owned" by the household, 
Xlh and X2h. The household's objective is to maximize the utility or, 

4.67 

The household's decisions are constrained by the budgetary limitation
the total expenditures are equal to the sum of the income from the sale of 
the household's resources (factors) and the income from ownership of the 
firm. This can be expressed by the equation, 

4.68 

where Shj is the share of the firm owned by household h, and TT j is the 
firm's profit. 

The Lagrangian for the household is 

L(Qlh,Q2h,Xlh,X2h,Yj) = U(Qlh,Q2h,Xlh,X2h) 

2 2 

+ Yh( 2: PjQjh - 2: WiXih - ShjTTj) 
4.69 

j=l i=l 
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Again, assuming the household consumes some of every good or service 
and supplies some or all of the resources, the necessary conditions can be 
expressed as, 

oL oU 
-- == -- + YhPI == 0 
Oqlh Oqlh 

4.70 

oL oU 
-- == -- + YhP2 == 0 
Oq2h Oq2h 

4.71 

oL oU 
-- == -- - YhWI == 0 
OXlh OXIh 

4.72 

oL oU 
-- == -- - Yh W2 == 0 
OX2h OX2h 

4.73 

oL 2 2 
- == (I Pjqjh - I WiXih - ShjTTj) == 0 
°Yh j=l i=l 

4.74 

Two additional equations are needed for the general equilibrium model. 
The first condition requires that the sum of all demands for the goods and 
services equal the supply of the commodities, or 

4.75 

q2h == q2j 4.76 

Similar relations hold for the resources in the economy, that is 

Xlh == Xlj 4.77 

X2h == X2j 4.78 

The competitive model consists of the necessary conditions of the firm, 
(with the unknowns qlj, qZj, xlj, XZj, andYj,) and the household, (with the 
decision variables qIh, qZh, Xlh, XZh, and Yh,) and the four market clearing 
equations, Equations (4.75)-(4.78). In the general equilibrium problem, the 
prices and resources costs are also unknown, PI, Pz, and WI, W2. There are 
a total of 14 equations and 14 decision variables. 

It would appear that this system of equations can be solved to identify 
the optimal prices and product and resource mix. In fact, however, one 
of the equations of the general equilibrium model is not independent of 
the others. This can be demonstrated using Walras' Law that states the 
total value of demand is the total value of supply for any set of prices. To 
demonstrate the identity, consider the budget constraint of the household, 
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where we have substituted the firm's profit function, Equation (4.59), and 
assumed that shl = 1. Rewriting Equation (4.79) we have, 

2 2 

2: Wi(Xih - XiI) = 2: Pj(qjh - qjf) 4.80 
i=l j=l 

The equation is a restatement of Walras' Law: the total value of supply (the 
left side of the equation) is the total value of the demand. If we assume 
that all the markets are in equilibrium except the last one, then 

qlh = qlI 

q2h = q2! 

Xlh = Xl! 

Using these balance equations in Equation (4.80) yields 

WZ(X2h - X2!) = 0 

4.81 

4.82 

4.83 

4.84 

Assuming W2 is nonzero, then X2h = X2!, Le. equilibrium in the factor 
market. Since this equation can be derived from the other equations, there 
are a total of 13 rather than 14 independent equations. 

We now examine the number of unknowns in the competitive equi
librium model. Originally there were 14 decision variables, the products, 
resources and Lagrange multipliers for the firm and household, qih, qi!, 
Xih, XiI, Yh, and YI, and the prices. From optimization theory, recall that 
rescaling an objective function by a constant does not affect the outcome 
of the optimization. For example, if the original prices and costs, p and w 
were rescaled to ocw and ocp, where oc> 0, the optimal resource and prod
uct mix remain the same. Similar considerations also hold for the house
hold problem: scaling the prices and costs does not affect the outcome of 
the optimization. From an economics perspective, the supply and demand 
functions, the results of the optimization, are homogeneous of degree zero 
in all prices. The implication is that the prices can be normalized by se
lecting one input cost or output price as the numeraire. If we select the 
first product price, PI as the numeraire, that is oc = 1IPI, then the relative 
prices for the problem are, 

(R- w) = (1 P2 WI W2) 
PI ' PI ' PI' PI ' pz 

4.85 

There are now 3 unknown price ratios. Together with the 10 product and 
resource decisions there are 13 equations in 13 unknowns, a closed mathe
matical system of equations. Since the equations are most likely nonlinear, 
there can be multiple solutions to the competitive equilibrium problem; 
there are also no guarantees that the solution will satisfy the nonnegativity 
requirements of the model. 
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4.5.2 NEOCLASSICAL GENERAL EQUILIBRIUM 
As was discussed in the preceding example problem, the necessary 

conditions of the classical model of general equilibrium do not ensure the 
existence of an equilibrium. Moreover, if there is a solution, nonnegativity 
of the resources and products is also not guaranteed in the Lagrangian solu
tion. A more realistic approach for the analysis of general equilibrium is the 
neoclassical excess demand approach. Restrictive assumptions regarding 
the technology are also unnecessary in the methodology. 

We again assume the economy consists of firms and households; there 
are a total of n commodities, ql, qz, ... qn. These commodities, in contrast 
to our earlier discussion, can be goods, factors of production or both. The 
prices of the commodities are denoted by p. The demand function of a par
ticular commodity can be obtained by aggregating the individual demand 
functions of households and firms. For any nonnegative set of prices, the 
demand functions may be expressed as 

qf = qf(p) 

Similarly, the aggregate supply function is 

qJ = qJ (p) 

4.86 

4.87 

The excess demand of the ph commodity, ED}, is the net demand (the 
demand less the supply), or 

4.88 

An equilibrium is formally defined as a set of prices, p, such that all the 
excess demands are nonpositive; furthermore the price of any commodity 
is zero if the excess demand is negative. The conditions can be summarized 
as, 

p~O 

ED(P) :5 0 

If EDj(p) < 0 then Pj = 0 

4.89 

4.90 

4.91 

Such an equilibrium exists provided certain assumptions are made regard
ing the excess demand functions. Specifically, the excess demand functions 
are required to be (1) single-valued and continuous, (2) bounded below, (3) 
homogeneous of degree zero in all prices, and (4) satisfy Walras' Law. It 
can also be shown that with additional restrictions on the aggregate de
mand functions, the equilibrium is unique (Wald, 1951). 
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4.6 MARKET EQUILIBRIUM 
The micro economic models of production and consumption are used 

to develop demand and supply functions or schedules. In Chapter 3, the 
input demand functions for resources and the output supply function of 
a firm were developed from an analysis of comparative statics of the firm, 
Equations (3.57) and (3.60). The demand function for a particular commod
ity, Equation (4.22), was Similarly developed from comparative statics of the 
theory of the household. 

The aggregate supply function for the entire economy can be developed 
from the supply curves of the individual firms. The aggregate supply, its, 

is the sum of the individual supply schedules, or 

F 

its = 2: qsj 
j=l 

4.92 

where qsj is the supply schedule of firm f. Aggregate consumer demand 
schedules for a commodity are obtained by adding, for a given price, the 
individual demand schedules. The demand schedule may be expressed as, 

n H 
itd(P) = 2: 2: qdh(Pk) 

k=l h=l 

4.93 

where Pk is the kth price and qdh is the individual consumer demand sched
ule. The demand schedule represents the horizontal addition of the indi
vidual demand schedules. 

Figure 4-6 illustrates the supply and demand schedules of the economy. 
The demand schedule, D D shows what consumers are willing to pay while 
the supply curve, S S, depicts what the sellers or firms are willing to offer in 
the market. It is presumed in the competitive economy that the firms and 
households (consumers) act independently. 

The determination of the market price of the good is shown in Figure 
4-6. Assuming the prevailing price is PI, consumers demand or take ql 
units of the good per unit of time. At this price, however, the firms in the 
economy will supply q2. The difference between the demand and the supply 
at the price is the surplus of the product, q2 - ql. The surplus induces 
the firms to reduce their prices and cut production. As the market price 
is driven down, the quantities supplied will decrease, and the quantities 
consumed of the product will increase. Eventually the price will drop to 
P *, the market equilibrium price where the amount demanded is balanced 
by what is supplied. 
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Figure 4-6 Market equilibrium. 
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Consider the case if the price is P2. Consumer demand at this price 
is q2 units per time period. The firms place on the market the quantity 
ql. A shortage occurs because consumer demand exceeds the available 
supply; the shortage is equal to q2 - ql. The shortage causes consumers 
to bid against each other for the available supply; they will continue to 
do so as long as the shortage exists. When the price is driven up to p*, 
the shortage will have disappeared and the market is again in equilibrium. 
Any deviation from the equilibrium price acts to restore and maintain the 
equilibrium price structure. 

Demand schedules are affected by (1) the availability of substitutes for 
the commodity under consideration, (2) the number of uses to which the 
commodity can be put, (3) the price of the good relative to consumers' 
incomes, and (4) the location of the price relative to the upper or lower end 
of the demand schedule. 

Figure 4-7 illustrates the effect of changes in the demand for a com
modity. The increase in the demand schedule to DlDl increases the price 
from p* to Pl. As the demand increases, a shortage exists at the old equi
librium price, p*. As a result, the firms are induced to place more of the 
product on the market; the new equilibrium is ql. 

A similar situation occurs when there is a leftward shift or decrease in 
consumer demand. A decrease in the demand from DlDl to DD produces a 
surplus at the original price Pl. The surplus induces the firms to undercut 



156 

~ PI ..... 
~ P 

q qi 

Quantity 

Figure 4-7 Demand schedule changes. 

4.6 Market Equilibrium 

the price ultimately driving the price down to p* and reducing the amount 
supplied and demanded to q*. 

Changes in supply schedules can be affected by technological innova
tion or resource price increases. Figure 4-8 illustrates the effects of chang
ing supply schedules on market equilibrium. Assume, for example, that the 
introduction of a new production technology increases the supply from SS 
to SlSl. A surplus exists at the old equilibrium price, p*. The firms will 
undercut each other to reduce the surplus and the price will fall to Pl. The 
equilibrium quantity supplied and demanded is now ql. Conversely if the 
prices of the resources increase, the supply schedule will shift upwards to 
the left. At the original price, P1, a shortage exists. Consumers will then 
bid up the price to p*. The new equilibrium will decrease to q*. 

Example Problem 4.4 

In Example Problem 3.7, an effluent charge was proposed to reduce the 
pollution inputs to a river system. The impact of the tax was to reduce 
the waste inputs, the firm's profit, and the amount produced by the firm. 
Assuming the firm is the sole producer of the commodity, discuss what 
impact the tax has on the equilibrium price. 

Figure 4-8 can also be used to illustrate the market equilibrium prior 
to the imposition of the tax on the waste discharge. As we have seen, the 
imposition of the effluent charge reduces the level of output of the firm. 
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This has the effect of shifting the supply schedule, the marginal cost curve 
of the firm, upwards to the left. The new equilibrium can be represented by 
the intersection of the supply schedule, 55, and the demand schedule DD 
in Figure 4-8. The supply schedule shifts upward because at each market 
price the firm will (1) now supply less as a result of the tax and (2) bring 
any quantity to market only under inducement of a higher market price 
than before. Again referring to Figure 4-8, the new equilibrium price, p* 
is greater than Pl; the new quantity demand and supplied, q* is less than 
the original equilibrium exchange, ql. The magnitude of the price change 
is 6.p = P* - Pl. How much of the tax that is passed on to the consumer 
depends on the elasticity of the demand schedule. The largest increase in 
price occurs when the demand is inelastic; the reduction in production is 
also minimized. 

Example Problem 4.5 

A household determines the amount of two goods to purchase in a com
petitive market, ql and q2. The household's utility function is U(ql,q2); 
the disposable income of the household is I. The local government has 
imposed a recycling "tax" on commodity q2. The tax, T, [$/unit] is used to 
support the city's recycling objectives. Investigate the impact of the tax on 
the optimal consumption pattern of the household. 

The optimal consumption pattern for the household is described by 
Equation (4.19)-the ratio of the marginal utilities of each good are in the 
same ratio as the prevailing prices. The imposition of the tax reduces the 



158 4.6 Market Equilibrium 

household's disposable income. The household optimization problem can 
be expressed as 

subject to: 
Plql + P2q2 + Tq2 ::5 I 

ql, q2 ;:: 0 

Assuming ql, q2 > 0 and au raql, au joq2 > 0, the necessary conditions of 
the classical programming problem are 

oL au 
- = --YPI =0 
Oql Oql 

oL au 
Oq2 = Oq2 - Y(P2 + T) = 0 

oL 
oY = 1- Plql - P2q2 - Tq2 = 0 

where Y is the Lagrange multipler associated with the household's bud
getary constraint. After simplifying the optimality conditions become, 

au jOql PI 
=--au joq2 P2 + T 

The recycling tax increases the cost of the second commodity, and as shown 
in Figure 4-3, the amount consumed of the commodity decreases. The new 
household consumption pattern, point B in Figure 4-3, occurs at a lower 
indifference curve. Consumer satisfaction has decreased as a result of the 
tax. 
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PROBLEMS 

Household Optimization 

1. The household utility function, U, is dependent of two commodities, 
ql and q2, 

U = o.lqiq2 

(a) What level of satisfaction is attained at ql = 15,q2 = 15. (b) De
termine the slope of an indifference curve. (c) Determine the optimal 
household consumption pattern assuming the market prices and level 
of income are PI, P2 and I, respectively. (d) Using classical optimiza
tion, what is the optimal consumption level of ql and q2? (e) If con
sumer income increases from I to I, what impact does this have on 
consumer purchases? (f) What is the interpretation of the Lagrange 
multiplier? 

2. The household utility function, U, is logarithmic, 

n 
U = L oc} log q}, oc} > 0 

}=l 

The household income is I. Determine the optimal consumption pat
tern for the household. 

3. In lecture and in the readings, various models and methodologies have 
been used to describe resource allocation, the theory of the household, 
and market eqUilibrium. Discuss how these models relate to the "free" 
market economy of the United States. Specifically, describe how the 
models may be used to infer various aspects of actual market behavior. 

General Equilibrium 

4. An economy consists of an individual and two goods/services, ql and 
q2. The utility function can be expressed as, 

U(ql,q2) = OCl + f31ql + Ylqi + OC2 + f32q2 + Y2q~ 

Assume the prices for the two goods are PI and P2 and the current limit 
on purchasing is B. (a) Develop an optimization model to determine the 
optimal consumption pattern. (b) What are the first-order necessary 
conditions? (c) For what parameter conditions will the solution be a 
global solution? (be specific, e.g. OCl < O?). 

Market Equilibrium 

5. The aggregate demand function for a product is P = oc - f3q. The cost 
of production is C = c5qY. Assume there are n firms that produce 
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the product utilizing the same equipment, i.e., the same production 
function is used by each firm, Ci = 8q[, V i. (a) Determine the optimal 
level of production, the total net profit for each firm, and the selling 
price of the product assuming profit maximization for each firm. (b) 
Examine the results when y > 1 and 0 < y < l. 

6. The demand function for firm 1 is p = 600 - 3q; the production cost 
function, C(q) = 2.Sq2. (a) Determine the optimal selling price and 
quantity supplied under conditions of perfect competition. (b) What 
are the supply and demand schedules. 

7. In Problem 6, a new firm enters the market and directly competes with 
the firm. The production cost function for the second firm is C = 2.0q2. 
(a) Determine the aggregate supply function for both firms. (b) What is 
the new selling price and new quantity supplied at market equilibrium? 
(c) Determine the change in the consumer surplus resulting from the 
second firm entering the market (Ossenbruggen, 1984). 

8. The demand and supply schedules for a product, D and S, respectively, 
can be expressed as 

D = P = al - /31q 

S = P = a2 + /32q 

where q is the quantity, p is the price, and the parameters al, a2, /31, 
and /32 > O. Determine the consumer surplus at the equilibrium price. 

9. The demand schedule for a product, D, can be expressed as 

D = P = a - /3q 

where q is quantity, p is the price, and a, /3 > 0 are parameters. The 
production cost function of the firm, C(q), is 

C(q) = y + 8q + €q2 

where y, 8, € > 0 are parameters. Determine the equilibrium price and 
the quantity demanded and/or supplied at that price. 

10. A regional authority proposes to control air pollution by imposing a 
fine (tax) on the industrial discharges. The current data indicate that 
the unit market price for the firm's product is p. The firm's production 
costs, C(q), are summarized by 

C(q) = 200 + 0.Sq2 

where q is the production level. The relationship between the produc
tion level and the pollution discharge, z [kg], is 

z = aq + q2 
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where ()( > o. The proposed fine is t [$/kgj. (a) Formulate an optimiza
tion model to identify the optimal production level without the tax. (b) 
Is the production level a global solution (prove your answer)? (c) Re
peat the analysis with the tax. (d) The current demand for the product 
can be expressed as D = P = 8 - yq, 8, y > O. Determine the optimal 
production level with and without the tax. (e) List the implications of 
the tax for controlling the externality. 
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Engineering Economics 

5.1 INTRODUCTION 
The preceding chapters have developed micro economic models for re

source allocation and consumer behavior in a competitive economy. In this 
chapter, we focus on the economic evaluation of alternative projects or de
sign solutions to an engineering problem. 

The engineering economic problem, illustrated in Figure 5-1, consists 
of a series of alternatives or design solutions to an engineering need. Each 
alternative is characterized by an initial, first, or capital investment cost that 
occurs at the inception of the project, operation and maintenance costs that 
occur during the lifetime or life cycle of the project, and a salvage value. 
The salvage value is the market value of the alternative or design at the end 
of the life cycle (market value minus the depreciation) less any disposal 
costs. The projects or alternatives have differing life cycles, and costs and 
benefits over the design horizon. The optimal project design or alterna
tive maximizes the economic effectiveness or equivalently, maximizes the 
benefits less the system costs. 

The evaluation of the benefits and costs of each alternative and the 
identification of the optimal alternative is complicated by two factors. First, 
each design alternative may have a different design horizon or life cycle. 
Secondly, the costs and benefits of the alternatives occur throughout the 
entire life cycle. These future costs and/or benefits are to be compared 
with those costs and benefits occurring during the beginning of a project. 

The objective of this chapter is to address these issues by developing a 
methodology for evaluating the economic effectiveness of each alternative. 
We begin the discussion by examining the time value of money. 

R. Willis et al., Environmental Systems Engineering and Economics

© Kluwer Academic Publishers 2004
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Figure 5-1 ·Engineering economic problem. 

5.2 THE TIME VALUE OF MONEY 
Engineering systems evolve over time. The investment or capital costs 

incurred during the construction of a project generate both costs and ben
efits over many years. A basic issue in engineering economics is the appro
priate evaluation of these costs and benefits over time. We expect that the 
monetary value of a system benefit occurring, for example, during the 20th 
year of a project does not have the same value as a benefit occurring next 
year. The problem is one of comparability. A valid comparison between 
alternatives is only possible prOvided we evaluate comparable amounts. 

The comparison of costs and benefits over time is based on the as
sumption that a dollar or benefit received today is worth more than a fu
ture benefit. The benefit received today can of course be used productively 
now and until the future benefit is received. Moreover, benefits received 
today are worth more than future benefits because of inflation. As prices 
increase, money essentially buys less and less. The discount rate defines 
how money now is worth more than money occurring in the future. Any 
future amount or cost or benefit is discounted or reduced to make it an 
equivalent amount today. The determination of the discount rate enables 
future costs and benefits to be evaluated and compared. 
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The discount rate is specified as a percentage rate per year. It does 
however differ from a traditional interest rate. The interest rate is usually 
defined on the basis of an arrangement between a borrower and a lender; 
it represents the cost of capital that is needed for an investment decision 
such as a car or a house. In contrast, the discount rate measures a change in 
value to a particular group. The discount rate represents the possibilities 
for productive uses of the money and inflationary effects. Generally, the 
discount rate exceeds the prevailing interest rate. 

The selection of the discount rate is of critical importance in evaluating 
the economic effectiveness of a particular alternative. Small changes in the 
discount rate can have a major impact on the effectiveness of a particular 
project. The greater the discount rate, the less attractive a particular al
ternative becomes. Higher discount rates minimize long term benefits and 
are unfavorable to capital intensive projects. The selection of a lower dis
count rate implies a choice for these types of projects as compared with 
less capital intensive alternatives. 

The determination of the discount rate should reflect what is accept
able to an individual person or organization. It represents the produc
tivity of the last increment of money available to the institution, or the 
marginal productivity of capital. This can be illustrated by conSidering a 
group of individuals who progressively invest their money in a series of 
investments. Monies are first placed in the most rewarding opportunity 
followed by projects with the next highest returns and so on. Eventually, 
the investment funds are depleted; the anticipated yield of the investment 
at this point is the discount rate. It, normatively, should represent the 
lowest acceptable rate to an investor. If additional capital is available, the 
discount rate is the highest rate amount of the remaining opportunities (de 
Neufville, 1990). 

The discount rate required by the United States' Office of Management 
and Budget is approximately 10%. Generally, discount rates for private 
firms are higher than those used in the regulated industries or the govern
ment sector. 

In the following section we examine how the discount rate can be used 
to develop the basic equations of engineering economics. 
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5.3 ENGINEERING ECONOMIC FORMULAS 
The evaluation of benefits and costs can be summarized using a cash 

flow diagram. Figure 5-2 summarizes a typical cash flow diagram for a 
project alternative. The capital investment cost is Co, the salvage value of 
the project is L, and the operation and maintenance costs for period tare 
Rt . The system benefit for each time period is Bt. We will assume that these 
operation and maintenance costs occur at the end of any planning period. 

L 
Bl B2 B3 Bn-2 Bn-l Bn 

t t t t t t 

I 
1 

I 
2 

I 
3 M n-l 

I 
n 

I 

~ + + + + + + 
Rl R2 R3 Rn-2 Rn-l Rn 

Co 

Figure 5-2 Cash flow diagram. 

The future value of any cost or benefit, S, is based on the concept of 
compound interest. Table 5.1 illustrates the compounding occurring as a 
result of an investment P at time zero. The discount or interest rate per 
period is i. At the end of the first time period, the total amount accrued in an 
interest bearing account is P (1 + i). The interest earned during the second 
time period (the interest earned on the interest) is iP (1 + i), and the amount 
in the account at the end of the second time period is P (1 + i) + iP (1 + i) = 
P (1 + i) 2. Generalizing, the future value of a benefit or cost can be expressed 
as a function of the present value, P, the discount rate per time period, i, 
and the number of time periods n, as 

S = P(l + i)n 

= P [SPCA (i, n)] 

where SPCA is the Single Payment Compound Amount factor. 

5.1 

5.2 

Equation (5.1) can be used to determine the present value of a future 
benefit or cost. Assuming the future value, S, is known, the present value, 
P, can be determined from Equation (5.1) as 
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Table 5.1 Single payment compound amount. 

Principal Interest 

Period Beginning Earned in Total Amount at End of Period 
of Period 

1 P 

2 P(l + i) 

3 P(1 + i)2 

n P(1 + i)n-I 

Period 

Pi P + Pi = P(l + 0 

P(1 + i)i P(l + i) + P(1 + Oi = P(1 + i)2 

P(l + i)2i P(1 + 0 2 + P(1 + i)2i = P(1 + i)3 

P(1 + on-Ii P(1 + on-I + P(1 + on-Ii = P(1 + on 

s P = ----,--
(1 + on 

= S [SPPW (i, n)] 

5.3 

5.4 

where SPPW is the Single Payment Present Worth factor. The equation can 
be used to determine the present value of any future benefit or cost; it is 
again a function of the discount rate and the number of time periods. The 
larger the discount rate, the more discounting occurs and future benefits 
and/or costs will have less value. 

The evaluation of the present value of the costs and benefits of a 
project, as illustrated in Figure 5-2, can be determined using Equation (5.3). 
The present value of an alternative, PV, is 

PV C L BI - RI B2 - R2 B3 - R3 Bn - Rn 
=- 0+ + + + + ... +--'-'---~ 

(l+i)n (1+0 (l+i)2 (l+i)3 (l+i)n 

L ~ Bt - Rt 
= -Co + (1 + i)n + t'S (1 + i)t 5.5 

A series of four additional formulas can be developed by assuming 
that the operational costs and/or benefits are uniform over the planning 
horizon. Assuming that the operational costs are constant over the life 
cycle (R t = R, V t), the value of these costs at the end of the design horizon 
can be expressed using the single payment compound amount factor as, 

S = R + R(1 + i) + R(1 + i)2 + R(1 + i)3 + ... + R(1 + i)n-I 5.6 

= R [ 1 + (1 + i) + (1 + i)2 + ... + (1 + i)n-I] 
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Multiplying Equation (5.6) by 0 + i) yields 

S(1 + 0 = R [0 + 0 + (1 + 0 2 + 0 + 03 + ... + (1 + on] 5.7 

Differencing the equations we obtain 

(1 + i)S - S = R [(1 + On - 1] 

and, 

S=R[(I+it- 1 ] 

= R [USCA (i, n)] 

5.8 

5.9 

where USCA is the Uniform Series Compound Amount factor. Equation (5.8) 
determines the future amount of a uniform series; it is dependent on the 
discount rate, the number of time periods, and the uniform end of period 
costs and/or benefits. 

The reciprocal factor for USCA is known as the Sinking Fund Payment 
factor (SFP). The sinking fund determines a series of uniform end of period 
costs or benefits that is equivalent to future costs or benefits. It can be 
expressed as 

R=S[ i ] 
(l+i)n-l 

=S[SFP(i,n)] 

5.10 

5.ll 

The Capital Recovery factor (CR) is used to determine a uniform end 
of period cost or benefit that is equivalent to a given present value. Capi
tal recovery amortizes or distributes a single lump sum of money into an 
equivalent uniform cost or benefit. It is primarily used in consumer eco
nomics for loan amortization problems. Substituting Equation (5.1) into 
Equation (5.10), the sinking fund equation, we have 

R=S[ i ] 
(1 + on - 1 

= P(1 + i)n [(1 + i~n - J 
=p[ i(I+0n ] 

(l+i)n-l 
= P [CR(i,n)] 

5.12 

5.l3 
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The inverse of the capital recovery factor is the Uniform Series Present 
Worth factor (USPW). Solving for P in Equation (5.12) yields, 

P=R[(1+i)n- 1 ] 
i(l+i)n 

= R [USPW (i, n)] 

5.14 

5.15 

USPW determines the present value of a series of uniform, end of period 
costs and benefits. 

Assuming the costs and benefits of the cash flow diagram of Figure 
5-2 are uniform, the present value of an alternative can be expressed using 
uniform series and single payment present worth, 

L n B-R 
PV = -Co + (1 + i)n + t~ (1 + i)t 5.16 

= -Co + L [SPPW(i, n)] + (B - R) [USPW(i, n)] 

Two other formulas are occasionally used in engineering economic 
analysis. Capitalized cost is a generalization of uniform series present 
worth as the number of time periods approaches infinity. The capitalized 
cost, Pcc , is the present value of an infinitely long series of costs or benefits. 
The capitalized cost can be developed using L'Hopital's rule, or 

P = limR[(1+i)n- 1 ] 
cc n~oo i(l+i)n 

= limR[n(l+i)n-l] 
n~oo ni(l + i)n-l 

R 
i 

5.17 

The capitalized cost of an infinitely long series of uniform costs or benefits 
is the cost or benefit divided by the discount rate. 

Perpetual endowment is the reciprocal of capitalized cost. Perpetual 
endowment amortizes an initial cost or benefit over an infinitely long plan
ning horizon. Perpetual endowment, R pe , can be expressed using Equation 
(5.17) as, 

Rpe = Pi 5.18 

The interest or discount rate in all of the engineering economic for
mulas is the discount rate per time period. Typically interest or discount 
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rates are quoted on an annual basis. These rates are termed nominal in
terest or discount rates; nominal rates also specify the compounding that 
occurs during the year. A discount rate that is 12% compounded monthly 
is an example of a nominal interest rate. The actual interest or effective 
interest rate (on an annual basis) is greater than the nominal interest rate 
because of the compounding that OCCurs during the year, i.e. the nominal 
and effective rates are equal only when the compounding period is a year. 
The relation between the effective interest rate, ieff, and the nominal inter
est rate, I, with k compounding periods per year can be determined from 
Equation (5.1). The amount of money in an interest bearing account at the 
end of one year determined with both the effective and nominal interest 
rates is the same, or 

P (1 + iefr) 1 = P ( 1 + f f 5.19 

The effective interest rate can be determined directly from Equation (5.19) 
as, 

5.20 

The effective interest· rate is a function of the number of compounding 
periods and the nominal interest rate. 

Continuous compounding occurs as the number of compound periods 
approaches infinity, that is, there is continuous discounting. The effective 
interest rate in this case can be expressed as, 

[( 1 )kIIJI 
ieff = l~ 1 + k/ I - 1 

= eI -1 5.21 

If for example, the discount rate is 6%, the effective interest rate with con
tinuous compounding is 6.184%. Monthly compounding yields an effective 
interest rate of 6.168%. 

The engineering economic formulas are summarized in Table 5.2. The 
following example problems illustrate the application of these formulas in 
engineering economics. 
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Table 5.2 Engineering economic formulas. 

Future Present Uniform End 
Unknown 

Value Value of Period Cost 

S P R 

P(l + i)n = R [(1+it- 1] = 
S 

P [SPCA( i, n)] R [USCA(i, n)] 

R S [(1+i~n-l] = P [ i(l+on ] (1+i)n-l = 

S [SFP(i, n)] P[CR(i,n)] 

S[(l;i)n] = R [(1+on_ 1 ] -i(1+i)n -
P 

S [SPPW(i, n)] R [USPW(i, n)] 

Example Problem 5.1 

An individual has (1) 10 outstanding annual mortgage payments of 
$1000, (2) 12 monthly car payments of $100, (3) a $2000 bill due in two 
years, and (4) a $1000 obligation due today. Determine the annual amount 
necessary to retire the debt in 15 years. Assume the discount rate is 10%. 
The discount rate is effective on all debts except the automobile loan. 

Example Problem 5.1 is a typical example of a debt consolidation prob
lem. The first step in the analysis is to structure a cash flow diagram (Figure 
5-3) of the problem. The problem requires the end of period loan payment 
to be determined. The annual loan repayment, R, can be determined using 
either the capital recovery or sinking fund payment factors (see Table 5.2). 
If capital recovery is used, the present value of all the debts is evaluated; 
the sinking fund requires the future value (the debt at the end of the 15th 
year). 

The total present value of the debt (at time zero) is the sum of the $1000 
obligation due today, the present value of the $2000 due in two years, the 
annual car payments, and the annual mortgage. The present value of the 
mortgage and car payments can be determined using USPW. The discount 
rate for the problem is both a nominal and an effective rate depending 
on the loan obligation. The rate is an effective discount rate for all the 
debts except the automobile loan. The interest rate per time period for the 
automobile loan, iauto, is the nominal rate, 10%, divided by the number of 



172 5.3 Engineering Economic Formulas 

b 2 3 I 4 5 I 6 7 I 8 I 9 I 10 I 
I I I I I i 

~ ~ 
I 

~ ~ ~ ~ ~ t y y y 
0 0 00 0 0 0 0 0 0 0 0 
0 0 00 0 0 0 0 0 0 0 0 
0 0 00 0 0 0 0 0 0 0 0 - - _N - - - - - - - -V7 V7 V7V7 V7 V7 V) V) V) V) V) V) 

Figure 5-3 Example problem 5.1. 

time periods, 12, or iauto = .1/12 = .0083. The total present value, PV, can 
then be expressed as 

PV = 1000 + 2000 [SPPW(i = 10%, n = 2)] 

+ 100 [USPW(i = iauto , n = 12)] 

+ 1000 [USPW(i = 10%, n = 10)] 
= $9935 

5.22 

The equivalent end of year payment to repay the debt, R, the loan amorti
zation, is given by the capital recovery formula, or 

R =PV [CR(i = 10%, n = 15)] 

= $1306 

5.23 

The sinking fund factor requires that the future value of the debt be 
determined. Selecting the end of the 10th year as the reference time, the 
future value, 510, can be expressed as 

510 = 1000 [SPCA(i = 10%,n = 10)] 

+ 2000 [SPCA(i = lO%,n = 8)] 

+ 1000 [USCA(i = 10%,n = 10)] 

+ 100 [USPW(i = iauto,n = 12)] [SPCA(i = 10%,n = 10)] 5.24 

= $25,769 

The last term in Equation (5.24) is the present value of the automobile pay
ments. This amount is then transferred to the end of the 10th year using 
the SPCA factor. 
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The total obligation at the end of the 15th year is found from Equation 
(5.18) using again the SPCA factor, or 

SIS = SlO [SPCA(i = 10%, n = 5)] 5.25 

= $41502 

The end of period payment to retire the entire loan can then be expressed 
as, 

Example Problem 5.2 

R = SIS [SFP(i = 10%,n = 15)] 
= $1306 

5.26 

A person currently has a $1000 loan that is repaid in 10 equal annual 
payments; the discount rate is 6%. After the 6th payment an additional 
$1000 is borrowed at 6%. However, it is agreed that nothing will be paid 
for the next two years, and then the balance of the first loan and the entire 
second loan will be repaid in 8 equal annual installments beginning at the 
end of the third year. What is the new annual payment to retire the debts? 

The cash flow diagram is shown in Figure 5-4. Again the problem in
volves the amortization of the outstanding debt. The first part of the prob
lem is to determine the current annual obligation. The loan payment can 
be found using capital recovery or, 

R = 1000 [CR(i = 6%,n = 10)] 5.27 
= $135.87 

At the end of the 6th year the amount outstanding of the first loan is the 
present value (at the end of the 6th year) of the remaining four payments. 
The total obligation at the end of the 6th year is the sum of the remaining 
loan balance and the $1000 borrowed now (at the end of the 6th year), or 

PV6 = 135.87 [USPW(i = 6%,n = 4)] + 1000 5.28 
= $1470.79 

The new loan agreement requires no payment for the next two years. 
The actual repayment will begin at the end of the 9th year. The value of the 
debt at the end of the 8th year is then, 

PVs = PV6 [SPCA(i = 6%, n = 2)] 

= $1652.59 

5.29 

The new annual payment (beginning at the end of the 9th year) is given by 
the capital recovery formula or, 

Rnew = 1652.59 [CR( i = 6%, n = 8)] 
= $266.13 

5.30 



174 5.3 Engineering Economic Formulas 

$1000 

Figure 5-4 Example problem 5.2. 
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A series of annual costs increase uniformly over the life cycle of an 
alternative. The rate of increase is O. Develop an expression to find the 
future value, S, of the nonuniform series. 

The cash flow diagram for the problem is shown in Figure 5-5. The 
nonuniform series has been replaced by a uniform series (R) and its gradient 
component, or 

Rnew = R + (t - 1)0 5.31 

where t denotes the time period. The future value of the uniform series, 
S 1, can be determined using USCA, 

S1 = R [USCA(i, n)] 5.32 

The future value of the nonuniform series, S2, can be evaluated using SPCA 
for each time period, or 

S2 = (n-l)o + (n- 2)0(1 + i) + (n- 3)0(1 + 0 2 

+ ... + 20(1 + On-3 + 0(1 + on-z 

= [en -1) + (n - 2)(1 + 0 + ... + 2(1 + on-3 + (1 + on-z]O 5.33 

Multiplying Equation (5.33) by (1 + i) yields 

Sz(l + 0 = 0[(1 + i)(n - 1) + (n - 2)(1 + i)z + ... 
+ 2(1 + on-z + (1 + i)n-1] 5.34 
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Figure 5-5 Uniform gradient cash flow. 

Differencing Equations (5.33) and (5.34) produces, 

52i = 0 [(1 + i) + (1 + 0 2 + ... + (1 + on-2 + (1 + On-1 - (n - 1)] 5.35 

= 0 [1 + (1 + 0 2 + ... + (1 + on-2 + (1 + on-1] - no 5.36 

The term in the brackets in Equation (5.36) is the uniform series compound 
amount factor. Simplifying using Table 5.2, we have 

5.37 

The total future value, 5, of the nonuniform series is the sum of Equations 
(5.32) and (5.37), 

5 = 51 + 52 

= R [USCA(i,n)] + ~ [(1 + i~n -1] _ n~ 
t t t 

5.38 

The equivalent uniform series, ft, can be obtained by multiplying 52 by the 
Sinking fund payment factor and adding the uniform component, R, or 

ft = R + 52 [SFP(i, n)] 

= R + 0 [i - -(1-+-~-)n---1] 
= R + 0 [UGC(i, n)] 5.39 

UGC is the Uniform Gradient Conversion factor. 
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Example Problem 5.4 
A small wastewater treatment plant is expected to have maintenance 

and repair expenses of $10,000 during the first year. It is anticipated that 
these expenses will increase $1000 per year thereafter during the treatment 
plant's 25 year design life. What is the present worth of these expenses 
assuming a discount rate of 10%? 

The present value of the operation and maintenance costs can be de
termined using the uniform gradient conversion formula. The baseline, 
uniform series is $10,000. The gradient, g, is $1000. The equivalent uni
form series, R, is from Equation (5.39), 

R = 10000 + 1000 [UGC(i = 10%, n = 25)] 
= $17,458 

The present value of the expenses, PV, can then be found using uniform 
series present worth or, 

PV = R [USPW(i = 10%, n = 25)] 
= $67,696 

Example Problem 5.5 
Develop the single payment present worth factor assuming that dis

counting is occurring continuously. 

The present worth of a future benefit or cost, Equation (5.3), can be 
expressed as 

p=SC~Jn . 

= S [ \ k/I]n 
(l+ k/I ) 

5.40 

where I is the nominal interest rate and k is the number of compounding 
periods. Again taking the limit of Equation (5.40) as k approaches infinity, 

P=limS[ 1 ]n 
k-oo (l+k~I)kII 

= S [e\ r 
= Se-1n 5.41 

The present value is the future value weighted bye-In. 
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Example Problem 5.6 

The construction of a water distribution system will provide service 
into the foreseeable future. The distribution system's operation and main
tenance cost is approximately $1,000,000 per year. What is the capitalized 
cost of the distribution system assuming the discount rate is 8%. 

The present value, or capitalized cost, P, of this infinite series of the 
operation and maintenance costs is from Equation (5.17), 

p=!i 
i 
1,000,000 

.08 
= $12,500,000 

Example Problem 5.7 

A $1000 bond is purchased for $1050. The yield of the bond is 8% 
compounded semiannually. The bond is sold at the end of 3 years. What is 
the selling price if the return on capital is 6%? 

Corporate bonds are promises to pay the prinCipal of the bonds at a 
given date in the future and to pay interest until that time at a given rate. 
The bond problem described in this example problem can be analyzed and 
solved using the present value, compound interest formulas. 

The yield of the bond is 4% of the principal ($1000) every 6 months 
(compounded semiannually). At the end of 3 years, the future value or sell
ing price is unknown. The purchase price of the bond, $1050, is equivalent 
to the present value of the yield and the selling price, S, or 

1050 = 1000(.04) [USPW(i = 3%, n = 6)] + S [SPPW(i = 3%, n = 6)] 

The present value terms are evaluated using the return on captial, the op
portunity cost, 6%, or 3% per six month time period. The equation can be 
solved to identify the selling price, or S = $995. 
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Example Problem 5.8 

A $1000, 8% quarterly bond was purchased for $1020. The bond was 
sold 3 years later for $950. What is the quarterly yield of the investment? 
What is the effective annual yield? 

The bond balance equation relates the present value of both the yield 
and the selling price, $950, and the purchase price. Defining p as the un· 
known opportunity cost of capital, the equivalence between the purchase 
price and the present value of the yield and selling price can be expressed 
as, 

1020 = 1000(.08/4) [USPW(i = p%,n = 12)] + 950 [SPPW(i = p%,n = 12)] 

The equation can be solved for p by trial and error. For example, for a 
quarterly yield of 1%, the present value, the right hand side of the equation is 
$1068. A yield of 1.5% produces a present value of $1012.73. Interpolating, 
the quarterly yield of the bond is 1.434%. The effective annual yield is found 
from Equation (5.20) as 

ieff = (1 + .01434)4 - 1 

= 5.861% 

5.4 EVALUATION OF ALTERNATIVES 
The engineering economics formulas developed in Section 5.3 are used 

to evaluate the cost effectiveness of alternatives or design solutions to an 
engineering problem. The present worth formulas, for example, can be used 
to determine the net present worth of a project alternative. The particular 
project with the largest present value of net benefits (benefits less costs) 
is the optimal solution to the design problem. Alternatively, all costs can 
be amortized over the life cycle of the project using the sinking fund and 
capital recovery factors. The annual net benefit for each project can then 
be compared; the alternative with the largest net benefit is the "optimal" 
project. 

We have tacitly assumed that the life cycles of the project alternatives 
are identical in applying the present value or capital recovery equations. 
In reality, they may not be the same. The comparison of mutually exclu
sive projects or alternatives, however, requires equal design horizons. For 
projects with unequal life cycles, the least common denominator of all of 
the projects' lives is selected as the life cycle for the evaluation of costs and 
benefits. Consider two projects with life cycles of 4 and 6 years, respec
tively. In present value analysis, the cash flows would be repeated for the 
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first project a total of three times corresponding to the assumed 12 year du
ration of the alternative. The second cash flow sequence is repeated twice. 
It is important to realize that this is accomplished without any assumption 
that we are planning a number of reinvestments or purchases of the same 
equipment. Rather, equal project lives are necessary for the mathematical 
solution of the problem. 

The most common methods for the analysis of alternatives or design 
solutions are the (1) present-worth method, (2) annual cost method, (3) ben
efit cost ratio, and (4) internal rate of return. We illustrate the application 
of these methods in the following sections and example problems. 

5.5 PRESENT WORTH METHOD 

The evaluation of a project's present worth is based on Equation (5.2). 
Each future benefit or cost is discounted using single payment present 
worth. The present value of alternative r is given for a nonuniform series 
by Equation (5.5) as 

L ~ Bt - Rt 
PVy = -Co + (1 + i)n + t:r (1 + i)t 5.5 

For a uniform series, Equation (5.16) is used to evaluate the present value, 

PVy = -Co + L [SPPW(i, n)] + (B - R) [USPW(i, n)] 5.16 

The selection of the optimal alternative is given by the expression, 

z = max [PV1,PV2, ... ,PVy ,'" ,PVR], V'PVy > 0, r = 1, ... R 5.42 
y 

where R is the total number of project alternatives and we only consider 
those projects that have positive, net discounted benefits. 

The following example problems illustrate the present worth analysis. 
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Table 5.3 Cost data for example problem 5.9. 

Alternative 1 Alternative 2 Alternative 3 

Co 10,000 12,000 15,000 

n (years) 5 5 5 

L 500 400 700 

R 450 300 400 

9 0 100 -50 

Example Problem 5.9 

Three alternatives have been proposed for the construction of a small 
water treatment system. The annual cost and project data are summarized 
in Table 5.3. 9 is the uniform gradient for the system's costs; Co is again 
the capital investment cost. Assume the discount rate is 6% compounded 
quarterly; determine the best alternative using the present worth analysis. 

The project lives are the same so there is no need to extend the cash 
flow sequences. The costs are also given for each year. Since the interest 
rate is quoted as a nominal interest (compounded quarterly) and all costs 
are on an annual basis, the effective interest rate is used in all present worth 
calculations. The effective interest rate is from Equation (5.20), 

. ( .06)4 teff= 1+4 -1 

=.061364 

Assuming all costs are positive, the present value of Alternative 1 can be 
expressed using Equation (5.16) as 

PVl = 10,000 - 500 [SPPW(i = ieff' n = 5)] + 
450 [USPW(i = iiejj, n = 5)] 

= $11,517 

The present value of Alternative 2 is complicated by the uniform change in 
the operation and maintenance costs. The uniform annual cost is $300 and 
the increment (9) is $100. Using Equation (5.39), the present value is, 

PV2 = 12,000 - 400 [SPPW(i = ieff, n = 5)] + 
[USPW( i = ieff' n = 5)] (300 + 100 [UGC(i = ieff' n = 5)]) 

= $13,751 

The present value of Alternative 3 is similar; the only difference between Al
ternative 3 and Alternative 2 is the decrease in operation and maintenance 
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costs, or 

PV3 = 15,000 - 700 [SPPW(i = ieff, n = 5)] + 
[USPW(i = ieff, n = 5)] (400 - 50 [UGC(i = ieff' n = 5)]) 

= $12,764 

181 

The present worth calculations indicate that Alternative 1 has the smallest 
net present value; it is the most cost effective solution. 

Example Problem 5.10 

A firm is evaluating the feasibility of producing a new product. The 
anticipated market price for the product is p. The cost of production, C (q), 
as a function of the level of production, q, is 

C(q) = 0.75q 1.25 

The expected life cycle of the project is 5 years; the initial capital investment 
cost is Co. The project salvage value is L. Evaluate the economic feasibility 
of the project using the present worth method. What is the optimal level 
of production? Assume the firm's discount rate is i. 

The microeconomic models presented in Chapter 3 can be used to de
velop the firm's net benefits or profit. The present value of the firm's profit 
is 

max IT = [pq - C(q)] [USPW(i, n = 5)] + L [SPPW(i, n = 5)] - Co 5.43 

The first term in Equation (5.43) is the present value of the net revenue for 
the five year duration of the project. The second term is the present value 
of the salvage value; Co is the first cost. 

The optimal production level can be identified by differentiating Equa
tion (5.43), or 

drr = [p _ dC] USPW(i, n = 5) = 0 
dq dq 

The first-order condition can be expressed as, 

de 
p=

dq 
= 1.25(0.75)qO.25 

The optimal production level, q*, is from Equation (5.44), 

q* = 1.3p4 

What are the second order conditions of the model? 

5.44 
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Example Problem 5.11 

Two projects are under consideration for the design of a pumping well 
field in a small groundwater basin. The cost and benefit data for the prob
lem are summarized in Table 5.4. Assume the discount rate is 10%. Deter
mine the most cost effective alternative using the present worth method. 

Table 5.4 Cost data for example problem 5.11. 

Alternative 1 Alternative 2 

Co 100,000 50,000 

n (years) 10 5 

L 0 0 

B 40,000 30,000 

R 20,000 15,000 

The only complication for the problem is the unequal project lives. The 
least common denominator of the projects life cycles is 10 years. The cash 
flow sequence (years 1-5) for the second alternative will be repeated for the 
second five year period of the analysis. 

The net annual benefit for Alternative 1 is $20,000. The present value 
of Alternative 1 can then be expressed as 

PV1 = 20,000 [USPW(i = lO%,n = 10)] -100,000 

= $22,891 

The present value of Alternative 2 for the first 5 year period, pvi, is 

pvi = 15,000 [USPW(i = lO%,n = 5)] - 50,000 
= $42,169 

The total present value of Alternative 2 is the sum of the present value for 
the first five year period and the present value from the second five year 
cycle, or 

PV2 = pvi + pvi [SPPW(i = 10%, n = 5)] 

= [1 + SPPW(i = 10%, n = 5)] pvi 
= $68,352 

The present value for the second five year cycle has been discounted to time 
zero using single payment present worth. What is the optimal decision? 
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5.6 ANNUAL WORTH METHOD 

The annual worth method determines the equivalent, uniform cost 
and/or benefit over the life cycle of a project alternative. Annual worth is 
the most common method for project evaluation because accounting pro
cedures are normally based on annual costs and benefits. The annual worth 
method does require that nonuniform costs and benefits occur at a uniform 
rate. An equivalent uniform series is obtained by first finding the present 
value of all future costs and benefits, and then applying the capital recovery 
factor. 

Assuming uniform annual costs and benefits, the annual worth of al
ternative AWr can be developed using the capital recovery and sinking fund 
payment factors. The capital cost, Co, can be amortized over the life cycle 
of the project. Similarly, the salvage value (benefit) can be annualized using 
the sinking fund payment factor. The annual worth can then be expressed 
as, 

AWr = -Co [CR(i, n)] + (B - R) + L [SFP(i, n)] 5.45 

In the more general case where the costs and/or benefits are nonuniform, 
we first find the present value of the alternative and then apply capital 
recovery. The present value can be determined from Equation (5.5) or, 

L Bl - Rl B2 - R2 B3 - R3 Bn - Rn 
PVr =-Co+(1+i)n+ (1+i) +(1+i)2+(1+i)3+"'+(1+i)n 

The annual worth of alternative r can be expressed as 

AWr =PVr[CR(i,n)] 5.46 

The optimal alternative maximizes the annual worth, or 

z = max [AWl,AW2," .AWR ] , AWr > 0 
r 

5.47 

where R is the total number of projects. 

The following example problems illustrate the application of the annual 
worth method. 
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Example Problem 5.12 
A bridge has been weakened by floods and the local transportation dis

trict is evaluating two possible alternatives for additional flood protection. 
The first alternative involves strengthening the existing structure. This will 
cost $ 50,000; the expected lifetime of the project is 10 years. The estimated 
salvage value is $25,000. The current salvage value of the bridge is $20,000. 
Annual maintenance costs are $18,000. 

The second alternative involves replacing the current bridge with a new, 
modern structure. The estimated cost of the bridge is $200,000; the life of 
the structure is 20 years. The salvage value is approximately $40,000. The 
annual maintenance costs are $1000. 

Determine the annual worth of each alternative. Assume the discount 
rate is 15% (after Barish, 1962). 

The two projects have differing life cycles. In a present worth analysis 
the initial cash flow sequence for Alternative 1 would have to be repeated 
for the second 10 year time period. In the annual worth method, this is 
unnecessary since we presume that the same annual costs and/or benefits 
are continued for the second 10 year life cycle of the project. 

The only complication in the problem is the current salvage value of 
the bridge. This is known as an opportunity cost. An opportunity cost is 
the cost of an opportunity that is forgone because limited capital resources 
are used in the chosen alternative; these resources cannot be disposed of, 
or used for other possible income producing or expense reducing alterna
tives. The current salvage value, $20,000, is lost if the existing structure is 
maintained. As such it is a cost imputed in the evaluation of Alternative 1 
(or as a benefit in Alternative 2). 

The annual worth of Alternative 1 can then be expressed from Equation 
(5.45) as 

AWl = -(50,000 + 20,000) [CR(i = 15%, n = 10)] - 18,000 

+ 25,000 [SFP(i = 15%,n = 10)] 

= -$27,824 

The first term on the right hand side of the equation is the sum of the capital 
and opportunity costs; the salvage value is multiplied by the sinking fund 
payment factor to obtain an equivalent, uniform end of period benefit. 

Similarly, the annual worth of the second alternative is 

AW2 = -200,000 [CR(i = 15%,n = 20)] -1000 

+ 40,000 [SFP(i = 15%, n = 20)] 
= -$23,794 

The most cost effective alternative is Alternative 2. 
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Example Problem 5.13 
A company is considering constructing a plant to manufacture a new 

product. The land costs $300,000, the building costs $600,000, the equip
ment costs $250,000, and $100,000 working capital is required. It is ex
pected that the product will result in sales of $625,000 per year for 12 
years at which time the land can be sold for $400,000, the building for 
$350,000, the equipment for $50,000, and all of the working capital recov
ered. The annual out-of-pocket disbursements for labor, materials, and all 
other expenses are estimated to total $475,000. If the company requires 
a minimum return of 12% on projects of comparable risk, determine if it 
should invest in the new product line using the annual worth method. 

The initial capital cost includes the cost of the land, buildings, equip
ment, and the working capital. This totals $1,250,000. The salvage value is 
the sum of the estimated value of the land, buildings, equipment, and the 
working capital at the end of the 12 year life cycle. The total salvage value 
is $900,000. The annual worth can then be expressed using Equation (5.46) 
as 

AW = -1,250,000 [CR(i = 12%, n = 12)] - 475,000 

+ 900,000 [SFP(i = 12%,n = 12)] + 625,000 

= -$14,503 

The project is not economically feasible. 

5.7 BENEFIT COST RATIO 
The benefit/cost ratio method is an alternative method for the evalu

ation of economic effectiveness. In contrast to present value and annual 
worth analysis, the benefit/cost method arranges the discounted benefits 
and costs as a ratio rather than a difference. The technique is widely used 
in public project evaluation. In the United States, it is required for the eval
uation of Federal projects as mandated by the Flood Control Act of 1936. 
The principal advantages of the benefit/cost ratio are that it (1) provides an 
easy way to rank alternative projects, (2) compares projects on a common 
baSis, and (3) directly indicates whether a project is economically viable. 

The benefit/cost ratio of alternative (r) can be developed by first finding 
the present value of all benefits and costs and then forming the ratio of the 
present value of the benefits and the costs. Assuming uniform benefits and 
costs over the life cycle of the project, the benefit/cost ratio, BICr , can be 
expressed using Equation (5.16) as 

B/Cr = B[USPW(i,n)] +L[SPPW(i,n)] 
Co + R [USPW( i, n)] 

5.48 
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In the event of nonuniform costs and benefits, the benefit/cost ratio can be 
expressed as, 

B/Cr = Lf=l Bt [SPP~(i, t)] + L [SPPW(i, n)] 
Co + Lt=l R t [SPPW(i, t)] 

5.49 

The decision criterion for identifying the most economic project is 

The principal disadvantage of the benefit/cost ratio is how the method
ology incorporates capital and operation and maintenance costs. As we 
have discussed, capital costs are large and immediate investments. In com
parison, the operation and maintenance costs are recurring costs that are 
relatively small in comparison and distributed over the life cycle of the 
project. Businesses in the private sector typically pay these costs out of 
current revenues. This introduces an ambiguity in the calculation of the 
benefit/cost ratio since the repayment of the operation and maintenance 
costs are not relevant in justifying the initial capital cost (Steiner, 1992). 
Netting out these costs from the project's benefits, the revised net bene
fit/cost ratio, NB I Cr can be expressed as, 

NBICr = L[SPPW(i,n)] + (B-R)[USPW(i,n)] 5.51 
Co 

Equations (5.48) and (5.51) are not equivalent, and generally the net bene
fit/cost ratio exceeds the benefit/cost ratio calculated via Equation (5.48). 

Another disadvantage of the criterion is that the ranking of alterna
tives according to Equation (5.50) depends on the discount rate. As was 
discussed in Section 5.2, lower discount rates favor projects with longer
term benefits or revenues. These projects can appear superior to projects 
with benefits occurring over a shorter period of time if a lower discount 
rate is used in the analysis. 

The application of the benefit/cost ratio analYSis is illustrated in the 
following example problem. 
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Example Problem 5.14 

The feasibility of constructing an aqueduct is under evaluation. The 
initial capital cost is estimated as $10,000,000. Annual operation and main
tenance costs are projected to be $500,000. Agricultural irrigation benefits 
are forecasted as $1,650,000 annually. There is no salvage value for the 
project. The design life of the aqueduct is 50 years. The discount rate is 
7%. Evaluate the feasibility of the project using Equations (5.48) and (5.51). 

The benefit/cost ratio as required by the Federal government is evalu
ated from Equation (5.48) as 

1,650,000 [USPW(i = 7%,n = 50)] 
RIC = 10,000,000 + 500,000 [USPW(i = 7%, n = 50)] 

= 1.34 

The net benefit/cost ratio is from Equation (5.51), 

NBIC = (1,650,000 - 500,000) [USPW(i = 7%.n = 50)] 
10,000,000 

= 1.58 

The difference in the benefit/cost ratios again reflects the bias Equation 
(5.48) has for projects with high recurring costs. 

5.8 INTERNAL RATE OF RETURN 
The internal rate of return of a project, IRRr , is the discount rate for 

which the present value of the benefits and costs is zero. Formally, the 
internal rate of return, Pr, is found by identifying the roots of the present 
value equation, Equation (5.5), or 

L ~ Rt - Rt 
PVr = -Co + (1 )n + L (1 )t = 0 

+Pr t=l +Pr 
5.52 

The internal rate of return is the return on the investment of the alternative. 

Projects are ranked from the highest internal rate of return to the low
est. The decision criterion selects the project with the highest internal rate 
of return, or 

5.53 

The internal rate of return is widely used in business analysis. In con
trast to present and annual worth methods, it eliminates the need to deter
mine an appropriate discount rate. Project rankings can also not be manip
ulated by changing the discount rate. The internal rate of return can also 
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be compared directly with the cost of capital necessary to finance a project. 
If the internal rate of return is less than the cost of capital, the project is 
infeasible; conversely, in a number of possible investment alternatives, the 
project with the greatest difference between P and the prevailing cost of 
capital is the optimal alternative. 

The principal disadvantage is computational. The nonlinear present 
value equation, Equation (5.52), has multiple roots and therefore, multi
ple internal rates of return. The results can then be ambiguous. This can 
occur when the project alternative involves closing costs (pensions, sev
erance pay) that exceed the total undiscounted benefits [less the capital 
investment]. Moreover, the ranking of alternatives with the internal rate 
of return can lead to a different ranking than those identified by using the 
benefit/cost ratio method. 

The internal rate of return can be determined via a trial and error analy
sis or using computer based spreadsheet programs. The following example 
problem illustrates the estimation of the internal rate of return. 

Example Problem 5.15 

Determine the internal rate of return for the projects shown below in 
Table 5.5. 

Table 5.5 Data for example problem 5.15. 

Project Co R B n 
1 3500 500 1000 10 

2 2000 600 1050 10 

The internal rate of return for Project 1, PI, is found from the solution 
of 

-3500 + (1000 - 500) [USPW(i = PI,n = 10)] = 0 

For Project 2, the internal rate of return, P2, is the root of the equation, 

-2000 + (1050 - 600) [USPW(i = P2, n = 10)] = 0 

The trial and error solution of these equations proceeds by gueSSing 
an initial discount rate and calculating the present value. In the case of 
Project 1, 7% is initially used yielding a net present value of approximately 
-$14.50. An 8% rate of return produces a negative cash flow, $12.00. After 
a series of trial and error approximations between 7% and 8% the internal 
rate of return for Project 1 is estimated as 7.1%. 
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The initial estimate of the internal rate of return for Project 2 is 18%. 
This yields a net present value of $22.34. The present value for P2 = 0.19 is 
-$47.48. Again bracketing the interest rate yields the approximate internal 
rate of return for Project 2, P2 = 18.3%. 

The optimal project is from Equation (5.53), 

z = max[P1,P2] 
r 

= max [7, 9%, 18.3%] 
1,2 

= 18.3% 

Project 2 is selected as the optimal alternative. 

5.9 DEPRECIATION AND INCOME TAX ANALYSIS 

The evaluation of project alternatives using present or annual worth, 
benefit/cost ratio, or the internal rate of return have assumed that income 
taxes have a negligible impact on the cash flows. In this section, we examine 
the role of income and depreciation in engineering economics. 

Taxes are an important consideration in project evaluation because 
taxes are costs. Taxes are however treated differently than capital and op
eration and maintenance costs. Taxes are dependent on all other costs as 
well as revenues. Income tax is a disbursement that is computed from the 
cash flow of a project including all costs and possible benefits. 

Income tax is the amount of a firm's or household income that is re
quired by law to be paid to the government. The taxable income is the total 
income less any deductions. The income tax is a percentage of this taxable 
income. 

In engineering economics, the most important deduction for a firm or 
project alternative is depreciation. The decrease in utility and value with 
use and time is depreciation or a capital consumption cost. The principal 
purposes of depreciation are to provide for (Barish, 1962), 

• the proper charge of depreciation to the operating expenses of a 
firm so that the firm's profit accurately reflects the capital con
sumption costs, 

• the recovery of depreciation, and 
• the proper recording of depreciable assets in the accounts of the 

company. 

We first illustrate several methods for the calculation of depreciation. 
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5.9.1 DEPRECIATION METHODS 
The Economic Recovery Tax Act of 1981 defines depreciation as the 

recovery of capital costs over statutory recovery periods. Depreciation, ac
cording to the law, is not involved with the salvage value of a project or the 
useful life of an asset. For all assets place in service after December 31, 
1980, depreciation charges are evaluated using the accelerated cost recov
ery system (ACRS). ACRS allows the firm or individual to write off the asset 
or property or depreciate it during a recovery period. The recovery periods 
are 3, 5, 10, 15, and 19 years for various types of depreciable assets. The 
entire cost of the asset is depreciated over the recovery period. The book 
value, or the capital investment cost less the total depreciation, at the end 
of the recovery period is zero. 

Three year property includes automobiles, tractors for hauling high
way trailers, light trucks and certain manufacturing tools. Office furniture 
and fixtures, oil tanks, and greenhouses are examples of five year prop
erty. Ten year property include mobile home or railroad tank cars. Build
ings placed in service between December 31, 1980 and March 16, 1987 
are example of 15 year real property. Table 5.6 summarizes the depreci
ation percentages for the 3, 5, and 10 year properties. The depreciation 
cost or charge each year is the percentage shown in the table multiplied 
by the capital investment cost. For example, for a three year property with 
a $10,000 capital cost, the depreciation cost or charge in the third year is 
0.37 * 10,000 = 3700. 

Table 5.6 Depreciation percentages. 

3 Year 5 Year 10 Year 

Year Percentage Year Percentage Year Percentage 

1 25 1 15 1 8 

2 38 2 22 2 14 

3 37 3 21 3 12 

4 21 4-6 10 

5 21 7-10 10 

Taxpayers can also use an alternative ACRS. The approach allocates an 
equal amount of depreciation per year. However, the so-called half-year 
convention applies in that during the first and last years of the recovery 
period only half of the depreciation may be taken. The depreciation charge 
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in year t, Cdt, can be expressed as 

if t f. 1 or nACRS 

otherwise. 
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5.54 

where nACRS is the recovery period as determined by the IRS. The deprecia
tion charge does not include any salvage value. If the property is disposed 
of prior to the end of the recovery period, no depreciation is allowed in the 
year of disposal for 3, 5, or 10-year property. 

5.9.2 PRE-1981 DEPRECIATION METHODS 
A variety of techniques are used to calculate depreciation charges for 

assets placed in service prior to 19B1. Certain assets such as copyrights and 
patents are required to be depreciated using pre-19B1 methods. Moreover, 
many states have not adopted the ACRS accounting procedures. 

Pre-1981 methods require estimation of the basis or first cost of the 
asset, the useful life, and the salvage value. Straight line depreciation is 
based on a constant depreciation charge per year. The annual depreciation 
charge, Cdt, and the book value at the end of the tth year, BVt are given by 
the equations, 

Co -L 
Cdt =-

n 

BVt = Co - (Co; L) t 

where n is the useful life of the asset. 

5.55 

5.56 

Declining balance depreciation provides larger depreciation charges in 
the early years of an investment (accelerated depreciation). The annual 
depreciation charge, Cdt is fixed percentage of the previous year's book 
value. The fixed percentage is what the straight line rate would be if the 
salvage were neglected. The three possible rates, irate, in the method are 
200, 150, and 125 percent. The fixed percentage, idb is the rate divided by 
the life of the asset, or 

. irate 
tdb= - n 

The depreciation charge for any year is 

{ Co idb , if t = 1 
Cdt = Co(l- idb)t-l, if t > 1 

The book value for any time period is calculated using the equation, 

5.57 

5.58 
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The sum of digits depreciation method also provides for larger depre
ciation in the early years of an asset's life. The basis for the depreciation 
charge is the first cost less the salvage value. The depreciation charge for 
any year is obtained by multiplying the basis by the ratio of the remaining 
life of the asset and the sum of the years digits. The sum of digits is always 
equal to n(n + 1) /2 where n is the useful life of the asset. The depreciation 
charge for any time period is, 

( n-t+1 ) 
Cdt = (Co - L) n(n + 1)/2 ' Vt 5.59 

The following Example Problem illustrates the application of ACRS de
preciation rules and the calculation of a firm's cash flow. 

Example Problem 5.16 

A firm is considering the feasibility of a particular project. The capital 
cost is $10,000. The net revenue of the project is estimated as $4500 per 
year over a period of four years. The salvage value is projected as zero. A 
three-year recovery period for the investment is to be used for the depreci
ation analysis. Assume that ACRS rules apply and a 48% tax rate. Develop 
the after-tax cash flow for the investment. 

The effect of the income tax on the investment is shown in Table 5.7. 
The 2nd column of the table summarizes the cash flow of the project. De
preciation is determined in Column 3. The depreciation charges are deter
mined for the three-year recovery period using the data in Table 5.6. For 
example, the depreciation charge for the first year is 0.25(10,000) = 2500. 
The taxable income, shown in Column 4, is the sum of the cash flow and 
the depreCiation charge (a cost). Column 5 summarizes the income tax 
payment; each entry in the column is the taxable income multiplied by the 
firm's tax rate (48%). The final column of the table is the yearly after tax 
cash flow of the project alternative, the difference between the cash flow 
and the income tax payment. 
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Table 5.7 After tax cash flow. 

Cash Taxable Cash 
Year 

Flow 
Depreciation 

Income 
Tax 

Flow 

0 -10,000 

1 4500 -2500 2000 -960 3540 

2 4500 -3800 700 -336 4164 

3 4500 -3700 800 ·384 4116 

4 4500 0 4500 -2160 2340 

5.10 INFLA TION 
The evaluation of project alternatives has assumed that the prices in 

the economy are constant and unchanging. In reality, however, the prices 
will change. Inflation describes an upward change in the price structure, or 
equivalently a loss in value of money over time. Deflation is a downward 
trend in prices. 

The effects of inflation or deflation are measured by price indices. The 
Consumer Price Index (CPI) measures the "average change in prices of goods 
and services in day to day living" (D. S. Department of Labor, 1988). The 
cost of living is based on a weighted average of a standardized sample of 
goods and services. 

In the economic evaluation of a project, if the revenues and costs are 
measured in future (inflated) dollars, then the effects of inflation are to be 
included in the analysis. This is usually accomplished by (1) deflating all 
future revenues and costs by the inflation rate, or (2) increasing the discount 
rate by the rate of inflation. Both procedures produce essentially the same 
result. The future cash flow are discounted both for the time value of money 
and inflation. 

The mathematical analysis of inflation is based on the inflation rate, 
if, the constant rate, iu , and the currency rate, ie (Steiner, 1992). The 
inflation rate, if, is the rate of change in the price of the representative 
goods and services in the economy over one year. The constant rate, iu , 

is the opportunity cost of capital when price changes are not expected or 
when they are assumed away. This discount rate is used when the cash flow 
sequences are in constant dollars. Constant dollars or cash flows simply 
means that the benefits and/or costs have been expressed in terms of equal 
buying power, that is they have been expressed in terms of base year dollars, 
e.g. the Consumer Price Index. The currency rate, ie, is the opportunity cost 
of capital when the cash flow are expressed in inflated currency or current 



194 5.10 Inflation 

dollars. Current money is the costs or benefits of any particular year. This 
is the appropriate discount rate that is used in all of the compound interest 
formulas developed in this chapter. 

The relationship between the inflated or current cost, Sc, and the con
stant or deflated cost, Sd can be determined using single payment present 
worth. Assume that at time zero the price index is 100. Since the inflation 
rate is if, then the price index for the first year is 1 OO( 1 + if), The deflation 
of the current dollar at the end of year 1 to constant dollars at time zero 
is obtained by dividing the dollar by 100(1 + if) and mUltiplying by 100. 
Assuming the inflation rate is constant, we have in general, 

Sd=Sc(l+ifrn 5.60 

The value of any future benefit or cost in constant currency is the single 
payment present worth factor where now the discount rate is the inflation 
rate. 

The present worth of a future sum expressed in constant dollars at 
year n can be also be expressed using single payment present worth, as 

Substituting Equation (5.60) into Equation (5.61) produces 

p = Sc [1 + if rn [1 + ic rn 
= Sc [ (1 + if)\ 1 + ic) ] n 

5.61 

5.62 

Equation (5.62) is again the single payment present worth factor with a 
discount rate equal to (1 + if) (1 + ic). The present value is also equal to 

5.63 

where iu is the current (constant) discount rate. Equating Equations (5.62) 
and (5.63) yields the relationship between the discount rates, or 

5.64 

or 
. iu - if 
lc = ---

1 + if 
5.65 

The following example problem illustrates how inflation is incorporated in 
the compound interest equations. 
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Example Problem 5.17 
The capital cost of a new waste treatment project is projected to be 

$100,000. Annual operation and maintenance costs are $35,000 per year. 
The design life of the project is 10 years. The opportunity cost is 12 percent 
per annum. Determine the present value of the costs assuming that all 
prices and expenses increase at the same inflationary rate of 8 percent per 
year. 

The discount rate is the only unknown in the problem. The inflation 
rate, if, is 8%. The current rate, iu or the opportunity cost of capital ex
pressed in current (inflated) dollars is given as 12%. The discount rate is 
then from Equation (5.65), 

. iu - if 
tc = 1 + if 

0.12 - 0.08 
1 + 0.08 

= 0.037 

The present value of the alternative can be expressed as, 

PV = 100,000 + 35,000 [USPW(i = 0.037, n = 10)] 
= $38,8115 
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PROBLEMS 

Engineering Economics Formulas 

1. You invest $1000 at 4 percent interest compounded annually. Deter
mine your balance at the end of 10 years if (a) you make no further 
deposits or withdrawals; (b) you deposit $30 at the end of each year, 
including the tenth; (c) you withdraw $30 at the end of each year in
cluding the tenth. 

2. A person has the following debts outstanding: (a) 10 annual mortgage 
payments of $1000; (b) 12 monthly automobile payments of $100; (c) 
a bill for $2000 due in two years; (d) a bill for $1000 due today. Using 
an annual interest rate of 12 percent (nominal rate on the automobile 
loan and the effective rate on all other debts), determine the annual 
amount necessary to retire the debt in 15 years. 

3. A person arranges to repay a 6 percent $1000 loan in 10 equal annual 
installments. After the 6th payment, the individual borrows another 
$1000, also at 6 percent, with the following understanding; there will 
be no payments for the next two years and then the balance of the 
first loan plus the entire second loan will be paid in 8 equal annual 
installments beginning at the end of the third year. What is the annual 
payment? 

4. A bridge is expected to have maintenance and repair expenses of $2000 
in the first year. It is anticipated that these expenses will increase 
$5000 per year thereafter during the bridge's expected life of 50 years. 
What is the present worth of these expenses assuming the discount 
rate is 4 percent? 

5. If B is defined as the beginning of period payment, derive the formula 
for the uniform series compound amount factor. Assume there are a 
total of n time periods and n payments; the discount rate is i. 

Annual Worth Analysis 

6. A firm is considering the feasibility of investing in a new product line. 
The forecasted unit market price for the product is p. The annual 
production cost, C, is 

C(q) = 0.25q1.25 

The capital cost for the project is Co. Develop an optimization model 
to evaluate the economic feasibility of the project and to determine 
the optimal level of production. Assume the design horizon is 5 years, 
zero salvage value, and the discount rate is 7% compounded weekly. 

7. Two pumping systems are under consideration for a rural town. The 
gasoline system has an initial cost of $3500 and a lifetime of 6 years. 



198 5 Problems 

The projected salvage value is $ 500. The annual operating and repair 
costs are $2000 during the first year. The annual operating and main
tenance costs are expected to be $300 higher in each succeeding year. 

The electric pumping system will cost $12,000; the life cycle of the 
system is 15 years. The salvage value is estimated to be $1000. The 
annual maintenance and repair costs are $1000 in the first year; the 
costs increase by $150 each subsequent year. Assuming the discount 
rate is 12% compounded monthly, determine the equivalent annual cost 
of each alternative. 

8. A company is licensed to manufacture a patented article on which the 
patent has 7 years to run. The company produces 7500 pieces per 
year and pays the inventor $100 per year, plus 5 cents per piece. The 
inventor offers to sell the patent for $3000. If a return of 6 percent is 
desired on the investment, will it pay the company to buy the patent? 

9. A company is about to purchase a piece of chemical processing equip
ment. It has used two types of equipment for this process in the past. 
Type A costs $15,000, has a prospective life of 4 years, and no salvage 
value. Type B costs $25,000, has a prospective life of 6 years, and a 
$3000 salvage value. Based upon past experience with these two types 
of equipment, the following operating and maintenance costs are an
ticipated: 

Year Machine A Machine B 
1 $2000 $1000 
2 $3000 $1500 

3 $5000 $2500 

4 $8000 $4000 

5 $5000 

6 $6000 

Assuming the discount rate is 8%, compounded monthly, determine 
the annual cost and the present worth of each alternative. What is the 
optimal decision? 

10. A firm is considering investment in either a semi-automatic or auto
matic lathe. 

A semi-automatic lathe can be purchased for $10,000. The projected 
yearly operation and maintenance costs are $6000. The expected life 
of the semi-automatic lathe is 12 years after which the machine can 
be sold for $1000. Annual taxes are estimated as 2% of the first cost. 
Annual insurance for the machine is 1% of the cost of the machine and 
5% of the operating costs. 
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The automatic lathe cost $16,000. The operation and maintenance 
costs are $4000 per year. The life cycle of the lathe is 8 years; the 
estimated salvage value is zero. Taxes are 2% of the first cost. Insur
ance is 1% of the first cost and 5% of the operating expenses. 

Assuming the discount rate is 10% compounded semi-annually, deter
mine the annual net worth of each alternative. 

11. A firm is considering the manufacturing of a new product. The follow
ing data are available: 

Item Cost 

Sales Price $12.50 

Equipment $200,000 

Overhead $50,000/year 

OIM Cost $ 25/hour 

Production Time/l03 units 100 hours 

Planning Horizon 5 years 

Interest Rate 15% 

Assuming a zero salvage value for all the equipment at the end of five 
years, determine the annual break-even sales volume. 

12. Assuming L is the salvage value of a project and Co is the capital in
vestment cost, show that the following three methods for evaluating 
the annual cost, AC, are equivalent, 

A C == (Co - L) [ (1 + i ~ n _ 1] + Co i 

== (C _ L) [ i(l + i)n ] L" 
o (1 + i)n _ 1 + t 

== C [ i( 1 + i)n ] _ L [ i ] 
o (1+i)n-1 (l+i)n-l 

where i is the discount rate and n is the number of time periods. 

13. A firm is considering an investment in facilities for the production of 
a new product. The initial investment required is $800,000. The ex
pected life is 6 years and there is no salvage value. The production 
cost is $2/unit, and the anticipated sale price is $3.50/unit. Sales are 
expected for 6 years, after which the product will be discontinued. 
What is the minimum number of units that must be sold each year 
to make the investment worthwhile? Assume the discount rate is 12% 
compounded quarterly. 
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14. Two projects are under consideration for investment by a firm. The 
first project, which is an upgrade of an existing product line, has an 
initial capital cost of $5000. The projected salvage value is $1000 after 
3 years. The unit market price is $300. The annual variable cost is 
20q1.5 where q is the annual production level; the annual fixed costs are 
$750. The current market value of the existing product line is $2500. 

The capital cost of the second alternative is $7500. The salvage value 
after 4 years is $1500. The projected unit market price and variable 
cost are $450 and .15q3, respectively. The annual fixed cost is $500. 
Using the annual worth method, determine the optimal production 
level and alternative. The worth of capital to the firm is 12% com
pounded monthly. What are the second-order necessary conditions? 
Are they satisfied? 

15. Two alternatives are under evaluation for a wastewater treatment plant. 
The first has an initial capital cost of KCo, and uniform monthly op
eration and maintenance costs, R. The projected salvage value of the 
project is L; the life cycle is 5 years. 

The second alternative has a capital cost of KCl and uniform opera
tion and maintenance cost, M, for the first 3 years of the project. The 
operating costs for the remaining 2 years are forecasted to be N. The 
life cycle of the alternative is 5 years. The discount rate is 10% com
pounded monthly. 

Evaluate the annual worth of each alternative. What is the optimal 
project alternative? 

16. Two alternatives are under investigation in the design of an aqueduct. 
Alternative A involves a tunnel and flume. The tunnel is estimated to 
have a first cost of $200,000 and a life cycle of 40 years. Its annual up
keep costs are estimated as $500. The flume will cost $90,000, has an 
estimated life of 20 years, and is expected to have annual maintenance 
costs of $2000. 

Alternative B involves a steel pipeline and several miles of concrete
lined earth canal. The pipeline has an estimated first cost of $70,000, 
and an estimated life of 40 years. The annual maintenance cost is 
$700. The earth canal will cost $80,000 and will last approximately 40 
years. During the first 5 years the maintenance on the earth canal will 
be $5000 a year; thereafter, it decreases to $1000 a year. The concrete 
lining will cost $40,000; it has an estimated life of 20 years with annual 
maintenance cost of $300. 

All salvage values are assumed to be negligible. Assuming the discount 
rate is 8% compounded monthly, determine the annual cost of each 
alternative (Grant et al., 1982). 
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17. Two computer systems are under consideration by a small engineer
ing firm. The first system has a projected capital cost of $25,000; 
the monthly operation and maintenance costs of $1200/month are 
expected for the first year, $2000/month for the second year, and 
$2500/month for the third year. The salvage value is $5000. The fore
casted life cycle is 3 years. 

The second alternative is an upgrade of the existing system. The capital 
cost for memory, disk, and processor upgrades is estimated as $15,000. 
The annual operation and maintenance costs are approximately $4000 
per year. The salvage value is zero; the life cycle is 6 years. The current 
market value of the computer system is $7000. 

Evaluate the economic feasibility of the alternatives using the annual 
worth method. Assume the firm's discount rate is 9%, compounded 
monthly. 

Present Worth Analysis 

18. A town must construct a lO-mile sewer line. In order to ensure the 
wastes do not settle in the pipe, a design velocity of 10 ft/sec is se
lected. Town engineers have evaluated the population and industrial 
growth of the area and have forecasted the sewer flows. After five 
years, the predicted flow is 5 MGD; in ten years the projected flow rate 
is estimated at 12 MGD. The construction cost of installing the pipe is a 
function of the pipe diameter and length, i.e. $8.50 per inch of pipe di
ameter per lineal foot of pipe. Assume the discount rate is 10%. Deter
mine the least cost alternative to: (1) construct a pipeline to adequately 
handle the forecasted 10-year design flow or (2) construct a pipeline in 
two stages. The first-stage plan calls for constructing a pipeline to han
dle the forecasted 5-year design flow and then calls for constructing a 
second pipe to handle the additional flow for the forecasted 10-year 
design flow (Ossenbruggen, 1984). 

19. The sale of construction equipment is estimated as 50 units per year, 
and the unit selling price is $10,000 per unit. The annual operating and 
maintenance costs to produce them are $400,000 per annum. Assume 
an annual interest rate of 10 percent for a 10-year design life of the 
production equipment. Determine the present worth of the annual net 
revenue. 

20. The purchase price of a recycling truck, Co, is 

Co = 2000q1.5 

where q is the size of the truck load in cubic yards. The annual oper
ating cost is estimated to be equal to 10 percent of the truck purchase 
price. The selling price of the material is $30/yd3 . In one year, 175 
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deliveries will be made. The maximum size of a truck is no greater 
than 30 yd3 . Assume a truck design life of 5 years and an annual inter
est rate of 10% compounded semi-annually. Formulate a mathematical 
model to maximize the present worth of the profit. What is the optimal 
truck size? 

21. The following data are available for two machines. 

Capital Design Production Fixed 
Machine 

Cost Ufe Cost Cost 

A $1000 2 yr. 150qo.s $750 

B $1500 3 yr. 130qO.6 $750 

The unit selling price is $25. The discount rate is 10 percent, com
pounded quarterly. In a period of one year, a total of 100 units may be 
produced with either machine. Determine the optimum level of pro
duction to maximize the profit for each alternative. What is the optimal 
alternative? 

22. Engineers for a public utility company have proposed two alternate 
plans to provide a certain service for the next 15 years. Each plan 
includes sufficient facilities to take care of the expected growth of the 
demand for the particular utility service during this period. 

Plan F calls for a three-stage program of investment in facilities. Ini
tially, $60,000 will be invested, $ 50,000 more after 5 years, and $40,000 
more after 10 years. Plan G, a two-stage program, calls for a $90,000 
immediate investment followed by a $30,000 investment at the end of 
8 years. In both plans estimated annual income taxes are 3% of the 
investment that has been made up to date and estimated annual prop
erty taxes are 2% of the investment to date. Annual maintenance costs 
in Plan F are estimated as $1,500 for the first 5 years, $2,500 for the 
second 5 years, and $3,500 for the finalS years. For Plan G, annual 
maintenance costs are estimated as $2,000 for the first 8 years and 
$3,000 for the final 7 years. Salvage value at the end of 15 years is 
estimated to be $45,000 for Plan F and $35,000 for Plan G. 

Develop a cash flow diagram for each alternative. Assuming the dis
count rate is 7% compounded weekly, determine the present worth of 
each alternative (Grant et al., 1982). 

23. Two proposals remain for consideration from the 10 that have been 
put forward for a major subway system for a large city. One is certain 
to be chosen. The cost and benefit data for the alternatives (in millions 
of dollars) are shown below. 
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Alt. Year Cost Amount Revenue 

A 0 Capital $55 

1-9 Construction $100 

3-7 DIM $20 $30 

8-10 DIM $40 $35 

ll-oo DIM $60 $50 

B 0 Capital $50 

1-6 Construction $50 $25 

7-14 Upgrade $55 $40 

15-00 DIM $60 $50 

The first alternative (A) envisions the installation of a heavy rail sys
tem over the next 9 years. The construction cost is estimated as $100 
million during each of those years, in addition to a $ 5 5 million outlay 
at the same time the project is approved, that is, at time zero. Mainte
nance and operations costs will average $20 million annually for years 
3 through 7, $40 million annually for years 8 through 10, and $60 mil
lion perpetually thereafter. Benefits will begin at year 3 at $30 million 
annually and remain at that level until the end of year 7. For years 8 
through 10, benefits will average $35 million per year and for year II 
and perpetually thereafter, $50 million. 

The second alternative (B) involves stage construction of the facilities. 
Not only extension of the system in stages is contemplated, but also 
that the type of rolling stock will be upgraded in three stages from 
electric trolley buses, to light rail cars, and finally to heavy trains. The 
initial capital outlay is $50 million (time zero). Construction costs are 
estimated as $50 million for the first six years of the project. No other 
costs are estimated until the 7th year when $55 million is required for 
the upgrade; these costs will continue until the end of the 14th year. 
The system benefits begin at the end of year 1; the initial benefits are 
$25 million and continue until the end of the sixth year. The bene
fits then increase to $40 million until the end of the 14th year. The 
anticipated benefits from the 15th and perpetually thereafter are $50 
million. 

Determine the optimal alternative using present worth analysis. As
sume that inflation has been taken into account in the cost and bene
fit estimates. The assumed discount rate is 4% compounded monthly 
(Steiner, 1992). 

24. Two projects are under review by an engineering firm. The first involves 
the construction of a wetland. The estimated first cost is Co. The land 
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where the wetland is to be constructed has a current market value of 
Cmkt. The estimated monthly operation and maintenance cost is CM. 
The life cycle of the project is estimated as 10 years. 

The second alternative is the upgrading of a medium-sized secondary 
wastewater treatment plant. The capital cost is Co.w . The annual op
eration and maintenance cost is Cw .t . The operation and maintenance 
costs are expected to increase linearly over the 5 year life cycle of the 
project, 

Cw .t = 0.5tCW .i, t = 2, ... ,5 

where CW.i is the operation and maintenance cost at the end of the first 
year. 

Determine the optimal project alternative using present worth and 
annual worth methodologies. Assume the discount rate is 10% com
pounded monthly. 

25. A city generates annually no more than P tons of paper. The city's 
material recovery facility separates the paper and prepares it for ship
ment to an overseas market. The facility's annual fixed cost is FC; the 
initial capital cost for the plant is Co. The plant's annual variable cost 
is, VC = ()(qf3, ()( > 0, f3 > 1 where q is the annual amount ofrecycled 
paper in tons, and ()(, f3 are parameters. The projected salvage value of 
the facility at the end of 15 years is L. The city has determined that the 
selling price, p, of recycled paper in $ per ton can be expressed as, 

p = 8q-Y, 8 > 0,0 < y < 1 

where 8 and yare parameters. (a) Assuming the discount rate is 6% 
compounded quarterly, formulate an optimization model to determine 
the optimum amount of recycled paper. (b) Will the solution of the 
model be a local or global solution? Prove your answer (Ossenbruggen, 
1994). 

26. The annual cost of production of a company is C(q) = 0.25qi·25 where 
qt is the production level in year t. The annual fixed costs are AFCt. 
The capital investment cost is Co. The market price in year tis p(t); 
the market price is forecasted to increase in time according to the re
lationship, 

p(t) = Po + f3t 

where Po, f3 > O. The life cycle of the project is 5 years; the discount 
rate is 12% compounded monthly. Develop an optimization model to 
determine the optimum production levels. 

27. For problem 7 determine the capitalized cost and the present worth of 
each alternative. 
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28. A town is evaluating the feasibility of building a new town hall and a 
public works garage on the same site. Plan A calls for the construction 
of the town hall now and the construction of a separate garage at the 
end of 8 years. Each structure will cost $250,000. Plan B involves the 
construction of one facility now, at the cost of $350,000 to serve both 
purposes. Both plans will meet anticipated requirements and will pro
vide the same capacity and services after the 8th year. The buildings 
will be usable for about 50 years from the present in both cases. Main
tenance costs are estimated for plan A at $6000 per year for the first 8 
years and $20,000 per year thereafter. For plan B, maintenance costs 
are estimated at $30,000 per year throughout the period. Determine 
the present worth of each plan and evaluate the optimal plan. Assume 
the discount factor is 8% compounded quarterly. 

29. A firm is considering investment in one of the two alternatives. Project 
A, an upgrade of existing facilities, has an initial cost of $10,000 and 
an economic life of 10 years. The salvage value of the project is $1000. 
The existing facilities can be sold for $2500. The project has annual 
uniform gross receipts of $1700, and uniform operation costs of $200 
over its economic life. 

Project B has a first cost of $15,000 and an economic life of 10 years. 
The salvage value is $1500. The project has uniform annual gross re
ceipts of $2500 for the first 5 years and then these uniform annual 
gross receipts are $2000 for each year of the second five year period. 
The annual operational costs are expected to start at $250 a year dur
ing the first year of operation and then increase each year at a uniform 
rate of $l0/year during the 10 year expected life of the project. 

Assuming the discount rate is 10% compounded monthly, determine 
the optimal alternative. SpeCifically evaluate, (a) the net present worth 
of each project, (b) the annual net worth of each alternative, and (c) the 
internal rate of return (set-up only). 

Inflation 

30. Determine the present worth of a uniform series of annual $100,000 
operation and maintenance costs over the next 5 years. The real in
terest rate is 15% per year and the forecasted inflation rate is 2.5% per 
year. Assume that payment are in terms of (a) today's dollars and (b) 
future dollars. 

Opportunity Cost 

31. A consumer has a series of outstanding debts. The debts include $300 
monthly car payments, $200 quarterly student loan payments, and a 
$10,000 note that has been amortized on an annual basis over the next 
10 years. The effective interest rate on the note is 10%. The car loan's 
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interest rate is 15% compounded monthly. The student loan's interest 
rate is 10% compounded quarterly. The car loan has a total of 30 pay
ments remaining; the duration of the student loan is 5 years. Evaluate 
the feasibility of refinancing the outstanding obligations assuming (a) 
the interest rate is 19% compounded daily, (b) the new loan duration is 
8 years, and (c) monthly loan payments. 

32. A family is considering the refinancing of a home mortgage. The cur
rent loan is $100,000 and the interest rate is 8.25%. The new, 15 year 
mortgage interest rate is 7.25%. Both rates are compounded monthly. 
The cost of "securing" the new loan consists of (a) a $800 title insurance 
policy, (b) $1200 in prepaid taxes, (c) $500 for fire and hazard protec
tion, and (d) $250 in miscellaneous recording fees. The loan origination 
fee is 2.5 points. Evaluate the economic feasibility of refinancing the 
home loan. 

33. Peachtree Creek in Atlanta has a history of flooding during heavy rain
fall. Two improvements are under consideration by the city engineer. 
Alternative A is to leave the existing 36 inch corrugated steel culvert in 
place and install another of the same size alongside at an installed cost 
of $4200. Alternative B is to remove the culvert currently in place, and 
replace it with a single 60 inch culvert at an installed cost of $6400. 
If Alternative A is selected, the existing 36 inch culvert will need to 
be replaced in 10 years. The replacement cost will be $5000, and it is 
expected to last 10 years. The current salvage value of the steel cul
vert is $1500. Assuming zero salvage value at the end of a twenty year 
planning horizon, determine the best alternative using the annual cost 
and present worth methods. The discount rate is 10% compounded 
monthly (Barish, 1962). 



6 

Linear Programming 

6.1 INTRODUCTION 

During the second world war, military resource allocation and logistical 
planning problems were formulated as large-scale optimization problems. 
Many of these optimization models were linear programs-the objective 
and constraint functions were linear functions of the decision or control 
variables. In 1947, the simplex algorithm was developed for the system
atic solution of these types of optimization problems (Dantzig, 1963). The 
development of linear programming also coincided with the advent of dig
ital computers, which became indispensable tools for solving large-scale 
optimization models. 

The objectives of this chapter are to present (1) the simplex algorithm 
for the solution of linear optimization models and (2) applications of linear 
programming in environmental engineering. We will review several theo
rems from linear algebra that provide the underlying theory of the simplex 
algorithm. We will also discuss the large scale solution of linear programs 
using commercial software packages. The chapter concludes with a dis
cussion of duality in linear programming. We begin with several example 
problems illustrating the application of linear programming in environmen
tal systems engineering. 

R. Willis et al., Environmental Systems Engineering and Economics

© Kluwer Academic Publishers 2004
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Figure 6-1 Water quality system. 

Example Problem 6.1 

The water quality in the river basin shown in Figure 6-1 is required 
to satisfy a set of water quality standards for BOD (biochemical oxygen 
demand) and DO (dissolved oxygen). The annual wastewater treatment cost 
function is summarized in Figure 6-2. Develop a linear progranuning model 
for the control of water quality. Interpret the tradeoffs of the optimization 
model. 

The water quality optimization model consists of the objectives, con
straints, decision or policy variables, and the mathematical model of the 
system. The mathematical model relates the state variables of the system, 
the mass concentrations of DO and BOD, and the decision variables, the 
wastewater constituent fractional removal efficiencies Ei. 

The cost data for wastewater treatment is summarized in Figure 6-2. 
The annual cost function for each point source is a nonlinear function of 
the level of wastewater treatment. The treatment cost is a concave func
tion of the treatment efficiency through secondary treatment, i.e. €i < .75. 
For secondary treatment, the cost is essentially linear. The annual cost is 
a convex function of the removal efficiency for secondary and tertiary or 
advanced wastewater treatment, €i ~ 0.25. 

Assuming the objective is to minimize the cost of wastewater treat
ment and restricting treatment to secondary treatment only, the objective 
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Figure 6-2 Annual treatment cost. 

function of the planning model can be expressed as (Loucks et aI., 1967), 

3 

minz = L (Xj + /3jEj) 
j=l 

6.1 

where ()(j is a fixed cost, or the y intercept of the ph treatment function, 
and f3 j is the marginal cost, or slope of the treatment cost function for point 
source j. The marginal cost is the cost per unit of waste treatment. Bounds 
are also required on E j to ensure secondary waste treatment, 

Ej,min :5 Ej :5 Ej,max, V j 6.2 

The mathematical model of the water quality system is based on a 
set of equations describing the time and spatial variation in the concen
trations of BOD and DO. These equations in their most general form are 
second-order, partial differential equations. Assuming steady-state con
ditions, (there is no time variation in the system), the equations may be 
simplified to a system of ordinary differential equations. The solution 
of these differential water quality equations is obtained by first discretiz
ing the river system into a series of uniform computational elements, and 
then writing a conservation of mass balance equation for each element, 
(Inflow - Outflow = Ll mass stored within the element). The resulting linear 
equations can be expressed as the matrix system of equations (Thomann, 
1972), 

ABOOCBOO + f(E} = -BBOO 

Aoocoo + KCBoo + g = -Boo 

6.3 

6.4 
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where ABOD and ADO are n x n matrices. The dimension of these matrices 
depends on the discretization of the water quality system. In Figure 6-1, 
the river system is divided into 20 computational elements; the matrices in 
this case are 20 x 20. The matrices contain parameters defining the disper
sion or diffusion occurring in the river, and the kinetic reaction parameters 
representing the attenuation of BOD and the reaeration of DO. 

The n x 1 f vector contains the point source discharges of BOD; it is a 
function of the degree of wastewater treatment at each point source. The 
.e vector is a n x 1 column vector containing the boundary conditions for 
the river system. The boundary conditions prescribe at the beginning, and 
at the end of the system, the concentrations of BOD and DO. 

The n x n K matrix is a diagonal matrix containing the deoxygenation 
coefficient for BOD, i.e. the BOD decay coefficient. The dissolved oxygen 
entering the river system from the point sources are the elements of the 
nx 1 g vector. We assume that the dissolved oxygen inputs are not decision 
variables of the model. The water quality equations are linear functions of 
the wastewater removal efficiencies, €i. 

Defining 'I' as an index set containing the locations where water quality 
standards are to be satisfied, the water quality constraints of the optimiza
tion model can be expressed as, 

6.5 

CDO,r =:; Cbo. Vr E 'I' 6.6 

where c* is the water quality standard. 
The water quality concentrations are also required to be nonnegative, 

6.7 

The water quality optimization model is a linear programming prob
lem. The optimization model has a total of 43 constraints not including 
the water quality standards, Equations (6.5) and (6.6). These constraints 
include the bounds constraints on the removal effiCiencies, Equation (6.2), 
and the 40 water quality response equations. The decision variables of 
the model include the waste treatment level at each point source and the 
40 BOD and DO concentrations (the BOD and DO concentrations for each 
computational element in the system). 

The tradeoffs of the optimization model are the changes in the system's 
cost as the treatment bounds and the water quality standards are varied. 
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Example Problem 6.2 
A regional confined aquifer system is shown in Figures 6-3 and 6-4. 

The groundwater basin is required to satisfy an exogenous water demand, 
D. Develop an optimization model to determine the optimal pumping or 
extraction rates for the six wells in the groundwater system. What is the 
interpretation of the Lagrange multiplier for the problem? 

Q 
Pumping Well 

~i 
/ Ground Surface 

I Original Piezometric 
Surface - - - ---::..-:..-: - - - - - - - - - - - - - - - ---------- - --

""" /////~~ 
Impermeabl\~oundary "f- _ 1/ Pumping Piezometric 

, Surface 

~ Confined Aquifer 
m 

t 

Figure 6-3 Confined aquifer. 

Confined Aquifer 
Impermeable Boundary 

~ 

Figure 6-3 illustrates a cross-section of a confined groundwater system. 
The aquifer system is confined by two impermeable clay layers. The flow 
of water in the confined aquifer depends on the hydraulic potential of the 
system. The hydraulic potential or piezometric head is the sum of the pres
sure energy and the potential energy per unit weight of the fluid (water). 
The pressure energy is the pore pressure or the pressure experienced by 
the water in the void space of the aquifer divided by the specific weight of 
the fluid; the potential energy, at any location, is the height of the pOint 
relative to a datum (mean sea level, the ground surface, or the lower im
permeable boundary) again divided by the specific weight of the fluid. The 
hydraulic potential changes both in space and time as a result of pumping 
and artifidal recharge. 

A pumping well extracts water from the aquifer system at a rate Q 
[L 3 T-l ]. It is assumed that the well is screened only over the thickness 



212 6.1 Introduction 

Water Demand [D) 

~ 
Recharge Boundary 

QJ 

® ® ® 
QJ - ~~ ~~ 

QJ'1j QJ"'tj 

§ § Pumping Well ~ § § 
QJ 0 QJ 0 

.§~ ® ® ® .§~ 

Recharge Boundary 

Figure 6-4 Plan vie",: of aquifer system. 

of the aquifer, m. Prior to pumping, the initial water level, or piezometric 
surface, is essentially horizontal. After pumping, the piezometric surface 
drops since there is a reduction in the pressure potential in the aquifer. The 
magnitude of the change in the piezometric surface depends on how easily 
water (1) flows through the aquifer and (2) water is released from storage. 
The two parameters defining these properties of the aquifer system are the 
transmissivity and storage coefficient, respectively. 

Mathematical models describing how the piezometric surface varies 
as a function of the aquifer's parameters and pumping schedules (welllo
cations, pumping rates, and the duration of pumping) are again based on 
partial differential equations. For steady-state conditions, the models re
duce to a system of ordinary differential equations. It can be shown that the 
piezometric head at any location in the aquifer is a linear function of the 
withdrawals or pumping occurring in the aquifer system (Willis and Yeh, 
1987). The hydraulic response equations can be expressed as, 

Ah + f(Q) =.e 6.8 

where A is a n x n matrix containing the transmissivity of the aquifer, h is a 
n x 1 column vector containing the hydraulic head for each computational 
element in the aquifer system. The well extractions, the decision variables 
of the model, (Qi), are contained in the nx 1 column vector, f. The boundary 
conditions defining the recharge occurring to the aquifer are contained in 
.e. 

In lieu of cost data, a common groundwater objective is to maximize 
the piezometric head at each well site. This is a surrogate objective for 
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minimizing the pumping cost, since by keeping the water levels high in 
the aquifer, the pumping costs are reduced. Defining, n as the index set 
defining the location of the wells, the objective function of the model is 

maxz = L hj 
jEn 

In the example problem, there are six well locations. 

6.9 

The aquifer system is required to satisfy the water demand, D. This 
constraint requires that the sum of the well extractions equals the water 
demand, or 

6 

LQj =D 6.10 
j=l 

We also require that the hydraulic head and pumping rates are nonnegative, 
or 

h,Q~O 6.11 

The groundwater supply optimization model is a linear programming 
problem. The tradeoff for the model is the change in the total piezometric 
head in the system as the water demand is changed. Increasing the demand 
for water will lower the piezometric surface throughout the groundwater 
system, and increase the groundwater pumping cost. 

Example Problem 6.3 
An early example of a linear programming approach to economic plan

ning is the input-output model (Leontif, 1966). The economy consists of m 
factors or resources and n commodities. The output of good j in the econ
omy is Xj, and the input of factor i is rio Xkj is the amount of the kth good 
used in the production of the ph good. Xkj is related to the total output of 
good j, Xj, by a "coefficient of production," or Xkj = akjXj, j, k = 1, ... n. 
akj is the amount of the kth good needed to produce a unit amount of good 
j. Similarly, bij is the amount of the ith resource needed to produce a unit of 
good j. Develop a linear programming model of the economy. Assume the 
overall objective is to maximize the value of final demand, i.e. the national 
product. 

We begin by writing a series of balance equations. The output of any 
good or service, Xk, is used either as final demand, Ck, or as an input for 
the production of other commodities (producer goods), or 

n 
Xk = L Xkj + Ck, k = 1, ... n 

j=l 
n 

= LakjXj+Ck 
j=l 

6.12 
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The right hand side of the equation represents the total use of good k in 
the production of all other goods or services plus the final demand for the 
commodity. The final demand, Ck, includes goverrurtent demand, export, 
consumption, and investment. 

These equations can be expressed as the matrix equation, 

x=Ax+c 6.13 

where x and care n x 1 column vectors of outputs, and final demand, 
respectively. The n x n matrix A contains the input-output coefficients. 
The equations are known as the Leontif equations. 

The resources utilized in the economy are related by proportionality 
coefficients to the amount produced of a particular good, 

6.14 

where rij is the amount of the resource input used in the production of the 
ph good. Summing Equation (6.14) over all outputs produces the demand 
for the ith resource, or 

n n 

2: rij = 2: bijx j ::5 ri, i = 1. .. m 6.15 
j=l j=l 

where ri is the available supply of resource i. Writing the equation for all 
resources yields the matrix system of equations, 

BX::5 r 6.16 

where B is a m x n matrix of the coefficients of the factors of production 
(resources), and r is a m x 1 column vector of the available resources. 

The objective of the Leontif model is to maximize the value of the final 
demand. Assuming the prices for the demands, p, are given, the objective 
is 

maxz = pc 6.17 

The constraints of the linear programming problem include (1) the Leontif 
equations, 

x=Ax+c 

(2) the resource availability constraints, 

BX::5 r 

and (3) the nonnegativity of the outputs, 

x~o 6.18 
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Example Problem 6.4 

215 

An electric utility company uses two fuels: coal (in a liquid slurry) and 
oil. The fuel passes through three distribution points (Figure 6-5). Point 1 
collects coal slurry from various sources and pumps it to distribution point 
3. Point 2 collects oil from various sources and pumps it to point 3. Point 
3 supplies the main distribution lines of the company. 

Each distribution point has a maximum fuel handling capacity, with 
each unit of fuel using a fixed portion of the capacity. 

Capacity Used Per 
Distribution Unit of Fuel Available 

Point Coal Oil Capacity 

1 1 4 

2 1 6 
3 3 2 18 

The power company receives a profit of $4 for each unit of coal, and 
$3 per unit of oil distributed from point 3. Determine the quantity of each 
type of fuel the company should process in order to maximize its' profit. 

Define Xl and X2 as the units of coal and oil to process, respectively. 
The profit that the company makes from fuel distribution is the sum of the 
profit from the coal and oil. The profit from each fuel is the product of the 
units of fuel processed and the per unit profit for that fuel. The objective 
function for the problem is 

6.19 
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The choices for the amount of fuel to process are constrained by non
negativity restrictions and the availability of fuel handling capacity. Since 
one unit of fuel uses one unit of capacity at points 1 and 2, coal is limited 
to 4 units at distribution point 1. The maximum oil capacity at distribution 
point 2 is 6 units. At distribution point 3, each unit of coal uses 3 units and 
oil uses 2 units of the 18 units of available capacity. These constraints can 
be expressed as 
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Figure 6-6 Graphical solution to fuel distribution problem. 
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6.20 

6.21 

6.22 

6.23 

The solution to the problem is illustrated in Figure 6-6. The feasible re
gion is formed by the intersection of the linear constraints of the optimiza
tion problem. Several contours of the objective function are also shown in 
the figure; z increases as the distance from the origin increases. The max
imum value of z occurs at a corner, or extreme point, A. At point A, the 
optimal objective value z* = 26; xi = 2 and xI = 6. Any further increase 
in the value of the objective results in a set of points (Xl, X2) outside the 
feasible region. 
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A simple sensitivity analysis of the solution can be made using Figure 
6-6. Note that the optimal solution depends on the slope of the objective 
function and the limiting constraint (the resource limit at distribution point 
3) 

3Xl + 2X2 :$ 18 

The slope of the objective function is -4/3, while the slope of the limiting 
constraint is -3/2. Define Cl and C2 as the coefficients of Xl and X2 respec
tively in the objective function. As long as C2/Cl ;:: 2/3 (i.e. the slope of 
the objective function is > -3/2), the point A will remain as the optimal 
solution. If C2 / Cl < 2/3 (slope of the objective function is <-3/2, i.e. more 
negative), e.g. z = 5Xl + 3X2 (slope = -5/3), the solution would move to 
point B (Xl = 4, X2 = 3). The allocation of resources (the fuel mix) is quite 
different at these two solutions; minor changes in Cl or C2 alter the optimal 
solution. This demonstrates the importance of reliable data defining the 
cost vector and parameters of the optimization model. Note also that if 
C2 / Cl = 2/3, the optimal solution lies along the line segment A-B. There are 
an infinite number of solution values for Xl and X2. The optimal objective 
value is however the same as the solution is nonunique. 

Example Problem 6.5 
The parameters of the mathematical model, y = ()( + /3Xl + YX2, are to 

be estimated from observational data, yt, i = 1 ... n. Develop a parameter 
estimation model using linear programming. Assume the objective is to 
minimize the largest deviation between the model and the data, yt. 

The residuals, Ei, of the model are the differences between the historical 
data and the model's predictions, 

6.24 

The objective is to minimize the maximum deviation, by choice of the un
known model parameters or 

z = min max [El, ... En] 6.25 

The objective function is a nonlinear function of ()(, /3, and y. The objec
tive identifies the best, linear, unbiased parameter estimates provided the 
model errors are uniformly distributed. 

The nonlinear optimization problem can be transformed into a linear 
programming problem by introducing a new variable, W, which can be either 
positive or negative. W is a free variable. The original objective is replaced 
by a series of constraints that are written for each residual, or 

6.26 

En = y.,i - ()( - /3Xl n - YX2n :$ W 
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and, 
6.27 

The objective function of the transformed model is to minimize w, or 

minz=w 6.28 

The original nonlinear optimization model has been replaced by a linear 
programming problem. The linear optimization model consists of a series 
of n constraints corresponding to the residuals of the original model, and a 
new free variable, w. The decision variables of the model are the unknown 
model parameters and w. 

Example Problem 6.6 

In a situation similar to that of Example Problem 6.5, assume a linear 
relationship exists between two variables x and y, y = DC + {3x. The param
eters DC and {3 are to be estimated from observational data, yt, i = 1 ... n. 
Develop a parameter estimation model using linear programming. Assume 
the objective is to minimize the sum of the absolute deviations between the 
model's predictions, Yi, and the data, yt. 

As in the preceding Example Problem, the residuals of the model, Ei, 

are the differences between the data and the model's predictions, 

Ei = Yi - (0< + {3xd 6.29 

The objective is to minimize the sum of the absolute value of the residuals 

subject to 

n 
min z = LIEd 

i=l 

yt - (DC + {3Xi) - Ei = 0 Vi = 1, ... n 

DC,{3~~O 

6.30 

6.31 

6.32 

The nonlinear optimization model defined in Equations (6.30)-(6.32) 
can be transformed into a linear programming problem. The free variables 
are first replaced by the difference of two nonnegative variables, i.e. 

6.33 

6.34 
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The residuals of the model are then decomposed into the components 
c and €+ where 

€i = negative residual for data point i 

< = positive residual for data point i 

€i,<~O'ifi 

The residual for any point can be written as 

The absolute value of the residual can then be expressed as 

The transformed linear optimization model then becomes 

n 

min z = L (€i + < ) 
i=l 

subject to: 

6.35 

6.36 

6.37 

()(+, ()(-, /3+, and /3- ~ 0 6.39 

€i, < ~ 0 'if i 6.40 

6.2 OPTIMALITY OF LINEAR PROGRAMMING PROBLEMS 

The linear programming problem can be expressed as 

maxz = cx 

subject to: 

x~O 

6.41 

6.42 

6.43 

where A is a m x n matrix. The criteria for existence of solutions to linear 
programming problems can be developed from the sufficiency conditions of 
the Weierstrass theorem. As discussed in Chapter 2, provided the objective 
function is real-valued and continuous, and the constraint set is closed and 
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bounded (compact) and non-empty, a global solution will occur either on 
the boundary or in the interior of the feasible region. 

The existence of solutions to linear programming problem depends on 
the properties of the feasible region of the model. The objective function of 
the linear programming problem is linear, and real-valued and continuous. 
If the feasible region is empty, it contains nothing-no solution exists. This 
can occur when the constraints are inconsistent and impossible to satisfy, 
e.g. x = [xlxl ~ 2 n Xl :$ 1]. Non-compactness of the feasible region also 
ensures that there is no optimal solution. A feasible region is non-compact 
if it is unbounded or open-ended. For these types of programs, the objective 
function can be increased without limit by letting the value of a decision 
variable -+ 00. 

The local-global theorem provides a set of conditions for which a local 
solution is a global solution. The objective is real-valued, continuous and 
a concave function (recall that a linear function is both a convex and a 
concave function). The constraint set, [X = Ix ~ 0, x :$ b] consists of the 
intersection of a series of hyperplanes and half spaces. Each of these sets 
is convex as is their intersection. A solution of the linear programming 
problem is then a global solution. However, since the objective function is 
not a strictly concave function, there exists the possibility of non-unique 
global solutions, i.e. more than one feasible solution has the same optimal 
value of the objective function. 

6.3 STANDARD FORM 

Linear optimization models are transformed into standard form prior 
to application of the simplex algorithm. The inequality constraints are con
verted to equality constraints and all the decision variables are required 
to be nonnegative. The constant vector, b, is also nonnegative. The linear 
programming problem in standard form can be expressed as 

maxz = ex 

subject to: 
Ax = b, b ~ 0 

x~O 

6.44 

6.45 

6.46 

Standard form is an important element of the simplex algorithm because 
the optimal solution of the linear programming problem satisfies a sys
tem of equality and nonnegativity constraints. The solutions to these con
straints, [xix ~ O,Ax = b] are known as basic feasible solutions. 
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The transformation of inequality constraints to equality constraints is 
accomplished by introducing slack and/or surplus variables in the inequal
ities of the problem. Nonnegative slack variables, Xs ~ 0, are added to 
inequality constraints such as 

6.47 

to transform the inequality to an equality constraint, 

6.48 

Similarly, surplus variables are subtracted from inequalities to convert 
the constraint to an equality constraint. For example, the inequality con
straint, 

6.49 

can be expressed as 

alXl + a2X2 + ... + anXn - Xsur = b 6.50 

with the introduction of the surplus variable, X sur• Again we require that, 
Xsur 2:: O. 

An additional complication for transforming the linear optimization 
model into standard form is the possibility of a negative or free variable. 
As was discussed in Example Problem 6.6, a free or unconstrained variable 
is replaced by the difference of two, nonnegative variables, or, 

6.51 

If a variable is a negative variable, it can be replaced by a new variable 
that is its negative, or 

X · < 0 xn - -x' xn > 0 J - , j - J' j- 6.52 
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Example Problem 6.7 
Transform the following linear programming problem into standard 

form, 

subject to: 
Xl - 2X2 ~ 10 

.SXI + 3X2 + 2X3 ~ 3 

3XI + X2 - 8X3 = 10 

Standard form of the linear programming problem is defined in Equa
tions (6.44)-(6.46). We first examine the nonnegative restrictions. X2 is a 
free variable and we replace it with the difference of two nonnegative vari
ables, 

X2 = xt - xi, xt, xi ~ 0 

X3 is a negative variable and we define a new variable, xf, as its negative, 
or 

Surplus variables, X4 and Xs are then introduced in the first two inequality 
constraints. 

The objective function is converted to a maximization problem by mu1-
tiplying the equation by -1. The transformed linear programming problem 
can be expressed as 

subject to: 

maxz = -Xl - 10(xt - Xi) - l.Sxf 

XI- 2(xt -Xi) -X4 = 10 

.SXI + 3(xt - Xi) - 2xf - Xs = 3 

3XI + (x~ - xi) + 8xf = 10 
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6.4 BASIC AND BASIC FEASIBLE SOLUTIONS 
The constraint set of the linear programming problem in standard form 

consists of a set of linear equations, the nonnegativity restrictions of the 
original decision variables, and the slack and surplus variables. This linear 
system of equations can be expressed as 

Ax=b 6.53 

where A is a m x n matrix. 
The optimal solution of a linear program is required to be feasible, that 

is it satisfies the equality constraints and nonnegativity restrictions. We 
cannot, however, invert the matrix and obtain a solution to the system of 
equations since the number of unknowns usually far exceeds the number of 
equations (n > > m). Instead we examine under what conditions there exist 
solutions to these equations. Introducing (1) the m x (n + 1) augmented 
matrix of the system of equations, Aa = [A b), and (2) the rank of a matrix, 
r(A), which is the maximum number of linearly independent vectors (rows 
or columns) in the A matrix, we have the follOwing theorem from linear 
algebra (Protter and Morrey, 1965), 

Theorem. The solution of the system of m equations in n un
knowns will have no solution if the rank of the coefficient matrix 
is less than the rank of the augmented matrix, r(A) < r(Aa). In 
this case, the equations are inconsistent. If the rank of the coeffi
cient matrix is equal to the rank of the augmented matrix and is 
equal to n, the solution is unique, r(A) = r(Aa) = n. If the rank of 
the coefficient matrix is the rank of the augmented matrix, and it 
is equal to k, then the k linear independent variables can be solved 
for in terms of the remaining n - k variables and the n - k variables 
can be assigned arbitrary values, r(A) = r(Aa) = k < n. 

In linear programming, we assume, without loss of generality that the 
rank of the coefficient matrix, A, is m, the number of rows of the linear 
programming problem, or, r(A) = min[m,n). The theorem states that 
there are m linear independent columns in A. We can partition A into two 
matrices containing the linearly independent columns and those that are 
linearly dependent. We define B as the m x m basis matrix containing the 
linearly independent columns of A. The remaining columns of A are placed 
in ~, a m x (n - m) matrix. The original system of equations can then be 
expressed as, 

BXB + ~XNB = b 6.54 

where XB are the m x 1 variables associated with the linearly independent 
columns of A. They are the basic variables of the problem. The remaining 
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(n - m) x 1 variables, XNB, are non-basic variables. Since the basis matrix 
is square and assumed non-singular, the basic variables can be solved for 
in terms of the nonbasic variables, or 

6.55 

From the theorem, we can set the nonbasic variables to any arbitrary values. 
We choose zero and the basic solution can be expressed as, 

6.56 

A basic solution is a basic feasible solution if it is nonnegative, that 
is XB ~ O. A solution is a degenerate solution if one or more of the basic 
variables are zero. This can occur when the elements of the constant vector, 
b, are zero. 

The choice of the m basic variables is somewhat arbitrary. In fact, any 
set of m variables could have been selected as the basic variables out of 
the total of n variables to obtain a basic solution. The maximum number 
of basic variables is equal to the number of combinations of n variables 
taken m at a time, or 

(~) = m!(nn~ m)! 6.57 

The significance of basic feasible solutions in linear programming is 
that these solutions satisfy both the constraints of the problem, (Ax = b), 
and the nonnegativity restrictions, x ~ O. The optimal solution of a linear 
programming problem is a basic feasible solution. If it were possible to 
identify all of the basic feasible solutions, for example by solving Equation 
(6.56) for the basic solutions that are nonnegative, the optimal solution is 
simply the basic feasible solutions with the largest objective value. Even 
for moderately sized optimization models, this is computationally impos
sible as suggested by Equation (6.57). Instead we search for a more efficient 
method for identifying the basic feasible solutions to the linear optimiza
tion problem. 

The following example problem illustrates the development of basic 
solutions for a system of linear equations. 
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Example Problem 6.8 

Develop the basic solutions for the equations, 

Xl + 2X2 + X3 = 4 

2XI + X2 + 5x3 = 5 

Are any of the solutions basic feasible solutions? 

225 

We begin by rewriting the equations as the matrix system of equations, 

The maximum number of basic solutions for the problem is from Equation 
(6.57), 

(~) = 2~~! = 3 

The rank of the coefficient matrix is r(A) = min[2, 3] = 2. We assume the 
rank of the augmented matrix is the rank of the original coefficient matrix. 
The basic solutions are obtained by examining each possible combination 
of basic variables. For example, we select Xl and X2 as the candidate basic 
variables; X3 is a nonbasic variable. Equation (6.54) can be expressed as 

and, 

Setting the nonbasic variable, X3, to zero yields, 

This solution solves the original system of equations and any nonnegativity 
restrictions; it is a basic feasible solution. 

The second basic solution is generated by assuming that Xl and X3 are 
now the basic variables. The solution is XB = [5 -1] t. This basic solution is 
not a basic feasible solution of the equations. Verify the final basic solution 
is [X2 X3]l = [( 5 /3) (2/3)] t • 
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6.5 THE SIMPLEX ALGORITHM 
The simplex algorithm, developed by George Dantzig, systematically 

identifies basic feasible solutions that improve the value of the objective 
function of the linear programming problem. As shown by Dantzig (1963), 
the basic feasible solutions of a linear optimization problem correspond to 
the extreme or corner points of the convex feasible region. Since there are 
a finite number of extreme points, the simplex algorithm terminates in a 
finite number of iterations. As we will examine in subsequent sections of 
this chapter, the algorithm also identifies unboundedness and infeasibility 
of the optimization model. 

We illustrate the application of the algorithm by considering the linear 
programming problem (Reklaitis et al., 1973), 

maxz = 3XI + 2X2 

subject to: 

Xl - X2 ::;; 3 

6.58 

6.59 

6.60 

6.61 

6.62 

The graphical solution of the problem is presented in Figure 6-7. The non
negativity of the decision variables restricts the problem to the 1st quad
rant. The corner point solutions (A-E) are basic feasible solutions. The 
contours of the objective function are also shown. The optimal solution 
lies along the edge of the feasible region between corner points C and D. 

The linear programming is first transformed to standard form. Intro
ducing the nonnegative slack variables (X3, X4, and xs) in each constraint, 
and expressing the objective in impliCit form, the equations of the opti
mization model may be expressed as, 

z - 3XI - 2X2 = 0 6.63 

-Xl + 2X2 + X3 = 4 6.64 

3XI + 2X2 + X4 = 14 6.65 

Xl - X2 + Xs = 3 6.66 

XI,X2,X3,X4,XS 2: 0 6.67 
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Figure 6-7 Graphical solution. 
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Constraint 3 

6 

where the objective function, Equation (6.63) has been written in implicit 
form as an auxiliary constraint of the optimization model. 

The corner point solutions of the linear programming problem are basic 
feasible solutions. The initial step in the algorithm is to identify an initial 
basic feasible solution from the system of 3 equations and 5 unknowns. We 
assume without loss of generality that the rank of the coefficient matrix is 
3; there are 3 linearly independent vectors in A. The coefficient matrix can 
be expressed as 

(
-1 2 

A = 3 2 
1 -1 

The third, fourth, and fifth columns of A are linearly independent; the 
columns correspond to the unit vectors in x, y, z. The linearly indepen
dent vectors form a 3 x 3 identity matrix. Defining XB = [X3 X4 Xs F and 
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XNB = [Xl X2]t, the starting basic feasible solution is, 

6.68 

The basic feasible region is simply the right hand side vector. This basic 
feasible solution corresponds to the origin, point A, in Figure 6-7. The value 
of the objective function is zero. 

The simplex algorithm identifies an adjacent basic feasible solution 
that improves the value of the objective function, i.e. it is at least as large as 
the objective value from the previous iteration. An adjacent basic feasible 
solution differs from the present basic feasible solution in only one basic 
variable. The simplex algorithm makes one of the current basic variables 
nonbasic, and brings into the basis a nonbasic variable so as to obtain the 
maximum improvement of the objective function. 

The gradient of the objective row is used to determine the incoming 
basic variable. Recall that the gradient vector points in the direction of 
the greatest increase in the objective function, and that its components 
are the marginal rates of change of the objective function. For example, the 
gradient vector of the objective function, Z = 3XI +2X2, is \l Z = [3 2] = 3i+ 

2], where i and ] are the unit vectors. The first component of the gradient 
vector, OZ/OXl, indicates a three-fold increase in Z for a unit increase in 
Xl. The objective function increases by a factor of 2 for a unit change in 
X2. Clearly, the variable that increases the objective the greatest is Xl. Xl 

is selected as the incoming basic variable. The same conclusion is reached 
if we consider the objective row, Z - 3Xl - 2X2 = 0. In this case, the most 
negative coefficient corresponds to the variable that is the incoming basic 
variable. 

We can generalize this discussion to examine the optimality of the cur
rent solution. If the coefficients of all the variables in the objective row are ° 
or positive, Cj ~ 0, V j, then the objective function cannot be improved. Ev
ery adjacent basic feasible solution has an objective function lower than the 
present solution. This is the definition of a local solution and we conclude 
via the local-global theorem that a local optimum is the global solution. 

Formalizing these arguments, we define a decision rule for identify
ing the incoming basic variable. We assume that the objective function is 
written as in Equation (6.63). 

Entering Basic Variable. The entering basic variable is determined 
by examining all the coefficients in the objective row (function). For 
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those coefficients that are negative, select the objective coefficient 
that is the most negative, or xf = minj Cj, Cj < 0 If the minimum 
is not unique, select the vector with the smallest index j. If all the 
coefficients are nonnegative, Cj ~ 0, "if j, the current solution is the 
optimal solution. 
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At this stage of the algorithm, we have identified a variable that in
creases the value of the objective function. Ideally, we want to increase the 
value of the incoming basic variable, Xl, as much as possible to achieve the 
largest increase in the objective function. As Xl increases, however, the 
values of the original basic variables also change. The new values of these 
basic variables can be determined by examining for each constraint, the re
lationship between the old basic variables and the incoming basic variable. 
We are interested in examining only adjacent basic feasible solutions so 
that all other variables are at zero level. These equations can be expressed 
as, 

X3 = 4 + Xl 

Xs = 3 - Xl 

6.69 

6.70 

6.71 

We observe that increasing Xl in Equation (6.69) does not drive X3 to zero. 
In Equation (6.70) Xl is limited or bounded by 14/3 before X4 is driven to 
a negative value (this is unacceptable because of the nonnegativity restric
tions). Xl has a maximum value of 3 from Equation (6.71). Again we want 
to increase Xl as much as possible while maintaining the feasibility of the 
other basic variables. The maximum increase in Xl is min[ 00, (14/3), 3] = 3 
which occurs in constraint 3 (we define 00 as the ratio for the first constraint, 
Equation (6.69), since X3 is never driven to zero). The basic variable in this 
row, xs, is the exiting basic variable. 

Defining .e as the column associated with the entering basic variable, 
Xe, the exiting basic variable, Xr is determined from the ratio test, or 

Exiting Basic Variable. The maximum value the incoming basic 
variable can attain, xl, and the equation containing the exiting 
basic variable r are given by the ratio test, or 

The maximum value of Xe is the minimum of the ratio of the right 
hand side of the constraint, bi, and the A matrix coeffiCients in the 
column associated with the incoming basic variable, aa, assuming 

6.72 
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these coefficients are positive. The choice of the row r in the event 
of a tie is arbitrary unless there is degeneracy. In this case, the 
row may be chosen at random. If the coefficients are ° or negative, 
au ::5 0, we assign 00 as the ratio. Furthermore if all the coefficients 
in the column of the incoming basic variable are zero or negative, 
au ::5 0, 'Vi, the solution is unbounded. 

The unboundedness of the solution follows from the observation that 
increasing the incoming basic variable never violates the nonnegative re
strictions, i.e., the other basic variables are never driven to zero. The incom
ing variable can be increased without limit and the solution is unbounded, 
z - 00. 

The incoming and exiting basic variables have been identified for this 
iteration of the simplex algorithm. The new basis is XB = [Xl X3 x4F. The 
coefficient matrix of the model is updated to reflect the changes in the 
basic and nonbasic variables. This is accomplished using elementary row 
transformations, that is, multiples of one equation are added or subtracted 
to the other equations. The transformations ensure that one basic variable 
remains in each constraint equation. The key equation in this updating 
process is the pivot row. The pivot row, r, is the constraint equation that 
contains the exiting basic variable as defined in Equation (6.72). 

The pivot row for the example problem is 

Xl - X2 + Xs = 3 6.73 

The updated objective row is obtained by multiplying the pivot row, Equa
tion (6.66), by 3 and adding it to the objective Equation (6.63), or 

z - 5X2 + 3xs = 9 

Similarly multiplying the pivot row by - 3 and adding it to the second con
straint, Equation (6.65) produces 

5X2 + X4 - 3xs = 5 

Finally, adding the pivot row to the first constraint, Equation (6.64) yields, 

X2 + X3 + Xs = 7 

The pivoting operation is complete since there is one basic variable in each 
equation. 

The system of equations can be expressed as 

z - 5X2 + 3xs = 9 6.74 
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X2 + X3 + Xs = 7 

5X2 + X4 - 3xs = 5 

Xl - X2 + Xs = 3 

Xj ~ 0, 'V j 
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6.75 

6.76 

6.77 

The solution of the optimization problem at this iteration is again ob
tained by setting the nonbasic variables to zero, XNB = [X2 xs]t = 0 or 
XB = [Xl X3 X4]f = [3 7 5]f. The value of the objective function has in
creased from 0 to 9; it is the product of the basic variables and their cost 
coefficients, or z = CXB = [3 00][3 7 5]t = 9. The basic feasible solution is 
extreme point E in Figure 6-7. 

Although the objective function has increased significantly over an it
eration, the solution is not an optimal solution. This can be seen by exam
ining the coefficients of the objective row. There is one negative coefficient, 
X2, indicating that if the variable were brought into the basis, the objective 
function would increase by a factor of 5 for a unit increase in X2. 

The exiting basic variable is again determined by examining the rela
tionship between the old basic variables and the incoming basic variables, 

X3 = 7 - X2 

X4 = 5 - 5X2 

Xl = 3 + X2 

6.78 

6.79 

6.80 

Clearly X2 has no effect on Xl, it will remain in the basis. X2 can increase 
to a value of 7 before driving X3 negative in Equation (6.78). The maximum 
value of X2 in Equation (6.79) is 1. The ratio test, Equation (6.72), yields, 

X~ = min[(7/1), (5/5), 00] = 1 
t 

The maximum value X2 will attain in the new basis is 1. The pivot row is 
r = 2, and the exiting basic variable is X4. 

The pivoting or updating of the basis matrix proceeds by normalizing 
the pivot row, Equation (6.76), 

1 3 
X2 + - X4 - - Xs = 1 

5 5 
6.80 

and eliminating X2 from the constraints and the objective row. For simplic
ity we add the original pivot row to the objective row, 

Z + X4 = 14 
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Multiplying the pivot row, Equation (6.80), by -1 and adding it to the first 
constraint equation produces 

8 1 
X3 + - Xs - - X4 = 6 

5 5 

Finally, adding the pivot row to the last constraint, Equation (6.76), yields 

The complete set of equations is 

Z + X4 = 14 6.81 

1 8 
X3 - "5 X4 + "5 Xs = 6 6.82 

1 3 
X2 + "5 X4 - "5 Xs = 1 6.83 

6.84 

The solution at this iteration is XB = [Xl X2 X3]t = [4 16]t, XNB = [X4 xs]t 

= O. The value of the objective function is 14. The solution is optimal since 
the objective row, Equation (6.81) contains only positive coefficients. An 
optimal solution is shown as extreme point D in Figure 6-7. 

The simplex algorithm has identified the optimal solution in two it
erations from an initial basic feasible solution. The solution is however, 
non-unique. As shown in Figure 6-7, any point on the z = 14 contour is 
a solution to the optimization problem. As we will discuss in Section 6.6, 
the nonuniqueness can be identified from the zero values of the nonbasic 
variables in the optimal solution. 

We describe in the next section how an initial basic feasible solution for 
any linear optimization problem can be obtained using artificial variables. 
The following example problem describes how the Simplex algorithm can 
be used to identify unboundedness in linear programming problems. 
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Example Problem 6.9 
Show that the solution of the following linear programming problem 

is unbounded, 

subject to: 
Xl - X2 ~ 2 

-3Xl +X2:5 4 

We first introduce slack variables, X3 and X4, in the constraints to trans
form the problem into standard form, 

Xl - X2 + X3 = 2 

-3Xl + X2 + X4 = 4 

The initial basic feasible solution is XB = [X3 X4]t = [2 4]t. The value of 
the objective function is z = O. The nonbasic variables, Xl and X2 are zero. 

Examining the objective row, X2 yields a three fold improvement in 
the objective function for each unit change in the variable. It is the most 
negative variable and is the incoming basic variable for the problem. 

The exiting basic variable is again found by considering the effect Xz 

has on the old basic variables, X3 and X4. The ratio test is 

xt = min[oo, (4/1)] = 4 
t 

00 is used in the ratio test because the coefficient of the incoming variable 
in the first constraint is negative; X3 is never driven to zero. The outgoing 
basic variable is X4, r = 2. 

The updating of the equations again begins with the pivot row, 

We eliminate the new basic variable, X2, from the first constraint and the 
objective function. Adding the pivot row to the first constraint eliminates 
X2 from the constraint equation or, 

Similarly multiplying the pivot row by 3 and adding it to the objective row 
produces 
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The solution at the end of this iteration is XB = [xz, X3]t = [4, 6]t. The 
objective value has increased to 12. The nonbasic variables are Xl and X4. 

The objective row indicates that if Xl were brought into the basis the 
objective would increase by a factor of 11 i.e., OZ/OXI = 11. The exiting 
basic variable can be identified by examining the constraint equations, de
termining how the incoming basic variable affects the old basic feasible 
solution. These equations, in lieu of the ratio test, may be expressed as 

Xz = 4 + 3XI 

Increasing Xl does not drive X3 or X2 negative. In fact we can increase Xl 

without limit and the solution is still feasible. As Xl increases without limit, 
the solution becomes unbounded, Z - 00. We could have also identified the 
unboundedness of the solution by examining the coefficients in the column 
of the incoming basic variable, Xl. The coefficients are all negative. 

6.6 THE SIMPLEX TABLEAU 
An alternative method of representing the constraint equations and 

their transformation during the simplex algorithm is a tableau or detached 
coefficient form. As illustrated in the following example, the first column 
of the tableau contains the prices or costs corresponding to the current 
variables in the basis. The second column identifies the vectors in the baSis; 
the remaining columns of the tableau contain the columns of the coefficient 
matrix of the problem and the updated right hand side vector, b. The final 
row of the tableau details the objective costs coefficients and the current 
value of the objective function. 

The tableau for the first iteration of the problem presented in Section 
6.5 is 

Cj 

3 2 0 0 0 

CB Basis Xl X2 X3 X4 Xs bi 
0 X3 -1 2 1 0 0 4 

0 X4 3 2 0 1 0 14 

0 Xs 1 -1 0 0 1 3 

Cost Row -3 -2 0 0 0 z=O 

The next iteration of the simplex algorithm is used to illustrate the 
tableau representation. The incoming basic variable is from the first tableau 
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Xl; the associated vector is a I = [-1 3 1] t. The exiting basic variable is de
terminedusingtheratiotest,xi' = min[oo, (14/3), (3/1)]t = 3; the exiting 
basic variable is Xs. The updating or pivoting operation replaces the column 
vector as = [00 l]t with al. As we discussed in Section 6.5, elementary 
row transformations are used to eliminate the new basic variable, Xl, from 
every constraint including the objective row. 

As presented by Hadley (1962), the equations that update the tableau 
can be expressed as 

iii) = (ai) - au ar}) Oi,m+l, i = 1, ... ,m+ 1, j = l. .. n+ 1, i 1= r 
art 

ar }. . 1 1 -, t=r,j= , ... n+ 
art 

6.85 

where .e is the column associated with the incoming basic variable, aij 

are the elements of the A coefficient matrix, r denotes the pivot row, and 
Oi,m+l = -1, if i = m + 1, and Oi,m+l = 1, otherwise. i varies from the 
first constraint, i = 1, to the objective row, the last row of the tableau, 
i = m + 1. The subscript j is the column number of the tableau; the n + 1st 
column is the vector of right-hand sides. The pivot element in the tableau 
which is denoted by the underbar notation, !, is the intersection of the col
umn of the incoming basic variable, Xl, and the row of the exiting basic 
variable, Xs. These transformation equations are similar to the Gaussian 
reduction technique for solving a system of linear equations. 

The updating equations may be used to determine the new coefficients 
of the tableau. For example, consider matrix element, azz = 2. The updated 
value is from Equation (6.85), 

where again r = 3 is the pivot row, the row associated with the exiting basic 
variable, and .e = 1 is the column of the entering basic variable. As another 
example consider azs. The updated element is from Equation (6.85) 

A aZI 
azs = azs - -a3S 

a31 

=0-~(1) 
1 

= -3 
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The completed tableau is 

Cj 

3 2 0 0 0 

CB Basis Xl X2 X3 X4 Xs bi 

0 X3 0 1 1 0 1 7 

0 X4 0 5 0 1 -3 5 

3 Xl 1 -1 0 0 1 3 

Cost Row 0 -5 0 0 3 z=9 

The final iteration of the problem is summarized in the tableau, 

Cj 

3 2 0 0 0 

CB Basis Xl X2 X3 X4 Xs bi 

0 X3 0 0 1 _l !! 6 5 5 

2 X2 0 1 0 .!. -;! 1 5 5 

3 Xl 1 0 0 l ~ 4 5 5 

Cost Row 0 0 0 1 0 z = 14 

The nonbasic variable, xs, in the final tableau has a zero cost coeffi
cient. No increase in Xs will produce any change in the objective function. 
If Xs is brought into the basis, the resulting basic feasible solution will 
still have an objective value of 14. This is an alternative optimum for the 
linear programming problem. The alternative basic feasible solution can 
be obtained by introducing Xs into the basis; the leaving basic variable is 
given by the ratio test, Xs = mind6/(~), 00, (4/~)]. X3 is the leaving ba
sic variable. An alternative solution, as shown in the following tableau, is 
XB = [X1X2XsF = [~11l1]t andxNB = [X3 X4]t = [0 O]t. 

Cj 

3 2 0 0 0 

CB Basis Xl X2 X3 X4 Xs bi 

0 Xs 0 0 l -.!. 1 .!.l 
8 8 4 

2 X2 0 1 ~ .!. 0 .!i 
8 8 4 

3 Xl 1 0 -.!. .!. 0 l 
4 4 2 

Cost Row 0 0 0 1 0 z = 14 
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While many prefer solving linear programming problems using the sim
plex tableau approach presented above, others find a combination of the 
tableau and algebraic equation approach of Section 6.S more understand
able. The following example presents the solution of a LP problem using 
this hybrid approach. 

Example Problem 6.10 
Solve Example Problem 6.4 using the simplex method. 

Introducing slack variables X3, X4, and Xs into constraint equations 
(6.20)-(6.22) respectively, the optimization problem [Equations (6.19)-(6.22)] 
can be expressed as, 

max z =4XI + 3X2 6.86 

subject to: 

Xl +X3 =4 6.87 

X2 +X4 =6 6.88 

3XI + 2X2 + Xs = 18 6.89 

Since there is a slack variable in each constraint, the initial basis vector 
is XB = [X3 X4 xs]t (the slack variables). The basic solution is the right hand 
side vector from the constraints XB = [4 6 18]t. It is convenient to write 
the objective function and constraints with the objective function variable 
and basic variables on the left hand side yielding 

z = 0 + 4XI + 3X2 6.90 

X3 = 4 - Xl 6.91 

X4 = 6 - X2 6.92 

Xs = 18 - 3XI - 2X2 6.93 

We begin by deciding if this solution is optimal. The simplex method 
involves moving from one extreme point to another; at each iteration, one 
nonbasic variable enters the basis while one basic variable leaves. At the 
optimal solution, any new variable introduced into the basis will result in 
a reduction in the objective function value. This implies that at the opti
mal solution, the coefficients of all the nonbasic variables in the objective 
function expression are negative. Since the coefficients on Xl and X2 (4 and 
3) are both positive in Equation (6.90), if either of them enters the basis, 
the value of the objective function increases-the current solution is not an 
optimal solution. 

We note that the coefficients of the nonbasic variables represent the 
rate of increase in the objective function with a unit increase in the value of 
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the variable. We select the nonbasic variable with the largest positive coef
ficient. At this iteration Xl enters the basis since it increases the objective 
by the greatest amount. 

Selecting the variable which exits the basis requires finding the variable 
that is "first" driven to zero as the entering variable (Xl) increases from zero. 
Solving for Xl in Equation (6.91) when the current basic variable (X3) is zero 
results in Xl = 4; similarly, from Equation (6.93), Xl = 6. We choose the 
lowest value for Xl (i.e. Xl = 4) with the basic variable X3 being forced to 
zero (leaving the basis). If we choose any value for Xl > 4, the solution 
would be infeasible since it would require X3 < O. 

The first iteration of the simplex algorithm can be completed by rewrit
ing the full set of equations, replacing Equation (6.91) (X3 = 4 - Xl) with 
Xl = 4 - X3 (since Xl is entering the basis, and X3 is leaving), and using this 
equation to substitute in for Xl everywhere it appeared on the right-hand
side of Equations (6.90)-(6.93). The resulting set of equations is 

z = 16 + 3X2 - 4X3 

Xl = 4 - x3 

X4 = 6 - X2 

Xs = 6 - 2X2 + 3X3 

6.94 

6.95 

6.96 

6.97 

Atthis point, the objective value is 16, andxB = [Xl X4 Xs]t = [466] which 
is point C on Figure 6.6. 

The second iteration begins by noting that the solution is not optimal 
since there are variables with positive coefficients in the objective function 
equation [Equation (6.94)]. The choice of which variable will enter the basis 
is straightforward since only X2 has a positive coefficient. The variable 
leaving the basis is determined by solving for X2 (the entering variable) in 
each of the constraint equations with the current basic variable set equal 
to zero. In Equation (6.96), X2 = 6 - 4X4 = 6, and in Equation (6.97), 
X2 = (6 + 3X3 - xs)/2 = 3. Xs exits the basis since X2 takes on a smaller 
value when Xs rather than X4 leaves the basis. 

The second iteration of the simplex algorithm is completed by rewriting 
the full set of equations. Equation (6.97) is replaced with X2 = (6 + 3X3 -

xs) / 2 (since X2 is entering the basis, and Xs is exiting). This equation is used 
to substitute for X2 everywhere it appears on the right side of Equations 
(6.94)-(6.96). The resulting set of equations is 

z = 25 + X3/2 - 3xs/2 6.98 

Xl = 4 -X3 6.99 

X2 = 3 + X3/2 - xs/2 6.100 

X4 = 3 - 3X3/2 + xs/2 6.101 

At this point, the objective value is 25, and XB = [Xl X2 X4] t = [4 3 3] which 
is point B on Figure 6.6. 
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The third iteration begins by noting the solution is still not optimal. The 
objective function value will increase if X3 enters the basis since the coeffi
cient of X3 in the objective function equation [Equation (6.98)] is positive. 
The exiting basic variable is determined by solving for X3 in each of the con
straint equations with the current basic variable set equal to zero. In Equa
tion (6.99), X3 = 4 - Xl = 4, in Equation (6.100), X3 = 2(X2 + xs/2 - 3)/3 = 
-2, and in Equation (6.101), X3 = 2(3 - X4 + xs/2)/3 = 2. X4 leaves the 
basis, since X3 takes on a smaller value when X4 leaves the basis than when 
Xl leaves the basis (2<4). Note that X2 cannot leave the basis since doing 
so would force X3 = -2, an infeasible value. 

The third iteration of the simplex algorithm is completed by replacing 
Equation (6.101) with X3 = 2(3 - X4 + xs/2) /3 (since X3 is entering the basis 
and X4 is leaving). We use this equation to substitute for X3 everywhere it 
appears on the right side of Equations (6.98)-(6.101). The resulting set of 
equations is 

z = 26 - x4/2 - 4xs/3 

Xl = 2 - 2X4/3 + xs/3 

X2 = 6 - X4 

X3 = 2 - X4 + Xs / 2 

6.102 

6.103 

6.104 

6.105 

At this point, the objective value is 26, and XB = [Xl X2 X3]t = [2 6 2]. 
This solution corresponds to point A in Figure 6-6. No further increase in 
the objective function value is possible, since all of the coefficients of the 
variables in the objective function [Equation (6.102)] are now negative. The 
solution from iteration 3 is the optimal solution. 

6.7 THE TWO-PHASE METHOD 
We have presumed that in any linear programming problem an initial 

basic feasible solution is identifiable from the model's equations. The slack 
variables are an initial starting basic feasible solution provided all of the 
constraints are =s:. Surplus variables associated with ~ constraints cannot 
be used as a part of the initial basic feasible solution. The initial value of 
a surplus variable is negative, and violates the nonnegativity restriction of 
the linear programming problem. 

The simplex algorithm examines each constraint of the optimization 
model for the existence of a basic variable. If a basic variable does not exist, 
a new variable, an artificial variable is added to the constraint. Since the 
constant vector, b, is assumed nonnegative, an initial basic feasible solution 
can be identified. Unfortunately, the artificial variables have no relevance to 
the original problem, and they have actually increased the dimensionality 
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of the optimization. The simplex algorithm attempts to drive the artificial 
variables to zero (eliminate them from the solution) during the optimization 
to "rebalance" the equations of the model. 

The use of artificial variables can be illustrated by considering the op
timization problem, 

maxz = -3Xl - 2xz 6.106 

subject to: 

Xl + Xz = 10 6.107 

Xl 2:: 4, Xz 2:: 0 6.108 

We first convert the problem into standard form by introdUCing the surplus 
variable, X3, in the lower bound constraint on Xl, 

z + 3Xl + 2xz = 0 6.109 

Xl + Xz = 10 6.110 

Xl - X3 = 4 6.111 

6.112 

(Note we could have also defined a new variable, x~ = Xl - 4 and proceeded 
by eliminating Xl from the optimization problem). Since there are no obvi
ous basic variables in the equations, we introduce the nonnegative, artificial 
variables Yl and Yz in Equations (6.110) and (6.111). The model can now 
be expressed as 

z + 3Xl + 2xz = 0 6.113 

Xl + Xz + Yl = 10 6.114 

Xl - X3 + Yz = 4 6.115 

The augmented system has the initial basic feasible solution, 

and 

This, however, is not a solution to the original problem. 
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In the two-phase method, the simplex algorithm is used to iteratively 
solve a linear programming problem by progressively eliminating the artifi
cial variables from the problem. The two-phase method forces the artificial 
variables to zero by minimizing, during Phase 1, the sum of the artificial 
variables. If the optimal value of the objective is zero, an initial basic feasi
ble solution has been identified for the original optimization problem. The 
original objective is then appended to this system of equations. The sim
plex algorithm then proceeds to identify the optimality or unboundedness 
of the solution of the original problem. This is the second phase of the two
phase method. Since the artificial variables are nonnegative, if the optimal 
value is strictly positive, the original problem is infeasible (Le. no solution 
exists with all of the artificial variables at zero value). 

The two-phase simplex method consists of the follOwing stages, 
Phase 1. Identify a basic feasible solution to the original problem. 
A new objective is defined that is the sum of the artificial vari
ables. The objective is minimized using the simplex algorithm. If 
the optimal value of the new objective is zero, all of the artificial 
variables have been driven to zero, and a basic feasible solution 
has been found for the original problem. If at optimality the sum 
of the artificial variables is positive, at least one of the artificial 
variables is positive. The original problem is infeasible and the 
algorithm terminates. 

Phase 2. Determine the optimal solution of the original linear op
timization problem. The basic feasible solution identified at the 
end of Phase 1 is used to initiate the simplex algorithm with the 
restored, original objective function. The algorithm continues un
til an optimal or unbounded solution is found. 

We illustrate the two-phase method by continuing the example problem 
discussed above. The objective for Phase 1 is now the sum of the artificial 
variables, or min w = YI + Y2. Converting this to a maximization problem, 
we have, max w = - YI - Y2. The equations of the model can be expressed 
as 

W + YI + Y2 = 0 6.116 

Xl + X2 + YI = 10 6.117 

Xl - X3 + Y2 = 4 6.118 

XI,X2,X3,YI,Y2 ~ 0 6.119 

The first step in the application of the two-phase method is to remove the 
basic variables (the artificial variables) from the objective row. Multiplying 
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the first constraint by -1 and adding it to the objective row yields, 

W - Xl - Xz + Yz = -10 6.120 

Similarly, the second constraint is used to eliminate Yz from the objective 
or 

W - 2XI -Xz +X3 = -14 6.121 

The initial solution is XB = [YI yz]t = [10 4]t,XNB = [Xl Xz X3]t = [00 of 
and W = -14. 

The solution is not optimal and the incoming, or the most negative 
variable, is Xl. The ratio test yields xi = mini[(10/l), (4/1)] = 4, r = 2. 
The exiting basic variable is Yz in the second constraint; the pivot row is, 

6.122 

Again it is necessary to eliminate the new basic variable Xl from the other 
constraint and the objective row. Multiplying the pivot row by 2 and adding 
it to the objective row yields, 

w - Xz - X3 + 2yz = -6 6.123 

Multiplying the pivot row by -1 and adding itto the first constraint we have, 

X2 + X3 + YI - Y2 = 6 6.124 

The solution is XB = [Xl ydt = [4 6]t, XNB = [xz X3 yz]t = [00 of. The 
objective is, W = -6. 

Examining the objective row, Equation (6.123), there is a tie for the in
coming basic variable. We adopt a tie-breaking rule and choose the variable 
with the lowest subscript, Xz. The ratio test yields, xi = mind(6/1), 00] = 
6, r = 1. The exiting basic variable is YI. The system of equations can be 
expressed after adding the pivot row to the objective row, as 

W + YI + yz = 0 

Xz + X3 + Yl - Yz = 6 

Xl - X3 + Yz = 4 

6.125 

6.126 

6.127 

The solution is optimal since there are no negative coefficients in the objec
tive row. The basic and nonbasic variables are XB = [Xl X2]t = [4 6]t and 
XNB = [X3 YI YzF = [00 of. The iteration completes the end of Phase 1. 
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The artificial variables are zero, and an initial basic feasible solution to the 
original problem has been identified. 

Restoring the original objective to the equations at the end of Phase 1 
and dropping the artificial variables from the equations (tableau), the Phase 
2 problem can be expressed as 

z + 3Xl + 2X2 = 0 

X2 + X3 = 6 

Xl - X3 = 4 

6.128 

6.129 

6.130 

6.131 

The basic variables, Xl and X2, identified from Phase 1, are again eliminated 
from the objective row. Multiplying the first constraint by - 2 and adding 
it to the objective row yields, 

z + 3Xl - 2X3 = -12 6.132 

Xl is eliminated from the objective row by multiplying the second con
straint equation, Equation (6.130) by -3 and adding the equation to the 
objective row, Equation (6.128), 

z + X3 = -24 6.133 

The updated objective function is the optimal solution; the objective value 
is -24. What are the values of the decision variables? 

As discussed by Hadley (1962), the two-phase method will always iden
tify a feasible solution if it exists for the original optimization problem. 
Moreover, it can be shown that once an artificial variable leaves the basis, 
it carmot enter the basis during subsequent iterations of the simplex algo
rithm. It is possible, however, for an artificial variable to form a part of the 
basic variables during the Phase II iterations (Dantzig, 1963). The artificial 
variables will never exceed zero; they are degenerate or zero solutions to 
the problem. This can occur when the original system of equations contains 
redundant equations. 

The tie-breaking criterion, introduced in the example problem to iden
tify the entering basic variable, is necessary to ensure that the problem 
does not circle. It is theoretically possible for the simplex algorithm to cir
cle when a sequence of iterations produces no increase in the value of z. 
Conceivably the same basic set could be repeated initiating an endless cy
cle of repetitions. As shown by Dantzig (1963), the decision rule presented 
in this section guarantees that the simplex algorithm will terminate in a 
finite number of steps. For most physically based problems, degeneracy 
may occur but circling is a very rare problem. 
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6.8 GENERAL SUMMARY OF THE SIMPLEX ALGORITHM 
The simplex algorithm is a series of computational rules that identify a 

sequence of adjacent basic feasible solutions. These solutions are selected 
so as to improve the value of the objective function, barring degeneracy, 
from one iteration to the next. The entire procedure is predicated on a 
basis matrix that represents a feasible solution to the linear programming 
problem. The basis matrix is updated at every iteration by introducing 
into the basis a vector or variable that increases the objective function; the 
vector leaving the basis is the decision variable that most limits or con
strains the incoming basic variable. The updating of the basis matrix, and 
the subsequent changes in the cost coefficients and constant vector of the 
linear programming problem, is accomplished using elementary transfor
mations (the pivoting operation). The simplex algorithm terminates in a fi
nite number of iterations identifying either the optimal solution, if it exists, 
unboundedness, or the infeasibility of the linear optimization problem. 

The computational rules of the simplex algorithm are summarized in 
the flow chart presented in Figure 6-8. For a linear programming problem in 
standard form, the algorithm is described by the following computational 
steps (Dantzig, 1963) 

Step 1: 

i. If all entries in the objective row are nonnegative, then 
a. in Phase I with z* > 0, terminate the algorithm, since no feasible 

solution exists. 

b. in Phase I with z* = ° initiate Phase II by dropping (1) the artificial 
variables from the tableau, and the (2) sum of the artificial variables 
row. Restart Step 1 with Phase II rules. 

c. Phase II: terminate the algorithm as an optimal solution has been 
identified. 

ii. If some entry in the objective row is < ° either in Phase I or Phase II, 
choose Xli as the entering basic variable, such that Xli = minj Cj, Cj < ° 

Step 2: 

i. if all the entries in the column of the incoming basic variable are neg
ative, au :5 0, 'Vi, terminate the solution. The solution is unbounded. 

ii. select the exiting basic variable using the ratio test, 
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In the case of ties choose the exiting basic variable at random (with 
equal probability) from those i that are tied. 

Step 3: 

i. Update the entries in the tableau using elementary transformations or 
the equations presented in Equations (6.85). 

ii. Return to Step 1. 

No 

Choose Entering 
Basic Variable. 

Is Solution 
o timal? 

l Yes 

Stop: No Feasible 
Solution 

Figure 6-8 Simplex algorithm flow chart. 

Example Problem 6.11 

Yes 

Solve using the simplex algorithm the water quality management prob
lem presented in Example Problem 1.3. 

The water quality optimization model minimizes the cost of waste
water treatment subject to a series of constraints defining the bounds on 
the waste removed at each point source and the mathematical model of the 
water quality system. Defining Xl and X2 as the waste removed at sites 1 
and 2, the model can be expressed as 

minz = 1000Xl + 800X2 
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20 - Xl ~ 10 

Xl ~ 20 

X2 ~ 14 

.BXI + X2 ~ 16 

Introducing slack and surplus variables and converting the problem to 
a maximization, the model in standard form is 

subject to: 

max z = -1000XI - BOOX2 

Xl - X3 = 10 

Xl + X4 = 20 

X2 + Xs = 14 

.BXI + X2 - X6 = 16 

Xj ~ 0, V} 

An initial basic feasible solution of the model consists of the slack 
variables X4 and Xs and the artificial variables, YI and Y2, associated with 
the first and last constraints. The Phase 1 objective is to minimize the sum 
of the artificial variables, or 

subject to: 

minw = YI + Y2 

Xl - X3 + YI = 10 

Xl + X4 = 20 

X2 + Xs = 14 

.BXI + X2 - X6 + Y2 = 16 

Xj,Yj ~ 0, V} 

The initial basic feasible solution is XB = [YI X4 Xs Y2]t. Eliminating the 
artificial variables from the objective row and rewriting the objective as a 
maximization yields, 

w - l.BXI - X2 + X3 + X6 = -26 

Xl - X3 + Yl = 10 

Xl + X4 = 20 
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X2 + Xs = 14 

.8Xl + X2 - X6 + Y2 = 16 

Xj,Yj~O V} 

The basic feasible solution is XB = [l0, 20,14, 16]t, Z = -26. 
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In the objective row, the most negative coefficient is associated with 
Xl, the incoming basic variable. The ratio test yields, 

xi = min[(10/1), (20/1), 00, (16/.8)] = 10 
l 

The pivot row is the first constraint and the exiting basic variable is YI. 

Eliminating Xl from the objective and the second, third, and fourth con
straints, the updated constraints and objective row are 

Xl - X3 + Yl = 10 

X3 + X4 - YI = 10 

X2 + Xs = 14 

X2 + .8X3 - X6 - .8YI + Y2 = 8 

Xj,Yj~O V} 

The current basic solution is XB = [Xl X4 Xs Y2]t = [la, 10, 14, 8]t, Z = 
-8. 

The solution is non-optimal and the incoming basic variable, the most 
negative objective coefficient, is X2. Again the ratio test is 

Xr = min[oo, 00, (14/1), (8/1)] = 8 
l 

The exiting basic variable is Y2, the second artificial variable. The pivot row 
is the fourth constraint. 

Updating the coefficient matrix to eliminate X2 from every other con
straint and the objective row yields, 

tv + Yl + Y2 = 0 

Xl - X3 + YI = 10 

X3 + X4 - YI = 10 

-.8X3 + Xs + x6 + .8Yl - Y2 = 6 

X2 + .8X3 - X6 - .8Yl + Y2 = 8 

Xj,Yj~O V} 
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The basic feasible solution is XB = [Xl X4 Xs X2]t = [10 106 8]t. The 
current solution is optimal; the artificial variables have been driven to zero, 
and the objective function is zero. 

Phase 2 begins by dropping the artificial variables and the Phase 1 ob
jective. The original objective is appended to the system of equations ob
tained at the end of Phase 1. Dropping the artificial variables, these equa
tions can be expressed as, 

z + 1000XI + BOOX2 = 0 

subject to: 

Xl - X3 = 10 

-.BX3 + Xs + X6 = 6 

Xj;:: 0 Vj 

where the cost objective has been transformed into a maximization prob
lem. Eliminating the basic variables Xl and X2 from the objective function 
yields the system of equations, 

z + 360X3 + 800X6 = -16400 

Xl - X3 = 10 

X3 + X4 = 10 

-.BX3 + Xs + X6 = 6 

Xj;:: 0 Vj 

The solution is optimal and z* = -16,400 = -w* = 16,400. The optimal 
values of the decision variables are XB = [Xl X4 Xs x2F = [10 106 B]t. 
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6.9 DUALITY 

From a computational and theoretical perspective, duality is an impor
tant aspect of linear programming. Every linear programming problem has 
an associated dual optimization problem such that a solution to one prob
lem is the solution to the other. We assume the primal linear program is 
expressed as 

maxz = ex 6.134 

subject to: 
Ax::;b 6.135 

x~o 6.136 

The dual programming problem is given as 

minw = rrb 6.137 

subject to: 

rrA ~ e 6.138 

rr~O 6.139 

where rr is a 1 x m row vector of dual variables. A dual variable is associated 
with each primal constraint. In this symmetric primal-dual optimization 
problem, the cost coefficient vector of the primal is the right hand side 
vector of the dual, and the right hand side vector of the primal is the cost 
coefficient vector of the dual. The dual objective minimizes rather than 
maximizes the linear cost function. 

The relationship between the primal and dual optimization problems 
and their solutions are based on three theorems from mathematical opti
mization. The first theorem, the Weak Duality Theorem, establishes the 
relationship between the primal and dual objectives, or 

Weak Duality Theorem. For primal-dual feasible solutions (x, if), 
the value of the dual objective is an upper bound on the primal 
objective, or 

ex::; ifb 6.140 

Conversely, the primal objective is a lower bound on the dual ob
jective for any feasible primal-dual solution. 

The weak duality theorem can be established from the feasibility of 
the solutions, Ax ::; b ,x ~ 0 and if A ~ e , rr ~ o. Multiplying the primal 
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constraints by the dual feasible solution, and the dual constraints by the 
primal feasible solution, we have 

ftAx ~ ftb 

The inequalities establish the weak duality theorem. 
Several interesting conclusions can be inferred from the weak duality 

theorem since the primal and dual objectives bound each other. For ex
ample, an upper bound on the primal objective is the dual objective. This 
has implications for the unboundedness in either the primal or dual prob
lems. If the primal problem is feasible and the solution is unbounded, this 
implies from the weak duality theorem that the dual problem is infeasible. 
Similarly if the dual is feasible and unbounded, the primal problem is in
feasible. Also assuming that the primal is feasible and the dual infeasible, 
the primal objective is unbounded. Assuming the dual is feasible and the 
primal infeasible, the dual objective w - -00. 

The duality theorem provides a stronger statement of the relationship 
of the primal and dual programming problems. 

Duality Theorem. If primal and dual problems are feasible, then 
both have optimal solutions and 

z* = w* 6.141 

Feasibility in both the primal and dual problems guarantees the optimality 
of either problem. Moreover, at optimality the values of the objectives are 
identical. 

The relationship between the primal and dual variables at optimality 
can be established using the complementary slackness theorem. 

Complementary Slackness Theorem. Aprimal-dual solution, x*, 
rr*, is optimal if and only if 

(CJ - I. aiJrr1) xj = 0, j = 1,2, ... n 
t=l 

6.142 

rrt (bi - i. aijX;) = 0, i = 1,2, ... m 
J=l 

6.143 

Complementary slackness is a series of equations relating the primal 
constraints and dual variables and the dual constraints and the primal vari
ables. At optimality, the equations require the corresponding dual (primal) 
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variable to vanish if the primal (dual) constraint is satisfied as a strict in
equality. 

Complementary slackness has an important economic interpretation. 
Assuming the primal constraints represent the resources utilized in the 
environmental system (the right hand side vector defines the maximum 
amount of each resource), Equation (6.143) states that if a surplus of the 
kth resource occurs, [bk - LJ=l akjxjJ > 0, then the corresponding dual 
variable, TT: has to be zero. The dual variables are the shadow prices or 
tradeoffs of the optimization problem. Increasing a resource when there 
already exists a surplus of the resource produces no change in the objec
tive of the problem. Primal variables that are nonzero imply that the dual 
constraints are satisfied as strict equalities; dual, nonzero variables also 
mean the corresponding primal constraints, at optimality, are equality con
straints. 

The development of primal and dual problems is illustrated in Table 
6.1. The Table details the relationship between the decision variables, con
straints, and objective of a general primal-dual programming problem. 

Table 6.1 Primal dual relationships. 

Primal Dual Primal Dual 
A At b Cost 

Primal 
c RHS 

Constraint i = 
TTi ~:5 0 

Primal Primal 
Constraint i :5 

TTi ~ 0 
Constraint i ~ 

TTi :5 0 

Primal Dual Primal Dual 
Variable j ~:5 0 Constraint j = Variable j ~ 0 Constraint j ~ 

Primal Dual 
Variable j :5 0 Constraint j :5 

maxz minw 

The following example problems illustrate the application of duality 
theory in linear programming. 
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Example Problem 6.12 

Develop the dual programming problem of the model, 

maxz = Xl +X2 

subject to: 
-Xl + X2 + X3 ::5 2 

-2XI + X2 - X3 ::5 1 

Xj ~ 0, 'ilj 

The example linear programming problem is in symmetric form. The 
dual programming problem can be expressed using Table 6.1. There are 
two primal constraints and two dual decision variables, 1TI and 1T2. The 
cost coefficient vector is the right hand side of the dual, c = [1 1]. The 
right hand side vector ofthe primal, b = [2 l]t is the cost vector of the dual. 
The primal constraints are all ::5 and the dual variables are nonnegative. The 
dual programming problem can be expressed as, 

subject to: 

Example Problem 6.13 

min w = 21TI + 1T2 

1TI + 1T2 ~ 1 

1TI - 1T2 ~ 0 

1TI, 1T2 ~ ° 

Determine the optimal solution of the following linear programming 
problem using complementary slackness (Philips et al., 1976). 

subject to: 
xI+2x2+2x3+3X4::520 

2XI + X2 + 3X3 + 2X4 ::5 20 

Xj ~ 0, 'ilj 

There are several approaches for solving the problem. We could solve 
the primal problem using the simplex algorithm, and then use complemen
tary slackness to identify the optimal values of the dual variables. An easier 
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and more direct approach is to recognize that the dual problem has only 2 
decision variables corresponding to the 2 primal constraints. The problem 
can be solved graphically and complementary slackness used to identify the 
optimal value of the primal decision variables. We illustrate this approach. 

The dual programming problem can be expressed using Table 6.1. The 
right hand side vector of the primal, b = [20 20]t is now the cost vector of 
the dual. Similarly, the cost coefficient vector of the primal, c = [1 2 3 4] 
is the right hand side of the dual. The primal constraints are :5 which 
indicates the dual variables are nonnegative. The primal variables are also 
nonnegative, and the dual constraints are all~. The dual optimization 
problem can be expressed as, 

subject to: 

min w = 201Tl + 201T2 

1Tl + 21T2 ~ 1 

21Tl + 1T2 ~ 2 

21Tl + 31T2 ~ 3 

31Tl + 21T2 ~ 4 

1Ti ~ 0, Vi 

Verify that the graphical solution of the optimization problem is 1Tt 
1.2, 1T; = 0.2, w* = 28. 

The solution of the primal problem can be developed using the duality 
theorem and complementary slackness. The dual problem obviously has a 
bounded feasible optimal solution and we conclude from the duality the
orem that z* = w* = 28. We first apply complementary slackness to the 
dual constraints, or 

[1-1.2-2(.2)]xi=0 ~ xi=O 
[2 - 2(1.2) - .2]x~ = 0 ~ x~ = 0 

[3 - 2(1.2) - 3(.2)]x; = 0 ~ x; ~ 0 

[4 - 3(1.2) - 2(.2)]x4 = 0 ~ x4 ~ 0 

We assume that x; and X4 are nonzero. The optimal value of the dual 
variables are > 0 implying, via complementary slackness, that the primal 
constraints are satisfied as strict equalities. Since, xi = xr = 0, the primal 
constraints become, 

2xj + 3x4 = 20 

3xj + 2X4 = 20 

Solving these two equations in two unknowns determines the optimal so
lution of the primal problem, x* = [004 4]t. 
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Example Problem 6.14 

What is the geometric interpretation of the complementary slackness 
conditions of linear programming? 

The complementary slackness conditions can be summarized in vector
matrix notation as 

Ax* :5 b, x* ~ 0, rr* [b - Ax*] = 0 6.144 

rr* A~ c, rr* ~ 0, [c - rr* A]x* = 0 6.145 

Introducing slack variables, sp = [SIp, ... , Smp] t for the primal problem, 
and surplus variables Sd = [SId, ... , Snd] for the dual, we have 

A * -b * 0 * 0 * * 0 x +sp-,x ~ ,sp~ ,rrsp= 6.146 

rr* A = c + s;!', rr* ~ 0, s;!' ~ 0, s;!'x* = 0 6.147 

The dual optimality conditions, Equation (6.147) can be expressed as 

c = rr* A + s;!' (-I), rr* ~ 0, s;!' ~ 0 

where I is the identity matrix. At the optimal solution, the c vector is a 
nonnegative linear combination of the rows of the coefficient matrix, A, 
and the rows of the negative identity matrix. The weights of the linear 
combination are the dual variables and the dual surplus variables. The 
gradient of the linear objective function, \l z = c, is the cost vector; the gra
dient vectors of the inequality constraints and nonnegative restrictions are 
A and -I, respectively. The objective gradient vector points in the direction 
of maximum increase (the preference direction) of the objective function. 
The gradients of the constraints represent outward pointing normals of the 
feasible region. Geometrically, at optimality, the preference direction is a 
linear combination of the outward pointing normals of the constraint set. 
(Example Problem 2.17 presents a similar analysis for the general nonlinear 
programming problem.) Verify this conclusion for the primal, maximiza
tion problem. 

As described by Intriligator (1971) the remaining complementary slack
ness conditions, Equation (6.146) and (6.147), require 

rr*s; = 0, slx* = 0 

These constraints can be interpreted as stating that no weight is given to 
the outward pointing normal for an inequality (nonnegativity) constraint of 
one problem, if a positive weight is given to the outward pointing normal 
for the nonnegative constraint of the dual problem, or 

rrt = 0 if s;i > 0 xj = 0 if Sjd > 0 
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TTt > 0 if S;i = 0 x; > 0 if s;d = 0 

Example Problem 6.15 
Investigate using classical optimization the linear programming prob

lem. 

We assume the linear programming problem is in standard form, or 

maxz = ex 

subject to: 
Ax=b 

x~o 

We introduce a series of Lagrange multipliers for each equality constraint, 
TTi, i = 1 ... , m. The nonnegative restrictions are replaced with the squares 
of new variables, Uj, or 

6.148 

The linear programming problem is now a classical optimization problem. 
Defining Yj as the Lagrange multiplier for the ph nonnegative constraints, 
the Lagrangian for the problem can be expressed as, 

n 
L(x, TT, y) = ex + TT[b - Ax] + 2: Yj(U] - Xj) 

j=l 

The first order necessary conditions are 

oL = Cj - TTjaj - Yj = 0, 'V j 
OXj 

oL - = bi - ajx = 0, 'V i 
OTTi 

oL = u2 _ Xj = 0 'V j 
OYj J ' 

oL = 2UjYj = 0, 'Vj 
OUj 

6.149 

6.150 

6.151 

6.152 

6.153 

where aj is the ph column of A and aj is the ith row of the A coefficient ma
trix. Multiplying Equation (6.153) by Uj and substituting Equation (6.150), 

we conclude uJYj = XjYj = Xj[cj - TTXj] = O. This is a restatement of com
plementary slackness for the dual programming problem. Furthermore, 
multiplying both sides of Equation (6.151) by TT yields the complementary 
slackness conditions for the primal problem, TTj[b i - ajx] = o. 
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6.10 MATRIX REPRESENTATION OF THE SIMPLEX 
METHOD 

The simplex algorithm generates a series of adjacent basic feasible so
lutions that iteratively improve the value of the objective function. The 
simplest starting point for the algorithm is a basis composed of slack or 
artificial variables. An adjacent extreme point is obtained by exchanging 
one vector in the basis with a nonbasic variable that moves the solution 
towards optimality. 

The general linear programming problem can be expressed as, 

maxz = cx 6.154 

subject to: 

[A I]x = b 6.155 

x~o 6.156 

where I is an identity matrix. We partition the x vector into two vectors, 
Xl and X2, where X2 corresponds to the decision variables associated with 
the initial starting basis, B = I; the remaining variables are contained in Xl. 

Similarly the cost vector is also partitioned into CI and C2 corresponding to 
Xl and X2. The linear programming problem can be expressed as 

6.157 

For any iteration of the simplex, the basic solution and the value of the 
objective function can be expressed as, 

6.158 

or, 

( z ) = (1 CBB- l ) (0) 
XB 0 B-1 b 6.159 

The value of the objective at any iteration is the product of the cost coeffi
cients of the basic variables and the current inverse of the basis matrix and 
the constant vector. The basic variables are the product of the inverse of 
the basis matrix and the b vector [see Equation (6.56)). 
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The general simplex tableau can be obtained by pre-multiplying both 
sides of Equation (6.157) by the matrix inverse defined in Equation (6.159), 

and, 

-C2) (z) = (1 CBB-l) (0) 
I Xl ° B-1 b 

X2 

6.160 

(~ CBB~~1A- CI CBB~~I- C, ) (i} (C~~;~b) 6.161 

The entire tableau at any iteration can be computed from the original prob
lem data and the inverse of the basis matrix. The constraint coefficients 
that are not a part of the initial basis, Xl. are the product of the cost co
efficients of the current basic variables, the basis inverse matrix and the 
original columns of A. The updated objective row coefficients are 

6.162 

Equations (6.161) and (6.162) are important in establishing the relation
ship between the primal and dual problems during the solution of linear 
optimization problems. Defining a new set of variables, 7T, as the product 
of the cost vector of the current basic variables and the inverse of the basis 
matrix, IT = cBB-l, we observe that the coefficients of Xl are the differences 
between the left hand and right hand sides of the dual constraints, i.e. the 
surplus in the dual constraints. These new variables, IT, are the dual deci
sion variables. At optimality, the coefficients in the primal objective row are 
all nonnegative ensuring the feasibility of the dual problem. The objective 
coefficients of X2 are the differences between the dual decision variables 
and the cost coefficients of the initial starting basis. For an all slack vari
able basis, the coefficients of X2 are the dual variables of the optimization 
problem. 

Example Problem 6.16 

Consider the linear programming problem presented in Section 6.5, 

subject to: 

maxz = 3Xl + 2X2 

-xl+2x254 

3Xl + 2X2 5 14 
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Assume the current basis is XB = [X3 X4 Xl] t. The basis inverse, B-1 is 

° 1) 1 -3 

° 1 

Determine the coefficients of the objective row and the columns associated 
with Xl and X2. 

Equation (6.162) can be used to determine the objective row coeffi
cients. The initial starting basis is X2 = [X3 X4 xs]t, and C2 = [0, 0, 0]. The 
objective row coefficients of X2 are 

c,B- I - c, = [0,0,3] (~ ! -D -[0, 0,0] 

= [0,0,3] 

Similarly, the Xl objective coefficients are 

CBB- I A-CI =[0,0,3]( ~ 
= [0, -5] 

~ -~)(-~ ;)-[3,2] ° 1 1-1 

The matrix coefficients of Xl and X2 are the product of the matrix in
verse and the original columns of A or from Equation (6.161), 

Verify that these results are identical to the coefficients presented in the 
second tableau, Section 6.6. 
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6.11 ECONOMIC INTERPRETATION OF THE DUAL 
PROBLEM 

259 

The primal-dual linear programs have several important economic in
terpretations. As discussed in Chapter 2, the Lagrange multiplier is a mea
sure of the sensitivity of the optimal solution to changes in the right hand 
side vector. In linear programming, the dual variables have a similar inter
pretation. 

We begin with the linear programming problem in standard form as 

subject to: 
n 

n 
maxz = L ejxj 

j=l 

L aijXj = bi, i = 1,2, ... ,m 
j=l 

Xj ~ 0, Vj 

The dual problem can be expressed as, 

subject to: 
m 

m 

min w = L biTTi 
i=l 

L aijTTi ~ ej, j = 1,2, ... , n 
i=l 

TTi unrestricted, Vi 

6.163 

6.164 

6.165 

6.166 

6.167 

6.168 

The cost coefficient in the primal problem, ej, is the marginal profit or 
return associated with activity Xj. The objective function is the total profit 
from all activities. Each constraint of the primal represents a limitation of 
the availability of a particular resource, bi. The matrix coefficients, aij, can 
be interpreted as the amount of resource i used per unit activity j. The left 
side of any constraint is then the total amount of that resource used in all 
activities or allocations. 

The duality theorem provides a set of necessary and sufficiency condi
tions for the equivalence of the primal and dual solutions. If both primal 
and dual have feasible solutions, they both have optimal solutions and 

n m 

L ejxj = L biTTi 6.169 
j= 1 i= 1 
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The left side of the equality, the primal objective, is the total profit or return. 
Since bi is the amount of resource i, the optimal dual variable, Tri, has units 
of dollars or return per unit of resource i. The dual variables measure the 
worth or value per unit resource. The dual variables are sometimes referred 
to as dual prices or shadow prices. 

The weak duality theorem also has an economic interpretation. From 
Equation (6.140), we have for any feasible primal and dual solutions, 

n m 

L CjXj :s; L biTri 6.170 
j=1 i=1 

The inequality requires that the total return or profit from all activities is 
less than the worth or value of the resources. The total return is the total 
worth only at optimality. 

As discussed in Section 6.10, the objective coefficients at any iteration 
of the simplex algorithm can be expressed as 

6.171 

where CB are the cost coefficients of the current basic variables and aj is the 
ph column of A. Replacing cBB-1 with the dual variables, we have 

Cj=Traj-Cj 

m 

= 2:: aijTri - Cj 
i=l 

6.172 

The coefficient of a primal variable is the difference between the left and 
right hand sides of the ph dual constraint. Recall that C j represents the 
per unit return of activity j. This implies that 2::1 aijTri also has units of 
dollars or return per unit of activity j. Since C j represents a return, the dual 
objective is a "cost" (they are of opposite sign). Tri represents an imputed 
cost per unit of resource i; 2::1 aijTri is the total imputed cost of all the 
resource used in the production of a one unit of j. We can reinterpret 
Equation (6.172) as 

$profit or loss/unit = $cost/unit - $return/unit 6.173 

In the simplex algorithm, as long as the cost coefficients, Cj :s; 0, the return 
per unit of activity j exceeds the imputed cost of using the resources per 
unit of j. Additional resources should be allocated to the activity. Con
versely, any objective cost coefficient that is positive implies that the im
puted cost of the resources is greater than its return; it is uneconomic. 
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6.12 THE REVISED SIMPLEX METHOD 
The revised simplex method is a common method for the computer

based solution of linear programming problems. In the revised simplex 
method, the tableau at any iteration can be generated from the original op
timization data and the inverse of the current basis matrix. As discussed 
by Dantzig (1963), the method has the advantages that (1) less data are 
stored or recorded from one iteration to the next, (2) fewer multiplications 
are required since the coefficient matrix is a sparse matrix (the matrix con
tains a significant number of zero coefficients), and (3) a simple rule exists 
that avoids degeneracy and the possibility of circling. Moreover for large 
problems, Gauss-Jordan row operations normally produce uncontrollable 
computer round-off errors. Since the original data are used in the problem, 
the accuracy of the solution can be controlled by controlling the roundoff 
error in evaluating B-1. 

In the revised simplex method, the product form of the inverse is used 
to update the basis matrix. Given a current basis at iteration i, Bi, the basis 
matrix at the next iteration, Bi+1 can be expressed as 

B-1 E B-1 
i+1 = i+1 i 6.174 

where Ei is a specially constructed matrix. The matrix is defined as 

6.175 

where ej is a unit column vector with a one in the ith position and zero 
elsewhere. S is constructed from the equations, 

6.176 

and, 
-af f a; 
-a~ f a; 

s= 

-at fat m r 

where .e denotes the incoming vector and r the exiting basic variable (row). 
If a; = 0, then Bi}1 does not exist. 
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The product form can be illustrated by considering the successive ap
plication of Equation (6.174). For the second iteration, B2"l = E2Bl1 
E2E11. Similarly for the third iteration, Bj"l = E3B2"1 = E3E2E11, and 

6.177 

The calculation of the product form of the inverse is presented in Example 
Problem 6.17. 

The product form of the inverse is used to control the roundoff errors 
occurring during the solution of the optimization problem. It should be 
stressed however, that the essential steps of the simplex algorithm are un
changed. The computational rules for selecting the entering and exiting 
basic variables and establishing optimality, feasibility, and unboundedness 
are the same rules as presented in Section 6.B. 

Another variant of the simplex algorithm is the dual simplex method. 
It has important applications in sensitivity analysis, parametric program
ming, and the solution of integer and nonlinear programming problems. 
Details of the algorithm are presented in Philip et al., (1976). 

Example Problem 6.17 

The current inverse of the basis matrix at iteration i is given as 

( 
1/2 -1/4 

Bi 1 = 0 1/2 
-2 1 

It has been determined that the third column of the basis matrix is to be 
replaced by a3 = [2 1 sF; the third row is the pivot row. What is the new 
inverse of the basis matrix (Taha, 1992). 

The first step in the evaluation of the basis is to determine the "revised" 
column, (X3, 

-1/4 
1/2 

1 
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Since £x~ = 2, sis 

(
-(3/4)/2) s = -(1/2)/2 

1/2 

(
-3/8) 

= -1/4 
1/2 

The new basis inverse is from Equation (6.174), 

1 0 -3/8) ( 1/2 -1/4 
o 1 -1/4 0 1/2 
o 0 1/2 -2 1 

5/4 -5/8 -3/8) 
1/2 1/4 -1/4 
-1 1/2 1/2 

6.13 SENSITIVITY ANALYSIS 
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Sensitivity analysis in linear programming evaluates the impact of changes 
in the input-output coefficients of the A matrix, the cost coefficients, and 
the right hand side vector on the optimal solution. Sensitivity analysis is im
portant in engineering systems for several reasons. The stability of the op
timum solution under parameter changes can be critical. Slight variations 
in cost coefficients, could possibly, produce major changes in the objective 
function (this was illustrated in Example Problem 6.4). The input-output 
coefficients, the objective and the constant vector are also to some extent 
controllable. It is important to assess what impacts, if any, will result from 
altering these parameters. Also, the constraints of a linear optimization 
model are at best, approximations of the environmental system's underly
ing hydraulic and mass transport equations. The system parameters are 
also known with less than certainty. Sensitivity analysis defines the ranges 
of these values where the solution is still an optimum. 

We first examine the impact of changes in the objective coefficients on 
the optimal solution. 



264 6.13 Sensitivity Analysis 

6.13.1 CHANGES IN THE COST COEFFICIENTS 
Variation in the cost coefficients of the objective function require only 

the reevaluation of the objective row since they do not affect the feasibility 
of the optimization model. The effects of cost changes on the objective row 
can be determined directly from Equation (6.162), 

6.17B 

where 1T is again a row vector of dual variables, 1T = cBB- l , and C2 corre
sponds to cost coefficients associated with the initial, starting basic vari
ables (X2). 

If the updated cost coefficients contain negative coefficients, the most 
negative coefficient is selected as the incoming basic variable and the op
timization continues. Nonnegative objective coefficient imply that the cur
rent solution remains optimal. 

As was discussed in Chapter 6.lO, the basis matrix, B, the basic vari
ables, XB and their associated cost define the entire tableau at any iteration 
of the simplex. Sensitivity analysis is predicated on this observation. Exam
ple Problem 6.1B illustrates how changes in the objective coefficients affect 
the optimization. 

Example Problem 6.18 

In Example Problem 1.3, a water quality management problem was for
mulated as a linear programming problem. Defining Xl and X2 as the 
amount of waste removed at point source 1 and 2 respectively, the opti
mization model can be expressed as 

subject to: 

minz = 1000Xl + BOOX2 

Xl ~ 10 

Xl :s 20 

X2 :s 14 

.BXl +X2 ~ 16 

Investigate the optimality of the problem assuming the marginal costs of 
treatment have increased to $2000 and $1500 per unit of waste removed, 
respectively. 
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The coefficient matrix at optimality is 

A=( 
1 0 -1 0 0 

J) 0 0 1 0 1 
0 1 -.8 0 0 
0 0 .8 1 0 

Assume the inverse of the basis matrix, B- 1, at optimality is 

(
1 0 0 0) 

B- 1 = 0 0 0 1 
o 100 
o 0 1 0 

The current basic variables are XB = [Xl X2 X4 Xs]t. 

The revised linear programming objective can be expressed as, 

maxz = -2000Xl - 1500x2 

The cost coefficients of the basic variables are: 

CB = [cl C2 C4 CS] = [-2000, -1500,0, 0] 

The dual variables can be determined from the equations, 

IT = cBB- 1 

= HOOD, -2500,0, OJ (~ ! ~ ~) 
= [-2000,0, -1500, 0] 

The new objective coefficients are calculated using Equation (6.178). Note 
that it is not necessary to recompute the objective coefficients for the cur
rent basic vectors, since they are always equal to zero. The nonbasic vari
ables objective coefficients are, 

(

-1 

[c3 C6] = [-2000,0, -1500, 0] _.~ 
.8 

= [3200, -1500] 

~) - [0 0] 

-1 

Since the coefficient of X6 is negative, the current solution is nonoptimal. 
Verify the new solution's optimal cost is $32,000. 
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6.13.2 CHANGES IN THE COEFFICIENT MATRIX 

Changes in the coefficients of the A matrix associated with nonbasic 
variables affect only the optimality of the current solution. The impact on 
the optimal solution can be determined by updating the cost coefficients 
associated with nonbasic variables. Provided the coefficient is nonnegative, 
the current solution remains optimal. If not, the simplex is again initiated. 

Variations in the input-output coefficients of basic variables change the 
basis matrix and the solution. The most direct way of incorporating these 
changes is to resolve the entire problem with the simplex algorithm. 

The following example problem illustrates the approach for nonbasic 
variables. 

Example Problem 6.19 

Investigate the effects of changes in the coefficients of X2, a12 = 4 and 
a22 = 3, on the optimal solution of the linear programming problem (Taha, 
1992), 

maxz = 4Xl + X2 

subject to: 
Xl + 2X2 + X3 = 6 

-Xl + X2 + Xs = 1 

X2 + X6 = 2 

The optimal solution of the linear program is 

The inverse of the basis matrix is given as 

( 
1 -1/2 

B-1 = 0 1/2 
o 1/2 
o 0 

o 
o 
1 
o ~) 

Assume the initial basis for the problem consists of the slack variables, 
C2 = [X3 X4 Xs X6]t. 
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The optimality of the perturbed solution is determined by evaluating 
the updated cost coefficient of X2. The dual decision variables are, 

IT = cBB- 1 

~[4000]( 
1 -1/2 0 

~) 0 1/2 0 
0 1/2 1 
0 0 0 

=[4-200] 

Introducing the new column a2 = [4 3 1 1] t, the updated cost coefficient 
for X2 can then be expressed 

[2 = cBB-1az - C2 

~ [4000] ( 

1 -1/2 0 

~) (i)-I 0 1/2 0 
0 1/2 1 
0 0 0 

= 10 - 1 

=9 

The objective coefficient is nonnegative and does not affect the optimality 
of the current solution. 

6.13.3 CHANGES IN THE CONSTANT VECTOR 
Changes in the constant vector, b, affect only the basic variables, XB = 

B-1 b since the basis itself is unchanged. The updated values of the ba
sic variables and the objective function can be determined from Equation 
(6.159). In the event of infeasibility ofthe solution, the dual simplex method 
is used to identify a new basic feasible solution. The approach is discussed 
in Taha (1992). Example Problem 6.20 illustrates the methodology. 

Example Problem 6.20 

In the optimization model presented in Example Problem 6.19, assume 
the first resource constraint changes from 6 to 7. Determine the impact on 
the optimal solution (Taha, 1992). 

The new constant vector is b = [7 8 1 2] t. The updated basic variables, 
XB = [Xl X3 Xs X6]t are given as 



268 6.14 Large-Scale Linear Programming Models 

-1/2 
1/2 
1/2 
o 

o 
o 
1 
o 

The basic solution remains a basic feasible solution; the basis is unchanged. 
The value of the objective function is now, 

Z = cBB-1b = [4 -2 00][34 5 2F = 4 

6.14 LARGE-SCALE LINEAR PROGRAMMING MODELS 

6.14.1 COMMERCIAL CODES 

A variety of commercial linear programming codes are available from 
computer manufacturers and private companies. The codes vary in their 
complexity, ease of use, and cost. Sophisticated linear programming codes 
referred to as mathematical programming systems have been used to solve 
problems with 20,000-50,000 constraints and virtually an unlimited num
ber of decision variables. IBM's MPS optimization package and Management 
Science Systems' MPS-III are example of these large-scale linear program
ming packages. Small and moderately sized linear programming problems 
can be solved using commercially available spreadsheet programs. Front
line Systems Inc. (http://www.frontsys.com). developers of the optimiza
tion routines included with these three spreadsheet programs, also sells 
an upgraded version of the solver package that can solve much larger lin
ear and nonlinear optimization problems. An excellent resource for op
timization packages can be found at the Optimization Technology Center 
(http://www.ece.northwestern.edu/OTC/). The resources of the center in
clude descriptions of free and commercial optimization packages, descrip
tions of optimization algorithms, and tutorial materials on optimization. 
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6.14.2 MATRIX GENERATORS AND MPS DATA 

Large-scale mathematical programming problems typically require a 
computer program to translate the input data, the cost coefficients, the 
input-output coefficients, and the constant vector, into the proper format 
for the optimization algorithm. The programs that transform the opti
mization data are known as matrix generators. The input format of many 
commercially available optimization packages is known as MPS format, an 
acronym for mathematical programming system. 

MPS format consists of a series of card images defining the nonzero 
constraint coefficients (aij), the objective costs (Cj), and constant vector 
(bi) of the linear optimization problem. The data requirements include 

• a NAME card which specifies the name of the optimization prob
lem, 

• a ROWS section that details the type of constraints of the optimiza
tion model, 

• the COLUMNS section that defines the column or variable number 
or name, the row in which the variable appears, and the coefficient 
of the decision variable, 

• the RHS section that presents the nonzero right hand side element 
of the linear programming problem, 

• a BOUNDS section that specifies the bounds on the decision vari
ables (nonnegativity restrictions are the default), and 

• an ENDATA card. 

The variables and data set names of the MPS data are composed of 
from one to eight characters in any order from A through Z and 0 through 
9. Numerical input is limited to a maximum of 12 characters including the 
decimal point. The data and format requirements are summarized in Figure 
6-9. Note that the data are located primarily in Columns 5-12, Columns 15-
22, and Columns 25-36. 

The first card image of the MPS data is the NAME card. The name of 
the optimization problem is placed in Columns 15-22. 

The rows section of the MPS data defines the types of rows or con
straints of the linear programming problem. The first card image is the 
statement ROWS beginning in Column 1. Subsequent card image data are 
entered in Columns 2-3 and Columns 5-12. The first field, Columns 2-3, 
indicates the type of row of the optimization model. The choices are: 

• N-no relationship or the row defining the objective function 
• G-greater than or equal to constraint (2!) 

• L-a less than or equal to constraint (::5) 

• E-an equality constraint (=) 
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D1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9 0 
N A M E Problem NameD 
ROWS 

Type Row Name 
COLUMNS 

Variable Name 
R H S 

Right Hand Side Name 
B 0 U N D S (Optional) 

Type Bound Set Name 
ENDATA 

Figure 6-9 MPS data format. 

Row Name 

Row Name 

Variable Name 

Coefficient 

RHS 

Bound 

The name associated with the constraint is placed in Columns 5 - 12. It 
is often useful to define the constraint names corresponding to the physical 
meaning of the constraint. For example, mass balance equations could be 
represented as MASS B1, MASS B2. A water demand constraint could be 
described by the row name, WAT DEM. The only limitation is a maximum 
of 8 characters. 

The next entry in the MPS data is the COLUMNS statement beginning 
in Column 1. The following data specify for each decision variable the 
nonzero coefficients of the constraints and the objective row. All data for 
one decision variable are entered prior to the input of data for the next 
decision variable. The name of the decision variable is placed in Columns 
5-12. Again descriptive names are useful in interpreting the output of the 
optimization. For example, PUMP11 could represent the pumping occurring 
during planning period 1 at location 1. TREA Tl could specify the amount of 
wastewater treatment at site 1. The second field of the COLUMNS data is the 
row of the constraint matrix where the nonzero coefficient is located. The 
rows are again referenced to the input data defined in the ROWS section. 
The third field of the card image contains, in Columns 25-36, the coefficient 
of the decision variable in the constraint matrix. 

The nonzero right hand side data are presented in the next section of 
the MPS file. The first card image is RHS. The following card images define 
the name of the right hand side in Columns 5-21, the name of the row in 
Columns 15-22, and the right hand side value in Columns 25-36. The right 
hand side name is a unique name for the constant vector of the optimization 
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model. It is possible to solve a series of linear optimization models with 
differing constant vectors by inputting different right hand side names. 

The final data set contains any lower or upper bound information on 
the decision variables. The default bounds for MPS data are the nonnegativ
ity restrictions. Any relaxation of these bounds is speCified in the BOUNDS 
section. The first card image is BOUNDS beginning in Column 1. It is op
tional if there are no bounds. The follOwing data contains the type of bound 
in Columns 2-3, the bound set name in Columns 5-12, the name of the de
cision variable located in Columns 15-22, and the actual bound in Columns 
25-36. The bound set name is a descriptor referring to the particular set of 
bounds for the optimization problem. For an optimization problem with a 
single set of upper and lower bounds, the bound set name is the same for 
all of the bounds. The types of bounds that are possible include, 

• UP-upper bound, the variable cannot exceed this value 
• LO-lower bound, a variable is greater than or equal to this value 
• FR-designates a free or unconstrained variable, Xj ~~ 0, 
• MI-a variable whose lower bound is minus infinity, Xj ~ -00. 

The MPS data concludes with the statement ENDATA, beginning in Col
umn 1. The following example problem illustrates MPS format for a simple 
linear programming problem. 

Example Problem 6.21 

Develop the MPS data file for the linear programming problem, 

subject to: 
-Xl + X2 + X3 = 4 

-Xl + X2 - X3 ~ 6 

We define the variables of the MPS data as Xl,X2, and X3. The rows 
of the optimization are CONI and CON2 representing the first and second 
constraints of the optimization model. The objective row is named ZOBJ. 
Bounds data are necessary for this problem since Xl has a lower bound of 
- 00 and X3 is a free variable. The right hand side and bound set names are 
RHSI and BNDSl, respectively. 

The MPS data for the problem is presented in Figure 6-10. 
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Figure 6-10 MPS file Example Problem 6.21. 

6.14.3 COMPUTATIONAL EFFICIENCY 
The computational efficiency of the simplex algorithm has been ana

lyzed in a variety of studies. Although the algorithm is not the most ef
ficient, since it examines only adjacent basic feasible solutions, (only one 
variable at a time is changed), variants of the algorithm have not signifi
cantly altered the total computational time. Empirical experience indicates 
that the number of iterations of a mx n linear programming problem ranges 
between m and 3m; a practical upper bound for the number of iterations 
is 2(m + n). The computational time varies approximately as the cube of 
the number of constraints, m 3• 

The following example problems illustrate the spreadsheet solution of 
a linear programming problem and the development of a matrix generator 
for a large-scale reservoir planning problem. 
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Example Problem 6.22 

Solve the linear programming problem using spreadsheet analysis, 

maxz = X4 - Xs 

subject to: 

Xj ~ 0, Vj 

The linear programming problem is a formidable problem to solve man
ually with the simplex algorithm. The model requires 4 artificial variables, 
and the initial solution is degenerate. The spreadsheet solution in contrast 
is relatively straightforward. 

The spreadsheet solution does not require standard form for the linear 
program. As shown in Figure 6-11, the left-hand side of each constraint is 
placed in a computational element or cell. The formulas for the constraints 
are referenced to cells that will contain the optimum value of the decision 
variables. In this example, the decision variable, Xl - xs, will be located 
in cells A10 - E10. The left hand sides of the constraint equations are 
contained in cells A 1-AS. For example, cell Al contains the first constraint, 
2X2 - X3 - X4 + Xs which is expressed relative to the cells containing the 
decision variables, as 2*BlO-ClO-D10+E10. The objective row (equation) 
is placed in E1; the cell contains +D10 - E10, i.e. z = X4 - Xs. 

The optimal solution of the programming problem is found using the 
SOLVER option of the spreadsheet. This option defines the types of con
straints, (~, = ::5) and, via the ADD option, inputs the right hand sides of 
each constraint. It also specifies whether the objective is maximized or 
minimized. The optimal solution is a degenerate solution and is shown in 
Figure 6-11. The optimal value of the objective is, Z :::::: O. 
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1 0.0 Constraint 1 0.0 Objective 
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Figure 6-11 Spreadsheet solution of Example Problem 6.22. 

Example Problem 6.23 
The releases from the reservoir system shown in Figure 6-12 are to be 

developed using linear programming. Formulate the optimization model, 
describe the development of a matrix generator, and develop an optimal 
release policy. 

The reservoir system shown in Figure 6-12 is similar to the systems 
problem presented in Example Problem 2.2. We assume, in lieu of cost 
data, the problem is to determine the maximum uniform release, R, and to 
minimize the reservoir capacity, K. The mathematical model of the reser
voir system, which is based on mass conservation, relates the storage vol
umes over successive monthly time periods, the reservoir inflows during 
the period, It, and any monthly excess release, Rt , or 

St+l = St + It - R - Rt, 'Vt 6.179 

where St is the storage volume at the beginning of period t. These mass bal
ance constraints are written for each planning period over the operational 
horizon. 

The reservoir capacity limitation states that the storage volumes for 
any time period cannot exceed the capacity, or 

6.180 

The objective function maximizes the monthly uniform yield, R, and 
minimizes the reservoir capacity, K, or 

maxz = R - AK 6.181 

where A is the tradeoff between the yield and the capacity and the negative 
sign accounts for maximizing - K. The tradeoff represents the variation in 
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Figure 6-12 Reservoir system. 

the uniform release per unit change in the active storage capacity of the 
reservoir. The nonnegativity constraints of the model are, 

6.182 

The linear programming problem is a multiobjective optimization prob
lem involving maximizing the release and minimizing the capacity. We ap
proach the solution of the problem by replacing the composite objective 
with, 

maxz = R 6.183 

and assume that the active storage capacity is known. We then solve a se
quence of linear optimization problems by parameterizing the storage ca
pacity. The tradeoff between R and K can be determined from the solutions 
of the linear programming problem. Each solution generates one point on 
the tradeoff curve, a single maximum uniform release and reservoir storage 
capacity. 

We illustrate this methodology by applying the optimization model to 
the Mad River System in northern California. The historical inflows for the 
reservoir consist of 64 years of monthly streamflow (a total of 768 monthly 
planning periods). The optimization model consists of 768 storage con
straints and 768 capacity limitations. The number of decision variables in
clude 768 storage volumes, the 1 uniform release, and 768 excess releases. 
There are a total of 1537 decision variables excluding the nonnegative re
strictions and any slack variables or artificial variables. 

The development of the constraint set for this moderately sized op
timization problem requires a matrix generator. The matrix generator is 
a computer program that translates the input data defining the reservoir 
inflows and constraining equations into MPS format. The development of 
the matrix generator is based on the structure of the A coefficient matrix 



276 6.14 Large-Scale linear Programming Models 

of the reservoir problem. The constraints for a 3 time period problem can 
be expressed as 

52 - 51 + R + R1 = h 
53 - 52 + R + R2 = 12 

54 - 53 + R + R3 = h 

51 = 50 

The decision variables of the model are the storages and excess releases for 
any time period and the uniform release, or x = [51 52 53 54 R R1 R2 R3Jf. 
The coefficient matrix and the objective row are illustrated in Table 6.2. The 
matrix is a sparse matrix-it has a relatively large number of zero coeffi
cients. The first three equations are reservoir continuity equations for the 
3 planning periods. The fourth equation is an equation defining the stor
age volume at the beginning of the planning horizon. The objective row, 
max z = R, is the fifth row of the coefficient matrix. 

Table 6.2 Reservoir planning problem constraint set. 

Storage Volume Uniform Release Excess Release Constraint 

51 52 53 54 R R1 R2 R3 
-1 1 0 0 1 1 0 0 Mass Balance 1 

0 -1 1 0 1 0 1 0 Mass Balance 2 
0 0 -1 1 1 0 0 1 Mass Balance 3 
1 0 0 0 0 0 0 0 Initial Storage 
0 0 0 0 1 0 0 0 Objective 

The input data requirements of commercial linear programming codes 
require the nonzero coefficient matrix, cost vector, and constant vector 
data. The nonzero data in the example problem consists of an identity 
matrix for the excess releases, a unity vector for the uniform release, and 
a series of 1 and -1 for the storage volumes. The capacity constraints are 
not shown but will be incorporated in the BOUNDS sections of the MPS data. 

The MPS data for the 3 period reservoir optimization problem is sum
marized in Figure 6-13. The first three constraints, Rl - R3 are equality 
constraints expressing the reservoir mass balance over successive planning 
periods. The fourth constraint defines the initial reservoir storage volume; 
the constraint's name is SINITAL; it is also an equality constraint. The ob
jective which is designated as N is referred to as ZOBJ. 

The columns section of the MPS data is a column by column summary 
of all of the nonzero coefficients associated with all of the decision vari
ables. Beginning with 51, the storage volume at the beginning of period 1, 
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Figure 6-13 MPS file for reservoir problem. 

the variable appears in the first mass balance equation, R1, and the equa
tion defining the initial storage volume, SINITAL. The coefficients in the 
matrix are -1 and + 1 respectively. The uniform release decision variable, 
RUNIFORM, appears in each of the mass balance equations, R1-R3, and the 
objective row. Its coefficient is 1. The excess releases, Rl-3, appear only in 
the mass balance equations. 

The right-hand side section of the model, RHS, details the constant 
vector data for the problem. The right hand side values for the mass balance 
equations contain the inflows to the reservoir occurring during these time 
periods (0., 177.3, and 527.4 acre-feet). The constraint, SINITAL, is the 
initial storage volume of the reservoir, 11,000 acre-feet. 
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The BOUNDS section of the data contain any bounds information about 
the decision variables. The capacity limitations are represented here rather 
than in the constraint set because it is computationally more efficient (see 
previous discussion). The storage volumes are all upper bounded at 52,000 
acre-feet, the assumed reservoir capacity. 

The optimization model was solved using MINOS, a large-scale opti
mization algorithm. The storage capacity of the reservoir was parametri
cally varied from 22,000 to 72,000 acre-feet. The initial storage volume was 
also changed from 11,000 to 30,000 acre-feet. 

The results of the optimization are shown in Figure 6-14. The maxi
mum uniform release is shown versus the active capacity of the reservoir 
system. The slope of the piecewise curve is the tradeoff between the maxi
mum uniform release and the storage capacity. The tradeoff, for an initial 
storage volume of 11,000, is essentially zero for a storage capacity exceed
ing 62,000 acre-feet. The maximum uniform release increases with a higher 
initial storage volume. The planning model can be extended to develop 
operating policies and the probability density functions for the reservoir 
storages and releases (Willis et aI., 1984) . 
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Figure 6-14 Release-storage tradeoffs. 
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6.15 CASE STUDY 1 - GROUNDWATER PLANNING 

The development of groundwater to satisfy municipal, industrial or 
agricultural water demands is a common problem in environmental man
agement. The decision variables of these models determine the location, 
magnitude, and duration of groundwater pumping, i.e. the groundwater 
pumping schedules. The pumping schedules are selected to as to minimize 
the capital and operational costs or maximize the net benefits associated 
with groundwater development. Constraints may also be introduced in the 
planning model to minimize well interference effects or groundwater qual
ity impacts, prevent excessive drawdown or depletion of the groundwater 
system, or to link the groundwater pumping schedules with surface water 
resources (the conjunctive use management problem). 

The case study illustrates the application of linear programming for 
the development of optimal groundwater pumping schedules in the Yun 
Lin basin, Taiwan. 

6.15.1 INTRODUCTION 

The Yun Lin basin in southwestern Taiwan is the second largest agri
cultural production region of the Republic of China (Figure 6.CS1-1). The 
region's subtropical climate, hydrology, and soil types are ideally suited for 
the production of paddy rice, tobacco, sugar cane, and a variety of fruits 
and vegetables. The increasing demand to expand agricultural productions 
has produced declining well yields and groundwater withdrawals. Ground
water extractions which are estimated as 8.6 x 105 m3/day have exceeded 
the natural recharge occurring in the aquifer system. This disequilibrium 
has resulted in saltwater intrusion; the attendant annual economic loss is 
estimated as approximately $1,000,000. 

Water resources in the basin are distributed via the Cho Shui, Fu-Wei, 
Si-Lo, and Tou-Liu irrigation systems. Each irrigation district, which is ad
ministered by the Yun Lin Irrigation Association, distributes the surface and 
groundwater via canals to the irrigated areas of the basin. The Association 
also controls the allocation of surface water originating from the Cho Shui 
River and groundwater from over 500 wells in the basin. The total irrigated 
area is approximately 43,260 hectares. 

The Yun Lin groundwater basin is a leaky aquifer. The aquifer, located 
in the Cho Shui alluvial fan, is composed primarily of consolidated sand and 
gravel materials. The aquifer depth ranges from 40 m in the eastern portion 
of the basin to more than 1000 m in the southwestern or Peikang region of 
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Figure 6.CSl-l Yun Lin basin, Taiwan. 

the aquifer. The Cho Shui River, which forms the northern boundary of the 
aquifer, is a source of recharge for the groundwater system. 

A series of mathematical simulation models were developed by the Tai
wanese groundwater hydrologists to predict the time and spatial variation 
in the water levels in the Yun Lin basin. These models were calibrated and 
validated following a review of well log data, groundwater contour map in
formation, and pumping test data for over 350 wells in the groundwater 
basin. Further details of the model developed and validation are discussed 
in Willis and Liu (1984). 

6.15.2 GROUNDWATER OPTIMIZATION MODEL 
The planning problem under consideration in the Yun Lin basin is the 

allocation of groundwater to various agricultural water demands or irriga
tion water systems within the basin. The decision variables of the model 
are the groundwater extractions in time period t, Qt, The objective of the 
planning model is a function of the state variables of the groundwater sys
tem, the hydraulic head in time period t, h t , and the extractions. Assuming 
the objective is to minimize the total water deficit in the baSin, st, and to 
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maximize the head levels, a surrogate for minimizing the operational costs, 
the bi-objective function can be expressed as 

maxz = II [S~ + Ah~] 6.CS1.1 
t Ii 

where .fl denotes the irrigation system, S}, is the irrigation deficit in system 
.fl, time period t, and h~ is the hydraulic head in the system. The hydraulic 
head is the sum of the individual hydraulic heads at each nodal point in 
the irrigation system. A is the weight or preference associated with the 
head objective. The objective weights (1) represent the relative priority of 
the individual objectives and (2) transform the individual objectives into a 
composite objective function (see Chapter 7.11). 

The decision variables are constrained by possible well capacity restric
tions on the individual wells, and upper and lower water level constraints. 
These constraints limit the permissible variation in the hydrauliC head to 
prevent excessive drawdown and to minimize potential subsidence effects. 
Defining r as an index set defining the location and magnitude of these 
bounds, the constraints can be expressed as 

6.CS1.2 

The planning model is also constrained to satisfy the water demand in any 
planning period and irrigation system, -e, or 

L Q~ + SWi + S} = D~ - p} 6.CS1.3 
iEIi 

where D~ is the water demand in irrigation system.fl in time period t, pi is 
the effective precipitation in period t, SWi is the available surface water in 
period t, irrigation system.fl. 

The management model is also constrained by the mathematical model 
of the groundwater system. In this example, the hydraulic equations of the 
aquifer system can be described by the linear system of equations, 

6.CS1.4 

where Al and A2 are coefficient matrices dependent upon the hydrauliC pa
rameters of the groundwater system. These response equations are imbed
ded directly in the constraint set of the optimization model. 

The optimization model is a bi-objective linear programming problem. 
The model has 217 constraints and 288 decision variables not counting 
slack, surplus, or artificial variables. The optimization model was solved 
using CDC's APEX linear programming package. 



282 6.15 ease Study 1 - Groundwater Planning 

6.15.3 MODEL APPLICATION 

Initially the linear programming model was used to assess the existing 
dry season groundwater extraction policy with the optimized extraction 
pattern. Table 6.eS1.1 summarizes the results of the optimization analysis. 
Using the historical well capacity restrictions and a lower bound of -20 
m (relative to mean sea level), the optimization model decreases the water 
deficits in the eho Shui and Tou Uu Irrigation districts. The deficits increase 
slighty in the Fu Wei and Si Lo systems. The optimization model increases 
the extractions in the more highly permeable regions of the aquifer and 
reduces the withdrawals in the Si Lo and Fu Wei irrigation areas. 

Table 6.eS1.1 Yun Un basin optimization results. 

Deficits Cho Shui Si Lo Fu Wei TouUu 

m3/day (106) 

Historical 3.820 2.889 0.779 5.453 

Q::s; 15000 3.761 2.843 0.739 5.414 

Q::s; 50000 3.691 2.663 0.614 4.995 

A series of sensitivity analyses were performed with the optimization 
model. Figure 6.CS1-2 depicts the variation in the total water deficit as 
the head lower bound changes. Reducing the bound from - Sm, the water 
deficit decreases by approximately 4.4 x 105 m3/day. A piecewise nonlinear 
relationship exists between the head and the irrigation deficit. 

The relationship between the well capacity constraints and the total 
water deficit is presented in Figure 6.eSl-3. Predictably, increasing the 
available well capacity, decreases the total deficit. The marginal rate of 
change of the deficit and the pumping upper bound is -2.137 x 10-5• 

The tradeoff between the water deficit and the total head (the opera
tional cost) is shown in Figure 6.eS 1-4. The tradeoff curve was generated 
by parametrically varying ,\ in the objective function (the weighting method 
of multiobjective programming). The resulting optimal objective values de
fine the objective transformation curve of the problem. The slope of each 
piecewise linear segment of the curve represents the ratio of the change 
in the total deficit and the total hydraulic head. The largest change in the 
objective tradeoff occur when the total head exceeds 2.17 x 106 m. 
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6.15.4 CONCLUSIONS 

11.0 

The groundwater development model has demonstrated that 

283 

a. the optimization model can be used to Significantly reduce the to
tal water deficits occurring in the Yun Lin basin without degrading 
the basin below the existing groundwater conditions. 

b. the well capacities can be increased to further reduce overall water 
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deficit. This does not increase the likelihood of saltwater intrusion. 
c. the water deficit is a nonlinear function of the head lower bound 

and the well capacity limitations. 
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PROBLEMS 

Simplex Algorithm 

1. Solve the following linear programming problem graphically and with 
the simplex algorithm: 

subject to: 
Xl + 2X2 + X3 = 8 

2Xl + X2 ::5 2 

-Xl + X2 = 4 

X2::5 4 

2. Use the two-phase method to solve the linear programming problem, 

subject to: 
3Xl + X2 = 3 

2Xl + 8X2 ~ 5 

2Xl + 2X2 ::5 3 

3. Investigate, using the simplex algorithm, alternative optima for the so
lution of the linear programming problem (Taha, 1992). 

subject to: 

4. Solve the linear programming problem using the simplex algorithm. 
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subject to: 
4Xl + 3X2 + X3 = 12 

5Xl + 2X2 + X4 = 10 

X2 + Xs = 3 

Xj;O: 0, Vj 

287 

5. Solve using the simplex algorithm, the linear programming problem, 

subject to: 

What are the complementary slackness conditions for the primal prob
lem? What are the optimal values of the primal and dual objectives? 

6. Solve, using the simplex algorithm, the linear programming problem 

maxz = -30Xl - 30X2 - lOx3 

subject to: 

What is the optimal value of the dual objective? 

7. Using the simplex algorithm, investigate the solution of the linear pro
gramming problem, 

subject to: 
3Xl - X2 :=:; -3 

4Xl + X2 :=:; 2 

Formulate the dual of the problem. What is the optimal value of the 
dual objective? Why? 

8. Solve, using the simplex algorithm, the linear programming problem. 
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subject to: 
Xl + X3 = 4 

2X2 + X4 = 12 

3XI + 2X2 + Xs = 18 

Xj ~ 0, Vj 

6 Problems 

What is the dual programming problem? What are the primal comple
mentary slackness conditions? (Hillier and lieberman, 1990) 

9. Solve the linear programming problem using the simplex algorithm 
(Philips et al., 1976). 

subject to: 
Xl + 2X2 + 2X3 + X4 = 8 

3XI + 4X2 + X3 + Xs = 7 

x~O 

Identify at each iteration, (a) the value of the objective function, (b) the 
basic and nonbasic variables, and (c) the inCOming and exiting variables. 

Standard Form 

10. Transform the following linear programming problem into standard 
form: 

subject to: 
Xl - X2 ~ 10 

Xl + X3 = 20 

Xl + X2 + X3 + X4 ~ 16 

Xl ~ 0,X2,X3 ~ 0,X4 free variable 

11. Consider the linear programming problem, 

subject to: 
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Xl - X3 + Xs ~ 10 

Xl + Xz + 5x4 = 7 

XI,XZ,X3,X4 :2: 0, Xs free variable 

Write the problem in standard form. 

Duality 

12. Construct the dual programming problem for the primal problem, 

subject to: 

-Xl + 5xz ~ 3 

4Xl + 7xz ~ 8 

Xl free variable, Xz ~ 0 

289 

13. The follOwing linear programming problem depends on the two param
eters p and q: 

maxz = Xl -Xz 

subject to: 

Xi ~ 0, Vi 

Formulate the dual problem. For what values of (p, q) does a unique 
solution exist? Assume the dual variables are positive. 

14. What is the dual programming problem for the linear programming 
problem presented in Problem 4? What is the optimal value of the dual 
objective? 

15. What is the dual program of the linear programming problem in stan
dard form, 

maxz = ex 

subject to: 
Ax=h 

x~O 

Verify that the dual of the dual is the primal problem. 
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16. Show that the solution to the following set of linear inequalities (x*, y*) 
solves the linear programming problem and its dual: 

Ax:::; b, x ~ 0 

yA ~ e, y ~ 0 

yb:::; ex 

17. Formulate the dual problems of the linear programming problems pre
sented in Examples 6.4 and 6.9. Using the solutions provided in the 
example problems, state the solutions to the dual problems. Provide 
an economic interpretation of the dual solution. 

Complementary Slackness 

18. Show, using complementary slackness, that the solution to the follow
ing linear programming problem, x is not optimal. 

subject to: 

maxz = 10Xl + X2 + X3 

Xl - 2X2 + X3 :::; 4 

4Xl + X2 + X3 :::; 20 

Xl + X2 + X3 :::; 16 

xt = (4 1 4) 

19. Solve the linear programming problem, 

subject to: 

maxz = 4Xl + 14x2 + 8X3 

Xl + 2X2 + X3 :::; 10 

3Xl + 3X2 + 2X3 :::; 10 

Using complementary slackness, determine the values of the primal 
and dual decision variables. What are the optimal values of the primal 
and dual objectives? 

20. A regional agricultural authority has determined the optimal allocation 
of land, labor, and water for the production of wheat, corn, and cotton. 
The dual variables of the optimization model are, 
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(a) Provide a detailed interpretation of the complementary slackness 
conditions of each constraint. (b) What resource should be purchased 
first to increase the net revenue from agricultural production? 

Water Quality Management 

21. The objective of a water quality management study is to determine the 
optimal waste removal at two point sources. Water quality standards 
are to be enforced at three locations in the river system. The mathe
matical model of the water quality system is described by the response 
matrix, A, 

(
.15 .22) 

A = .35 .43 
.23 .33 

where each matrix element, aij, represents the improvement in water 
quality at site i for a unit of waste removed at point source j. For exam
ple, a12 is the improvement in water quality at site 1 for a unit of waste 
removed at point source 2. The unit cost of wastewater treatment for 
point source j is Cj . (a) Assuming the desired improvement in water 
quality at location i is b i , formulate an optimization model to deter
mine the level of waste treatment. (b) What is the dual programming 
problem? (c) Develop the primal complementary slackness conditions. 

22. 1000 hectares of farmland surrounding a lake are available for two 
crops. Each hectare of crop 1 loses 0.9 kg/yr of pesticide to the lake; 
the comparable loss for crop 2 is 0.5 kg/yr. Total pesticide losses are 
not allowed to exceed 632.5 kg/yr. The estimated returns for each 
crop are $300 and $ 150/hectare, respectively. The cost for production 
of each crop are $160 and $50/hectare, respectively. (a) Formulate a 
linear programming model of the crop production/pollution control 
problem. (b) What are the primal complementary slackness conditions 
for the constraints? (c) What is the interpretation of these conditions? 
(Haith, 1982) 

23. A wastewater treatment plant operator is trying to use COD (chemi
cal oxygen demand) measurements as a predictive tool for BOD con
centration in the effluent of the treatment marsh at the facility. BOD 
concentration is a traditional measure of effluent quality, but the test 
takes five days to complete. Determining the COD concentration can 
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be completed in a few hours at a relatively low cost. The operator be
lieves that the statistical relationship between COD and BOD is linear 
(BOD = DC + IKOD), and she determines the COD and BOD concentra
tion in 6 effluent samples (provided in the table below) to provide data 
for estimating the parameters of the linear model. Using the technique 
described in Example Problem 6.6, determine the value of DC and f3 that 
produce the minimum sum of absolute errors between the observed 
data and the model predictions. 

Sample Point 

Test 1 2 3 4 5 6 

COD (mg/l) 33 39 42 24 27 16 

BOD (mg/l) 10 12 14 6 7 3 

Resource Allocation 

24. A regional power company is developing a mathematical optimization 
model to allocate solar, nuclear, geothermal, and hydropower (i) to 
competing municipal, industrial, and agricultural demands or uses U). 
The unit cost of allocation energy from source i to demand j is Cij. 

The forecasted energy demands are Dj; the available supply of energy 
source i is Si. (a) Develop an optimization model to allocate the en
ergy resources. (b) Formulate the Lagrangian function. (c) What is the 
interpretation of all of the optimal Lagrange multipliers? 

25. A chemical plant has introduced a new, more expensive process to 
supplement or replace an older process used in the production of a 
particular chemical. The older process emitted X10ld grams of sulfur 
dioxide and X20ld grams of particulate matter into the atmosphere for 
each KG of chemical produced. The new process emits Xlnew grams 
of sulfur dioxide and X2new grams of particulate matter for each KG 
produced. The company makes a profit of TTold per KG and TTnew per 
KG on the old and new processes, respectively. The environmental lim
its on sulfur dioxide and particulate matter emissions are S04max and 
PMmax grams, respectively. (a) Formulate an optimization model to 
determine the optimal mix of production. (b) What is the dual pro
gramming problem? 

26. A lumber company has two sources of wood and five markets to be 
supplied. The annual availability of wood at sources 1 and 2 are 10 
and 15 million board feet, respectively. The amount that can be sold 
annually at markets 1, 2, 3,4, and 5 are 7, 12,9, 10, and 8 million board 
feet, respectively. 

In the past the company has shipped the wood by train. However, 
because shipping costs have been increasing, the alternative of using 
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ships to make some of the shipments is being investigated. This al
ternative would require the company to invest in some ships. Except 
for these investment costs, the annual shipping costs in thousands of 
dollars per million board feet by rail and water (when feasible) are for 
each route, 

Unit rail costs-$103 /106 board feet 

Source-Market 1 2 3 4 5 

1 24.1 28.5 17.7 22.0 26.3 

2 23.5 26.4 25.0 24.2 18.5 

Unit ship costs-$l 03 /106 board feet. 

Source-Market 1 2 3 4 5 

1 12.2 14.8 9.5 - 14.0 

2 - 13.2 14.3 12.5 10.4 

The capital investment (in thousands of dollars) in ships required for 
each million board feet to be transported annually by ship along each 
route is given as, 

Capital investment cost5-$103/106 board feet. 

Source-Market 1 2 3 4 5 

1 110 121 95 - 114 

2 - ll3 llO 107 96 

The expected useful life of the ships is 20 years; the discount rate is 10% 
compounded monthly. The company is only able to raise $2,500,000 
to invest in ships. The objective is to determine the overall shipping 
plan that minimizes the total equivalent uniform annual costs while 
meeting this investment budget and the sales demand at the markets. 

Defining Xijk as the amount of lumber in 106 board feet shipped from 
source i to market j by k, rail or ship, (a) formulate a linear program
ming model for this allocation problem. (b) Interpret the dual variables 
of the optimization problem. (Hiller and Ueberman, 1990) 

27. A developing country has 15,000,000 acres of publicly controlled agri
cultural land. The government is currently developing management 
plans to allocate the land to three crops, Xl, X2, and X3. A certain 
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percentage of each of these crops is exported in order to obtain badly 
needed foreign capital; the balance of the crops is used for subsistence. 
The agricultural activities also provide employment for a Significant 
proportion of the population. The principal factors affecting crop allo· 
cation are (1) the amount of foreign capital generated, (2) the number of 
citizens fed, and (3) the number of citizens employed in raising these 
crops. The following table summarizes how much each 1,000 acres 
contributes towards these factors, 

Contributions per 1,000 acres. 

Factor Crop 1 Crop 2 Crop 3 

Foreign Capital $3500 $7000 $2000 

Citizens Fed 350 60 10 

Citizens Employed 20 12 15 

The government mandates that at least 1,500,000 citizens are fed, and 
150,000 workers are employed in agricultural activities. The govern
ment's short term objective is to maximize the foreign capital gener
ated. (a) Formulate a mathematical optimization model to determine 
the optimal land allocation policy. (b) What is the dual programming 
problem? (c) What are the primal complementary slackness conditions? 
(d) What is the interpretation of the dual variables? (Hillier and lieber
man, 1990) 

28. A city is considering a management plan for 50 km2• The land can 
be allocated as a wildlife sanctuary, recreational area, or commercial 
forestry, ($ = 1,2,3). The local government will retain title to the land. 
The city has an annual budget of $90,000 to oversee and administer 
the management plan. These land uses are expected to generate sus
pended sediment loads of Pt [ppm/km2]. The runoff from the public 
lands cannot exceed SS* ppm. The annual costs for the three land uses 
are $1000, $4000, and $5000/km2. Forestry is projected to generate 
approximately $7000/km2• The unit wildlife, recreation, and forestry 
net benefits [in $/km2] are Ct. (a) Formulate a linear programming 
model to determine the optimal land allocation policy. (b) What is the 
dual programming problem? (c) What is the interpretation of the dual 
variable(s)? (d) What are the primal complementary slackness condi
tions? (Haith, 1982) 

29. Two cities are developing a joint plan for the disposal of municipal 
solid waste. City 1 produces 100 tons/day of waste; city 2 produces 170 
tons/day. Three disposal sites are available for the solid wastes, but 
each has different capacities and costs as shown below. Transportation 
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costs are $.50/ton-km. 

Site Cost Capacity Dist. City 1 Dist. City 2 

($/ton) (ton/day) (kIn) (kIn) 

1 12 150 15 10 

2 16 70 5 15 

3 6 200 30 25 

(a) Develop a linear programming model for the problem. (b) Interpret 
the Lagrange multipliers (shadow prices, dual variables) of the model. 
(Haith, 1982) 

30. A firm nets $150 for each car and $200 for each truck it produces. The 
production requirements can be summarized as: 

Item Car Truck 
Labor/hr. 100. 80. 

Steel/ton 1.2 2.0 

Machinery /hr 80. 60. 

There is a maximum of 200,000 hours of labor, 5000 tons of steel and 
100,000 hours of machinery time available for the coming period. (a) 
How many cars and trucks should be produced to maximize profit? (b) 
What is a basic feasible solution to the optimization problem? 

31. A groundwater basin is to be developed as a source of water supply. 
The mathematical model of the system describes how the hydraulic 
potential, h, varies as pumping, Q, changes. The mathematical model 
is described by the matrix equation, 

where hi, hz and h3 is the potential at three locations in the aquifer, 
and Qi, Qz and Q3 is the associated pumping. The objective of the 
optimization model is to maximize the sum of the potential. The wa
ter demand requirement is D. (a) Formulate an optimization model to 
identify the optimal pumping schedule (pumping rates and wellloca
tions) (b) What is the dual programming problem? (Note that the deci-
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sion variables are hAND Q.) (c) What are the primal complementary 
slackness conditions? 

Revised Simplex 

32. Show that in the product form of the inverse if a£ = 0, then Bi l does 
not exist. 

Unear Programming Theory 

33. Consider the linear programming problem 

maxz = ex 

subject to: 
Ax~b 

x~o 

Define G(e) as the optimal value function of z, i.e. the optimal value of 
z as a function of the cost vector e, where all components of A and b 
are held constant. Determine if G is a concave or convex function. 

34. A free variable, Xl, in linear programming is replaced by the difference 
of two nonnegative variables, 

Prove that at optimality, at most one of the variables can be in the 
optimal solution. 
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Nonlinear Optimization 

7.1·INTRODUCTION 
Design and planning problems in environmental engineering are often 

represented as nonlinear optimization models. Economic or social wel
fare objectives are, for example, nonlinear functions of resources, prod
ucts, or project activities. Optimization models of environmental systems 
frequently incorporate equations describing the underlying flow, mass and 
energy transport processes. The response of these systems is generally 
described by nonlinear partial or ordinary differential equations. The nu
merical approximation of these equations using finite difference or finite 
element methods, for example, produces systems of nonlinear algebraic 
constraint equations. The nonlinear equality constraints in optimization 
models, as we have examined in Example Problem 2.13, generate noncon
vex programming problems. 

The majority of physically based nonlinear optimization problems are 
well posed in the context that the conditions of the Weierstrass theorem 
are satisfied. The objectives are real-valued, continuous, and the constraint 
set is non-empty and compact. A global maximum or minimum exists for 
the nonlinear optimization problem. A central problem in nonlinear opti
mization is that the local-global theorem mayor may not be satisfied. In 
problems with nonlinear mathematical models and consequently, nonlinear 
equality constraints, there exist a variety of local solutions to the planning, 
design, or operational problem. The local-global theorem provides little or 
no information regarding the global optimality of these solutions. 

In Chapter 2, the Kuhn-Tucker theorem provided a set of necessary 
conditions for nonlinear optimization. These conditions, as illustrated in 
Example Problem 2.19, can be used to test various combinations of interior 
and boundary solutions for the decision variables and Lagrange multipliers. 

R. Willis et al., Environmental Systems Engineering and Economics

© Kluwer Academic Publishers 2004
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This approach. however. is impractical for large systems of nonlinear equal
ity and inequality constraints. Possible solutions of the planning or design 
model are typically determined from algorithms that have been specifically 
developed for constrained and unconstrained optimization problems. The 
Kuhn-Tucker conditions are then used to evaluate the optimality of these 
possible solutions to the design or planning problem. 

The objective of this Chapter is to develop a series of algorithms and 
solution procedures for both constrained and unconstrained nonlinear op
timization problems. Dynamic programming and multiobjective optimiza
tion methods are also introduced. We first illustrate the development of 
several nonlinear programming models in environmental engineering. 

Example Problem 7.1 

A municipality is required to reduce the discharge of a constituent to 
a river through the construction and operation of a wastewater treatment 
plant. As shown in Figure 7-1. the treatment plant consists of three treat-
ment stages. The annual cost of treatment at each stage is Cj = ()(j€ji 

where €j is the fractional removal rate at stage j and ()(j. {3j are cost param
eters [()( j. {3 j > 0]. The treatment plant effluent is required to satisfy the 
effluent standard c*. The influent quality to the plant is Cin. Formulate an 
optimization model to identify the optimal treatment strategy. 

Cin. Stage 1 

El 

Stage 2 
E2 

Figure 7-1 Wastewater treatment plant. 

The optimization model is a cost-effective optimization problem. The 
objective of the model minimizes the total cost of wastewater treatment. 
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The treatment cost, which is the sum of the individual stage treatment costs, 
can be expressed as, 

7.1 

The objective is a nonlinear function of the fractional removal efficiencies; 
the objective function is also a concave function provided 0 < f3 j < 1, V j. 

The mathematical model of the waste treatment system is based on 
the transformation of the water quality at each treatment stage. In the first 
stage of the treatment process, the output quality or mass concentration, 
Cz, is the concentration remaining after waste treatment, or Cz = (1- El )cin. 
The output concentration from stage 1 is the input concentration to stage 
2. The output from stage 2 represents the treatment occurring during this 
stage, or C3 = cz(l - EZ) = (1 - El)(1 - Ez)Cin' Similarly, the output from 
stage 3, the final treatment process, can be expressed in terms of E3 and 
the preceding removal rates. The exiting water quality is required to satisfy 
the effluent standard, c *, or 

7.2 

The individual treatment processes may also have limits on the minimum 
(Ej,min) and maximum (Ej,mruJ removal rates. These constraints can be ex
pressed as 

Ej,min .:5 Ej .:5 Ej.max V j 7.3 

The treatment plant design model is a nonlinear programming prob
lem. The objective function is a nonlinear, and possibly, concave function 
of the treatment efficiencies. The effluent quality constraint is also a non
linear function of the decision variables. The conditions of the local-global 
theorem are not satisfied; there is no guarantee that a solution to the opti
mization model is a global optimum. 

Example Problem 7.2 

A shallow confined aquifer has been contaminated from local mining 
operations. A local water district diverts water from a stream in the area 
for municipal and agricultural water supply. A plan view of the surface
groundwater system is shown in Figure 7-2. Develop a planning model to 
determine the optimal pumping and injection rates so as to isolate and 
contain the contamination. Assume the cost of pumping or injection is a 
linear function of the pumping or injection rate. 

This problem is an example of a groundwater quality or remediation 
problem. The objective in this case is to isolate the contamination source 
from the surrounding groundwater and surface water. The controls or de
cision variables are the magnitude of pumping or well injection. We assume 
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Figure 7-2 Confined aquifer system. 

a worst-case scenario-the contamination is conservative and is unaffected 
by adsorption, ion-exchange, or chemical or biochemical reactions. 

The movement or mass transport of constituents in groundwater sys
tems is affected by convection, molecular diffusion, and hydrodynamic dis
persion. Convective transport is the result of fluid motion, i.e. the difference 
in hydrauliC potential in the aquifer system. Molecular diffusion occurs in 
the absence of fluid motion, and depends on the kinetic properties of the 
individual fluid molecules. For most field problems, molecular diffusion is 
insignificant. Hydrodynamic dispersion is a diffusion based process that 
acts to disperse or spread out the source of contamination. Dispersion is 
dependent on the magnitude of the x, y, z flow velocities and the longitu
dinal and transverse dispersivities. 

The contamination in the groundwater system can be controlled by al
tering the prevailing flow pattern. The existing flow pattern is assumed 
to be primarily to the south, from a higher hydraulic potential to a lower 
potential. The hydraulic control of the system can be accomplished by 
introducing a series of pumping and injection wells surrounding the con
tamination source. The velocity field and the hydrauliC gradients can be 
changed to effectively isolate the contamination by varying the magnitude 
of pumping and injection (see Willis 1979). These types of strategies are 
the basis for many groundwater remediation pump and treat scenarios. 
Possible well sites for the aquifer system are shown in Figure 7-2. 
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Assuming steady-state conditions, the confined aquifer's hydraulics 
are described by, 

Ah + f(Q) == f 7.4 

where A is a n x n coefficient matrix whose elements are dependent on 
the parameters and discretization of the groundwater system. h is a n x 1 
column vector of the hydraulic head or potential at each discrete point 
in the groundwater basin. f(Q) is a function of Q, which is a vector of the 
possible pumping or injection rates and f contains the boundary conditions 
of the problem. This system of linear equations are the hydraulic response 
equations of the groundwater system. 

The water quality variation in the groundwater system is described by 
the convection-dispersion equation, a 2nd order partial differential equa
tion. Again assuming steady-state conditions, the numerical approximation 
of the water quality response equations can be expressed as (Willis and Yeh, 
1987), 

P(Q)c + g(c) == r 7.5 

where c is a vector of constituent concentrations at each nodal point of the 
finite difference or finite element network, c is the source concentration, 
and r is a column vector containing the water quality boundary conditions 
of the problem. The elements of the P matrix are a function of the dis
persion, diffusion, and convection occurring in the groundwater basin. The 
transport response equations are also a function of Q since these processes 
are affected by pumping and injection. 

Groundwater is used as a source of water supply in the area and it 
is necessary to enforce a series of water quality standards throughout the 
groundwater basin. Defining 0 as an index set containing the locations 
where the water quality standard is maintained, these water quality con
straints can be expressed as, 

Ck~C*, 'ilkEO 7.6 

where c* is the water quality standard for the basin. The decision variables, 
the pumping and injection vector, Q, and the state variables, the hydrauliC 
head and mass concentration, are also nonnegative, or 

c,h,Q ~ 0 7.7 

The objective function of the problem minimizes the cost of pumping 
and/or injection. Defining Cj as the unit cost of pumping or injection, the 
objective function of the model can be expressed as 

min z == I. CjQj 
jE'I' 

where 'Y defines the location of all pumping or injection wells. 

7.8 
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The groundwater quality management problem is a nonlinear program
ming problem. The mass transport response equations are a nonlinear 
function of the pumping and injection decisions. These nonlinear equality 
constraints are the source of nonconvexity in the planning model. The con
ditions of the local-global theorem are not satisfied and there are potentially 
many local solutions to the water quality control problem. 

7.2 UNCONSTRAINED OPTIMIZATION METHODS 

Solution algorithms for the unconstrained optimization problem, 

max or minz = j(x), x E En 7.9 

can be broadly categorized as direct and indirect methods. Direct methods 
generate a sequence of points that terminate at, or converge to, an uncon
strained local maximum or minimum. Indirect methods iteratively solve 
the first-order necessary conditions for a local maximum or minimum. We 
first present an example of the indirect method using the Newton-Raphson 
procedure and then survey the more popular direct algorithms. Through
out the discussion we assume that the objective function is a real-valued, 
twice differentiable, continuous function. 

7.2.1 INDIRECT METHODS 

The first-order necessary conditions for a local maximum to the un
constrained optimization problem can be expressed as (see Chapter 2 and 
Appendix B), 

7.10 

or, 

f(x) = 0 7.11 

where f = [oj (iJxI ... oj /oxnF. The numerical solution of this system of 
n nonlinear equations can be solved iteratively using the Newton-Raphson 
method. 

We assume XO is a trial or initial solution to the necessary conditions. 
Expanding Equation (7.11) about XO using a Taylor series, the linearized 
approximation of the function can be expressed as 

A 1 A ° of I 1 f(x ) ~ f(x ) + - (x - x) + ... 
ox XO 

7.12 
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where the higher order terms of the series have been neglected. The deriva
tive of (with respect to the decision variables is the Jacobian matrix, J. The 

Jacobian can be expressed as 

Note that the Jacobian matrix of (is equivalent to the Hessian of f. Requir
ing that (Xl) vanish at the next iteration, Equation (7.12) can be expressed 

as 
7.13 

and, 
7.14 

The solution at the next iteration, Xl, is 

7.15 

where J- l is the inverse of the Jacobian matrix. Equation (7.15) is the gen
eral recursive equation of the Newton-Raphson method. 

The application of the Newton-Raphson method is summarized by the 
following steps: 

Step 1. Select an initial estimate of the solution, xo, and set the 
convergence criterion, 8. 

Step 2. Evaluate the Jacobian matrix and its inverse and deter
mine the updated solution using Equation (7.15) 

Step 3. Determine the difference between the current and the ini
tial solution, and determine the residual, € j of each com
ponent of X as 

€j = Ix] - xJI, 'if j 7.16 

Step 4. Check for convergence of the algorithm with the specified 
tolerance, 8, 

€ j :5 8, 'if j => STOP 7.17 

€j > 8, for any j => set Xl = xo, Return to Step 2 7.18 

The Newton-Raphson procedure converges quadratically ifit converges 
at all, i.e. the number of significant digits doubles after each iteration (Bell
man and Kalaba, 1963). Unfortunately, depending on the initial starting 
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point and the types of functions, it is possible for the algorithm to diverge. 
There are many variations of the Newton-Raphson method that improve on 
the robustness of the algorithm especially with poor starting points. There 
is, however, still no guarantee of identifying a locally optimal solution. 

The follOwing example problem illustrates the application of the pro
cedure. 

Example Problem 7.3 

Perform one iteration of the Newton-Raphson solution of the uncon
strained optimization problem, 

maxz = -XfX~ + 2XlX~ - 2XfX2 + 4XIX2 - 2Xf - 2x~ + 4Xl - 4X2 

Assume the starting solution is xO = [1, 1] t and the convergence criteria is 
0.0001. 

The first-order necessary conditions for the optimization problem can 
be expressed as 

GZ A 2 2 -;-- = 11 = - 2XlX2 + 2X2 - 4XlX2 + 4X2 - 4Xl + 4 = 0 
UXI 

GZ A 2 2 ;-- = 12 = -2X1X 2 + 4XlX2 - 2Xl + 4Xl - 4X2 - 4 = 0 
UX2 

The Jacobian matrix, or the matrix of the first partial derivatives of J1 and 
J2, is 

° ( -2x~ - 4X2 - 4 ](x ) = 
-4XlX2 + 4X2 - 4Xl + 4 

-4XlX2 + 4X2 - 4X1 + 4) 
-2Xf + 4Xl - 4 

= (-10 0) o -2 

The matrix inverse of the 2 x 2 matrix is from Appendix A, 

-1 1 (-2 0 ) 
] = 20 0 -10 

The new solution is, from Equation (7.15), 

Xl = XO - rl (xo)f(xo) 

= (D -2~ (-! _100) ( -~) 
= (-~) 
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The residuals or the differences in the solutions for the first iteration are, 

Since £2 > 8, we set 

and return to Step 2 of the algorithm. 

7.2.2 DIRECT METHODS 
Direct methods are algorithms that iteratively generate solutions to the 

unconstrained optimization problem. Given a starting point, xo, successive 
solutions are produced using the recursive relationship, 

7.19 

where k denotes the iteration, T is a step size, and d k is a direction vector. 
The step size and the direction vector are selected so as to improve the 
value of the objective function over successive iterations, j(xk+l) > j(xk ). 

The sequence of solutions, {xk} = xo, Xl, ... converges to a local solu
tion, x*, if it possesses a limit point. Formally, a limit point exists if there 
is a positive integer N such that Ix* - xk I < 8, V k ~ N. Equivalently, an 
algorithm is convergent if 

Ilxk+l - x* II 
-'-':-:--,-------:-'-'- < 1 

IIxk - x* II -
7.20 

More generally, r, the order of convergence of xk is defined as 

. IIxk+l - x* II 
lun = C 
k-oo IIxk - x*!iT 

7.21 

where C is the error constant. A convergent algorithm has C ::::; 1 and r ~ l. 
An algorithm has linear convergence if r = 1. r = 2 implies the convergence 
is quadratic. Superlinear rate of convergence occurs when r = 1 and C = o. 
A sequence of solutions {Xk} diverges if either Xk .... 00, or after a finite 
number of iterations the sequence oscillates. 

Unconstrained optimization involves at each iteration the determina
tion of the step size, Tk, and the direction vector, dk . Before presenting two 
algorithms that do not require derivative information, we briefly consider 
one method to determine the optimal step size. 
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Figure 7-3 Dichotomous search interval. 

7.2.3 DICHOTOMOUS SEARCH METHOD 
The determination of the optimal step size, T*, is an important ele

ment of direct optimization methods. Formally, the problem involves the 
optimization of a single variable, the step size. The optimal step size can 
easily be determined by direct enumeration. For example, a small fixed in
crement, E, is selected. The objective function is evaluated at the points, 
x, x + Ed, x + 2Ed, . " until the objective decreases. The step size in the 
preceding "step" is an approximation of T*. 

Other one-dimensional search algorithms include the dichotomous and 
Fibonacci search methods, and the golden section method. These methods 
identify initially an interval, the interval of uncertainty, within which the 
optimum occurs. The interval is systematically reduced such that the opti
mum is not missed. All of these methods define the length of the interval 
containing the optimum, not the exact optimal solution. 

These techniques presume that the function is unimodal, a requirement 
to ensure a single optimum over the search interval. A function is unimodal 
in the interval, ()( ~ x ~ {3, if and only if, it is monotonic on either side of the 
optimum, x*, within the interval. Moreover, it is also assumed that there 
is no finite interval where the slope of the function vanishes. The step size 
function is then strictly unimodal. 

The dichotomous search is a simple one-dimensional search procedure. 
The method can be illustrated by defining the initial search interval as ()( ~ 
x ~ {3 and the evaluation points, Xl and X2 such that ()( ~ Xl ~ X2 ~ {3 
(see Figure 7-3). Assuming the optimization is a maximization and the 
optimal solution is x*, there are three possible scenarios after the function 
is evaluated at Xl and X2. 

• j(XI) > j(X2) ~ ()( ~ x* ~ X2 
• j(X2) > j(xd ~ Xl ~ X* ~ (3 
• j(XI) = j(X2) ~ Xl < X* ~ X2 
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In each of these cases, the interval not containing x* is discarded. The 
procedure continues until there is little change in the function evaluations. 
The algorithm is illustrated in the following example problem. 

Example Problem 7.4 

Using the dichotomous search method, solve the optimization prob
lem, 

max z = - (x - 2) 2 , 0:5 X :5 3 

The optimal solution occurs at X* = 2, z* = o. The initial left and 
right search boundaries are 01 = 0 and /3 = 3. Xl and X2 define the points 
dichotomizing the interval. The overlapping intervals are 01 :5 X :5 X2 and 
Xl :5 X :5 /3 where Xl - 01 = /3 - X2, and D = X2 - Xl. Xl and X2 can now be 
expressed as 

/3-OI-D 
Xl = 01 + 2 

/3-OI+D 
X2 = 01 + 2 

The results of the optimization assuming D = 0.01 are presented in 
Table 7.1. In the first iteration, j(X2) > j(xd, and the revised search 
interval for the second iteration is Xl = 1.4950 and X2 = 3.0000. In the 
second iteration, j(Xl) > j(X2); the search interval changes to Xl = 1.4950 
and X2 = 2.2525. After 6 iterations, the optimal solution lies in the interval 
1.96219 :5 x* :5 2.01891. The objective function value is z = -0.00002; 
the true objective value is z = O. 

Table 7.1 Dichotomous search results. 

01 /3 Xl X2 j(xd j(X2) 

0.00000 3.00000 1.49500 1.50500 -0.25503 -0.24503 

1.49500 3.00000 2.24250 2.25250 -0.05881 -0.06376 

1.49500 2.25250 1.86875 1.87875 -0.01723 -0.01470 

1.86875 2.25250 2.05563 2.06563 -0.00309 -0.00431 

1.86875 2.06563 1.96219 1.97219 -0.00143 -0.00077 

1.96219 2.06563 2.00891 2.01891 -0.00008 -0.00036 

1.96219 2.01891 1.98555 1.99555 -0.00021 -0.00002 
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7.2.4 CAUCHY CYCLIC COORDINATE ASCENT 

The Cauchy cyclic coordinate ascent algorithm is a useful solution pro
cedure if the derivatives of the objective function are difficult to evaluate. 
The search directions, dk , are the unit coordinate directions, el, e2, ... en. 
In three-dimensions, for example, the search directions are 

The algorithm can be summarized by the following steps: 

Step 1. Set k = 0 and assume a starting solution, XO 
Step 2. Set xk = Xk.l and solve the line search problems, 

maxj(xk,C-l ± Tec_l),.f = 2, ... , n 7.22 
T 

where xk,c = Xk,C-l + T*eC-l' 
Step 3. Set xk•n = xk+l 
Step 4. Check for convergence of the algorithm, comparing the 

solution at the start of the iteration with that at the end 
of the iteration 

Ixyl - xJI < 8, V j => STOP 7.23 

IXJ+l -xJI > 8, for any j => set k+ 1 = k, 
Return to Step 2 7.24 

The cyclic coordinate ascent method optimizes cyclically in each of the 
coordinate directions. Although relatively simple to program, the princi
pal disadvantage of the solution method is computational. A large number 
of iterations are usually necessary to identify a local solution since the di
rection of greatest increase of the objective function, the gradient vector, 
rarely coincides with the coordinate axes. 
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7.2.5 POWELL'S CONJUGATE DIRECTION METHOD 
One of the most successful direct search methods is Powell's conjugate 

direction method. The algorithm directly utilizes the history of the itera
tions to generate search directions that accelerate the convergence to an 
optimum. The algorithm assumes the objective can be approximated as a 
quadratic function. As discussed by Reklaitis et a1. (1983), the quadratic 
objective model is appropriate because (1) it is the simplest type of non
linear function, and more importantly, (2) near the optimum, all nonlinear 
functions can be approximated by a quadratic function. Also, the behavior 
of the method with a quadratic function provides a baseline for the conver
gence properties of the algorithm for more general functions. 

We assume the objective can be expressed as 

1 
j(x) = a + btx + "2xtDX 7.25 

Powell's algorithm is based on the observation that a quadratic function, j, 
in n variables can be transformed by diagonalizing D. The optimum can 
be identified after exactly n searches on each of the transformed variables. 
The transformed variables are a new coordinate system corresponding to 
the principal directions of the quadratic form. To illustrate the process, 
assume that x is related to a new set of decision variables, z, by 

x = Rz 7.26 

where R = [rl rz ... rn] is a transformation matrix. x is represented as a 
linear combination of the column vectors, rj. Substituting Equation (7.26) 
into the quadratic terms of Equation (7.25) yields 

Q(x) = xtDx 

= [Rz]tDRz 

= zt[RtDR]z 

= ztCz 7.27 

where C = Rt DR is a diagonal matrix. The diagonalization of D is assured 
if D is symmetric (verify that a quadratic form can always be expressed 
in symmetric form). The matrix R is referred to as an orthogonal matrix 
containing the normalized eigenvectors of D. 

If the transforming vectors, rj, can be identified, then the optimum of 
a quadratic function can be determined by performing exactly n single
variable searches (Himmelblau, 1972). These vectors are the conjugate di
rections vectors. A set of n linearly independent vectors or directions, rj, 
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are conjugate with respect to a positive definite square matrix D if 

r~Drj = 0, Vi f= j 7.28 

Formally, the development of the conjugate directions is based on the 
diagonalization of the quadratic form, a process that requires the evalu
ation of the eigenvalues and eigenvectors of D. A more direct approach, 
however, is based on the following theorem: 

Parallel Subspace Theorem. Given the quadratic function, Z = 
f(x) and two arbitrary and distinct points, Xl and X2, and a direc
tion vector, d, then if xi is a solution to minz = f(Xl + Tld) and 
x! a solution to minz = f(X2 + T2d), then [x! - xi] is defined as 
D conjugate to d. 

The proof of the theorem can be established by considering the points along 
the direction d from Xl, 

x = Xl + Td 

The minimum of f along the d is obtained by findirlg T such that the first 
derivative vanishes. Using Equation (7.25) and the chain rule yields, 

Since the maximum by conjecture occurs at xi, we have 

Similarly, for x! ' 
[ x!t D + bt] d = 0 

Subtracting the two equations yields the desired result, 

[x! -xi]Dd = 0 

The direction xi - xi and d are D conjugate. 

7.29 

7.30 

7.31 

7.32 

Computationally, the specification of two points and an initial direction 
is unnecessary to identify a conjugate direction vector. It is preferable to 
generate the conjugate directions from a single starting point. The unit 
vectors, el , e2, .. . en can be used to determine a set of conjugate directions. 
This process is illustrated in Figure 7-4. For example, assume Xo is the 
initial starting point, and el = [1, O]t is the initial search direction. Ti, the 
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optimal step size, is determined such that j(xo + TIed is minimized. The 
next point, Xl is evaluated from the expression, 

T; again minimizes j(XI + T2e2) where e2 = [0, IF. Again we let 

Next T3 is determined such that j(X2 + T3el) is minimized. The directions, 
(X3 - Xl) and el are then conjugate. Continuing the search along (X3 - Xl), 

the second conjugate direction will identify the optimal solution of a two
dimensional quadratic function. 

Objective Function Contours 

~ 

X2 

Figure 7-4 Conjugacy (Reklaitis et al., 1983). 

Powell's algorithm consists of n + 1 successive one-dimensional line 
searches, first along n linearly independent directions, and then along the 
direction connecting the optimal point with the starting point of that stage 
of the algorithm, This best point is obtained at the end of the n one
dimensional line searches. Following these searches, one of the first n 
directions is replaced by the (n + 1) th and a new iteration begins. 
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Assuming the conjugate directions are linearly independent [exten
sions may be found in Zangwill (1967)], Powell's conjugate direction al
gorithm is summarized in the following steps: 

Step 1. Determine an initial starting point, xk and n linearly in
dependent search directions, sJ. j = 1, ... n for iteration 
k of the algorithm. Note that these directions can be the 
coordinate directions. 

Step 2. Determine the (step-size) parameters, TJ from the opti
mization 

f(xJ) = minf(xJ~1 + TJSJ), j = 1, ... , n 7.33 
T} 

Equation (7.33) minimizes the function in the n search 
directions. The decision variables can be expressed as 

k _ k h k . - 1 7 34 Xj -Xj _ 1 +Tj Sj,J- , ... ,n . 

Step 3. Generate the new conjugate direction using the parallel 
subspace property. Let 

Sk - yk xk 735 n+1 - '-n - 0 . 

Step 4. Determine the parameter, T~+1 by solving the optimiza
tion problem, 

npnf[~ + T~+1 (~ - x~)] 
Tn+l 

7.36 

and define the new solution, xk+l as 

xk+1 = ~ + T~!1 (~ - x~) 7.37 

Step 5. Update the conjugate direction vectors with the equations, 
k+1 k . 1 1 Sj =5j +1, J = , ... ,n- 7.38 

Sk+1 - sk - yk - xk 739 n - n+ 1 - '-n 0 . 

Step 6. Check for convergence of the algorithm. If Ilxk+ 1 - xk II :5 

{) where {) > 0, STOP. If not, set xk+1 = xk and return to 
Step 2. 

Convergence checks are usually needed to ensure the linear independence 
of the conjugate direction set. This is especially important when the objec
tive function is not quadratic (see Zangwill, 1967). It can also be shown for 
non-quadratic functions the method will converge to at least a local maxi
mum. Computational data indicate that Powell's algorithm is usually more 
efficient and at least as reliable as other direct methods. 

The following example problem illustrates the application of the algo
rithm. 
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Example Problem 7.5 
Perform one iteration of Powell's algorithm for the unconstrained op

timization problem (Avriel, 1976) 

minz = 1.5xt + 0.5x~ - X1X2 - 2X1 

Assume the starting point is x = [-2, 4]t. 

In Step 1 of the algorithm, the initial search directions are the unit 
vectors, Sl = [1 O]t, S2 = [0 l]t. In Stage 2 of the algorithm, the objective 
function is minimized over these directions. The first subproblem searches 
in the direction Sl, or 

The decision variables are, 

Similarly, the second subproblem can be expressed as 

The updated decision variables are 

In Step 3, the search direction is given by Equation (7.35), or 
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The final minimization, Step 4, is 

Ininj(x~ + T}S~) => T}* = -.11765 
T J 

The decision variables are from Equation (7.37), 

Xk+l = x~ + T}*S~ 

= (1.529) 
2.235 

This completes one iteration of the algorithm. Verify that the optimal 
solution of the problem is x* = [1, l]t and that the new search directions 
are S~+l = [0, l]t and S~+l = [4, -2]t. 

7.3 GRADIENT-BASED METHODS 
Another class of direct algorithms for unconstrained optimization are 

gradient based algorithms. In contrast to the previous techniques, these 
methods require explicit information of the first and second derivatives of 
the objective function. If these derivatives cannot be represented analyti
cally, finite difference methods can be used to approximate the derivative 
functions. We agaL'1 assume that the objective function and its first and 
second derivatives are real-valued, continuous and differentiable. 

7.3.1 CAUCHY'S METHOD 
In the method of steepest-ascent or Cauchy method, the search direc

tion vector is the gradient of the objective function. The gradient at any 
point, 'il j(x), is the direction of the greatest local increase in j(x). The 
transition from the solution xk to xk+l can be expressed using Equation 
(7.19) as 

7040 

The recursive equation is applied iteratively until the maximum of the func
tion is obtained; at the maximum, the elements of the gradient vector will 
be approximately equal to zero. 

The Cauchy algorithm will terminate at a point where the gradient vec
tor vanishes. It is usually necessary to determine whether or not the so
lution represents a local maximum or a stationary point of the objective 
function. At a suspected stationary point, it is necessary to perturb the 
solution and investigate whether or not the objective function is increasing 
or decreasing. The Hessian matrix at the point may be used to test whether 
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or not the point is a local maximum or a stationary point (a local maximum 
implies the Hessian is negative semidefinite at the pOint). 

The step size at any iteration k, Tk, is determined by maximizing the 
objective function by choice of Tk in the gradient direction, or 

_d f=--=-[ x_k_+_T_k_V'_t=-f...c.(x_k---=-)] = 0 
dT 7.41 

Alternatively Tk can be determined using one-dimensional search methods. 
Cauchy's algorithm can be summarized by the following steps: 

Step 1. Set the convergence criterion, 8, and select an initial start
ing point, xk, k = 0 

Step 2. Evaluate the gradient vector at Xk, V'k(Xk). 
Step 3. Determine the optimal step-length and updated solution 

vector using the equations, 

7.42 

7.43 

Step 4. Check the convergence of the algorithm by examining the 
gradient of the objective and/or the differences in the so
lutions over successive iterations, 

V f(Xk+1) =5 8 ~ STOP, otherwise set k + 1 = k 

and return to Step 2 7.44 

Ilxk+l - xkll =5 8 ~ STOP, otherwise set k + 1 = k 

and return to Step 2 7.45 

The Cauchy method is relatively inefficient. It can be shown, for ex
ample, that successive search directions are orthogonal. The maximum is 
approached slowly since the changes in the variables are related directly 
to the magnitude of the gradient, which itself is approaching zero. The 
method, by construction, possesses the ascent property, f(Xk+1) ~ f(xk ) 

and typically produces good results for starting points that are far from the 
local maximum. 
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Example Problem 7.6 
Consider the minimization problem, 

minz = 2Xf + 2XIX2 + 5x~ 

Perform one iteration of the Cauchy method. Assume the starting point is 
x = [2, -2F and 8 = 0.001. 

The gradient vector of the function is 

Vz(x) = [4XI + 2X2, 2XI + 10x2] 

Rather than converting the problem to a maximization problem, we utilize 
the negative gradient, the direction of steepest descent. Since the func
tion is convex, the gradient method will ultimately converge to the global 
solution of the problem (Why?) 

The updated solution can be expressed using Equation (7.40) as 

Xl = Xo _ TOVZt(Xo ) 

= ( _~) - T (-1~) 

= (-;: i~T ) 
The optimal step size is determined by minimizing f(x l ) in the negative 
gradient direction, or 

minf(x1 ) = 2(2 - 4To)2 + 2(2 - 4TO)(-2 + 16To) + 5(-2 + 16TO)2 
TO 

Using the calculus the optimal step size is TO* = 0.1221. The updated 
solution can be expressed as 

Xl = (_~) -0.1221 (-1~) 
= ( 1.5116) 

-.0464 

The convergence criterion can be expressed as, 

The algorithm returns to Step 2 to begin the next iteration of Cauchy's 
method. 
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7.3.2 NEWTON'S METHOD 
The Cauchy method is a relatively inefficient algorithm for solving un

constrained optimization problems. It relies exclusively on first derivative 
information of the objective function. Newton's method, in contrast, is 
based on the second derivative or the Hessian of the objective function. 

Newton's method presumes that in the vicinity of a local solution, the 
objective function is apprOximately quadratic. The quadratic approxima
tion of the objective can be expressed using a Taylor series about the point 
xk as, 

1 
j(x) ~ j(xk) + 'V j(xk)/).x + "2/).xt H(xk)/).x 7.46 

where H is the n x n Hessian matrix, and we have neglected terms of order 3 
and above in the approximation. A sequence of iterations can be developed 
by requiring that the next solution, xk+l, is a point where the gradient of 
the approximation vanishes with respect to /).x, or 

7.47 

The solution of the equations yields the difference in the decision variables 
over successive iterations, or 

7.48 

Since /).x = xk+l - Xk [see Equation (7.19)], the recursive relationship can be 
expressed as 

7.49 

More generally, the modified or limited-step Newton's method is described 
by the equation, 

7.50 

where Tk, the step length, is chosen such that j(xk+l) < j(xk). 

Newton's method exhibits quadratic convergence with mild regularity 
conditions on j (Reklaitis et al., 1983). The algorithm does not however 
possess a descent property. Assurance that successive solutions will im
prove the objective function requires that the Hessian matrix is positive 
definite. 

The following example problem illustrates the application of the New
ton method. 
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Example Problem 7.7 
Solve the following unconstrained optimization problem using New

ton's method, 
minz = BXf + 10XlX2 + 4x~ 

Assume the starting point for the algorithm is x = [10, 1oF. 

The gradient of the objective can be expressed as, 

The Hessian is, 

\/z = [16xl + 10X2, lOxl + 8X2] 

= [260, 180] 

H= (16 10) 
10 8 

The recursive equation can be expressed as (see Appendix A), 

1 ]t 1 ( . 8 x = [10, 10 - 28 -10 - ~~ ) [260, 1BO]t 

= [0, O]t 

Newton's method minimizes a quadratic function from any starting point 
in exactly one iteration. 

7.3.3 MARQUARDT'S ALGORITHM 
Marquardt's method combines the advantages of both the Cauchy and 

Newton's methods. Initially, the search directions resemble the gradient 
vector; it provides a good reduction in the objective function provided the 
solution is relatively far from the optimum. Near the optimal solution, the 
search directions are similar to the search directions of Newton's method 
providing efficient search directions as the optimum is approached. 

The recursive equation of the Marquardt algorithm (Marquardt, 1963) 
is, 

7.S1 

where I is the identity matrix, and ,\k controls both the search direction 
and the step length. To initiate the algorithm, ,\k is set equal to a large 
positive constant; the search direction is then the negative gradient. In 
successive iterations as the optimum is approached, the search direction 
gradually becomes the Newton direction. During the transition to the New
ton direction it is necessary to ensure that the search direction decreases 
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the value of the objective function, i.e. the Hessian is positive definite. If it 
is not, l\k is rescaled and the iteration performed again. The algorithm can 
be summarized by the following steps: 

Step 1. Determine the starting solution, XO and set the maximum 
number of iterations (M) and the convergence criterion (8) 

Step 2. Set k = 0 and l\k = 104 . 

Step 3. Evaluate the gradient of the function, 'V f(xk ). 
Step 4. Check for convergence of the algorithm, 

II'Vf(xk)II<8=> STOP, otherwise continue 7.52 

Step 5. Has the maximum number of iterations been exceeded, 
k > m? If not, CONTINUE. 

Step 6. Evaluate the search direction, 

s(xk ) = -[H(xk ) + l\kI]-lV P(xk ) 7.53 

Step 7. Update the solution vector with the equation, 

xk+l = xk + s(xk) 7.54 

Step 8. Test for an improvement in the objective function, 

f(Xk+1) <f(xk ) Go to Step 9 7.55 

f(Xk+1) ~ f(x k ) Go to Step 10 7.56 

Step 9. Update l\ using the equation, 

l\k+l = !l\k 
2 

and set k + 1 = k. Return to Step 3. 
Step 10. Reevaluate the search direction by updating the line pa-

rameter, 
l\k+l = 2l\k 

Set k + 1 = k and return to Step 6. 
Step 11. STOP. 

7.57 

The principal advantages of the algorithm are its descent property, the 
excellent convergence near the optimum solution, and the absence of a 
line search. The major disadvantage is computational; the inverse of the 
Hessian is needed to determine the search direction during each iteration 
of the algorithm. 

The method has been used extensively for objective functions that can 
be expressed as the sum of squares. These problems occur in parame
ter estimation where the objective is to minimize the sum of the squared 
residuals, i.e. the squared difference between the observational data and 
the model's predictions. 



320 7.4 Constrained Optimization Methods 

7.4 CONSTRAINED OPTIMIZATION METHODS 
The previous sections have demonstrated a variety of algorithms for 

the solution of unconstrained optimization problems. In Chapter 6, the 
simplex method was presented as a reliable, and theoretically complete 
algorithm for the solution of linear, constrained optimization problems. 
Many algorithms for the solution of constrained, nonlinear programs ex
ploit the computational and theoretical advantages of linear and uncon
strained programs. We present an overview of five such approaches in 
this section: separable programming, the Frank-Wolfe algorithm, Tui's al
gorithm, the reduced gradient method, and Box's algorithm. 

7.4.1 SEPARABLE PROGRAMMING 
Separable programming methods are based on the linear approxima

tion of nonlinear constraints and/or the objective function of the optimiza
tion problem. The objective and constraints are required to be separable 
functions of the decision variables. A function of n decision variables, f (x), 
is a separable function if it can be represented as the sum of single-variable 
functions that each involve only one of the n decision variables, that is, 

n 
f(x) = I h(Xj) 

j=l 

7.58 

The separability requirement, although restrictive, is applicable to a large 
class of nonlinear programs. As discussed by Hadley (1964), a variety of 
techniques are also available to transform programs that are not separable 
into separable form. 

The piecewise approximation of a separable constraint or objective 
function is illustrated in Figure 7-5. We assume the function, h(x), is real
valued, continuous and defined over the interval, 0 :5 X :5 a. We select 
a series of r + 1 break points, Xk, for the function such that Xl < X2 < 
. . . < Xr = a. It is not necessary that the break points are equally spaced. 
For each Xk we compute the value of the function, hk = h(Xk). For any 
interval, Xk :5 X :5 Xk+l, the linearized approximation of h(x), h(x), can 
be expressed as 

A hkl-hk 
h(x) = hk + + (x - Xk) 

Xk+l - Xk 
7.59 

Any x in the interval, Xk :5 x :5 Xk+l, can be expressed as a linear combi-
nation of Xk and Xk+l, or 

7.60 



7.4 Constrained Optimization Methods 

h 

Piecewise Approximation 
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Figure 7-5 Piecewise linear approximation. 

Subtracting Xk from both sides of Equation (7.60) yields, 

x - Xk = '\Xk+l + (1 - '\)Xk - Xk 

= ,\(Xk+l - Xk) 

321 

7.61 

Defining, ,\ = '\k+l and (1 - ,\) = '\k, Equations (7.59) and (7.60) can be 
expressed as 

with 
'\k + '\k+l = 1, '\k, '\k+l 2: 0 

Generalizing these results for any x, 0 5 X 5 a, we have 

r 

r 

h(x) = I '\khk 
k=O 

7.62 

7.63 

7.64 

7.65 

7.66 

I'\k=l, '\k2:0,l:;Ik 7.67 
k=O 

We require, however, that (1) no more than two '\k are positive and (2) that 
the nonzero,\' s are adjacent. These restrictions ensure that the '\k and the 
approximating function are uniquely determined. 
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We can now use Equations (7.65), (7.66), and (7.67) to approximate the 
constraints and the objective function of the general nonlinear program
ming problem. The transformed optimization problem can be expressed 
as 

subject to: 
n Yj 

n Yj 

max z = 2: 2: fkjAkj 
j=l k=O 

2:2: BkijAkj :5 bi, i = 1, ... , m 
j=lk=O 

Yj 

2: Akj = 1, j = 1, .•. ,n 
k=O 

7.68 

7.69 

7.70 

7.71 

where rj is the number of break points associated with the ph function. 
The new decision variables of the model are Akj. Equation (7.65) can be 
used to determine the optimal values of the original decision variables. 

The approximating problem would be a linear problem if it were not 
for the requirement that no more than two Ak/S are positive and then, only 
if they are adjacent. A local maximum of the optimization problem can be 
determined by applying the simplex algorithm and restricting entry into the 
basis. The basis is never allowed to contain more than two Akj that are pos
itive for a given j. In addition, the two Akj can be positive only if they are 
adjacent. This is known as restricted basis entry. Neglecting this require
ment can generate solutions that do not lie on the approximating piecewise 
segments and produce meaningless linear programming solutions. 

Restricted basis entry requirements can be relaxed prOvided (1) the 
objective function of the optimization problem is concave and (2) the con
straints of the optimization model satisfy the convexity requirement of the 
local-global or Kuhn-Tucker theorems. The constraints functions are either 
convex or linear functions of the decision variables. It should be noted 
that in general there is no guarantee that a point that yields a local max
imum of the approximating problem is a feasible solution to the original 
nonlinear programming problem (this is only assured if the conditions of 
the local-global theorem are satisfied). 

Feasibility and accuracy of the approximating problem can be improved 
by increasing the number of grid points. This can dramatically increase the 
number of decision variables and the number of iterations required to iden
tify a solution. Alternatively, the accuracy can be improved by refining the 
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grid only in the neighborhood of the current solution. The problem is re
solved and the refinement procedure continues until a sufficiently accurate 
solution is obtained. This procedure has the advantage that the number of 
grid points can be held constant thus reducing the repeated solution of the 
linear programs. 

The following example problems illustrate the application of separable 
programming. 

Example Problem 7.8 

Example Problem 7.1 presented a nonlinear programming problem for 
wastewater treatment plant design. The optimization model can be ex
pressed as 

3 
. '\' {3j 

mmz = L lX}E} 

}=1 

subject to: 

E},min ~ E} ~ E},max V j 

7.72 

7.73 

7.74 

where E} is the wastewater removal rate in treatment stage j, Cin is the 
influent concentration, and c* is the water quality standard. Transform 
the problem into a separable programming problem. Is restricted basis 
entry necessary for solution of the optimization model? 

Although the objective function is a separable function of the waste
water removal efficiencies, the water quality constraint is a product of the 
removal rates and appears to be nonseparable. However, we can introduce 
additional decision variables that eliminate the product terms. Defining 
Ej = (1 - Ej), the constraint can be expressed as 

We introduce the new variable, 

The water quality constraint can be expressed as, 

y ~ c* /Cin 

We require, however, the additional side constraint, 

3 

In(y) = Iln(Ej) 
j=l 

7.75 

7.76 

7.77 

7.78 
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The objective function is defined in terms of the new Ej variables as 

3 

minz = L lXj{1 - Ej){3j 

j=l 

7.79 

The optimization model is now a separable function of E j and y. The op
timization problem does not satisfy the requirements of the local-global 
and Kuhn-Tucker theorems. Therefore, restricted basis entry is necessary 
to identify a local minimum of the optimization problem. 

Example Problem 7.9 

Formulate the approximating optimization problem for the model, 

maxz = 2Xl-Xf +X2 

subject to: 
2xr + 3x~ ~ 6 

The objective and constraint functions are separable functions of the 
decision variables. Using the notation of Section 7.4.1, 91 = 2Xf,Jl = 
2Xl - Xf, and 92 = 3X~,J2 = X2. The conditions of the local-global the
orem are satisfied and any local maximum will be the global solution for 
the programming problem. Restricted basis entry is unnecessary for the 
problem. 

We first observe from the constraints that a reasonable integer valued 
upper limit for the value of Xl or X2 is 2. The first step in developing the 
approximating problem is to discretize, as shown in Figures 7-6 and 7-7, 
the domain of Xl and X2. We use uniform intervals and the break points 
for each function are located at 0.50, 1.00, .... Table 7.2 summarizes the 
break points and the function values for the model. 

Table 7.2 Function and constraint values. 

Xl or X2 91 il 92 fz 
a a a a a 

0.5 0.50 0.75 0.75 0.50 

1.0 2.00 1.00 3.00 1.00 

1.5 4.50 0.75 6.75 1.50 

2.0 8.00 0.00 12.00 2.00 
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Figure 7-6. Example problem linearization. 
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Figure 7-7. Example problem linearization. 
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Defining .\kl and .\k2 as the new variables associated with Xl and X2 

respectively, 11 and iz can be expressed as, 

and, 

11 = 101.\01 + Ill.\ll + izl.\21 + 131.\31 + 141.\41 

= 0.\01 + 0.75.\ll + 1.00.\21 + 0.75.\31 + 0.\41 

iz = 102.\02 + 112.\12 + iz2.\22 + 132.\32 + 142.\42 

= 0.\02 + 0.50.\12 + 1.00.\22 + 1.50.\32 + 2.0.\42 

Similarly 91 and 92 are approximated as 

91 = 901.\01 + 9ll.\ll + 921.\21 + 931.\31 + 941.\41 

= 0.\01 + 0.50.\u + 2.00.\21 + 4.5.\31 + 8.0.\41 
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and, 

92 = 902'\02 + 912'\12 + 922'\22 + 932'\32 + 942'\42 

= 0'\02 + 0.75'\12 + 3.00'\22 + 6.75'\32 + 12.0'\42 

The entire approximating problem can be expressed as 

subject to: 

2 4 

maxi = ~ ~ ikj'\kj 
j=l k=O 

2 4 

~ ~ 9kj'\kj S 6 
j=l k=O 

4 

~ '\kl = 1 
k=O 

4 

~ '\k2 = 1 
k=O 

7.4.2 FRANK-WOLFE ALGORITHM 
The Frank-Wolfe algorithm is used to solve linearly constrained, non

linear optimization problems. The programming problem can be expressed 
as 

maxz = j(x) 

subject to: 
Axsb 

x~O 

7.80 

7.81 

7.82 

The Frank-Wolfe algorithm is based on linearization of the objective 
function and solving a succession of linear programs coupled with line 
searches. Assuming a feasible solution, xO, the objective function can be 
approximated by the Taylor series as 

7.83 
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Dropping the constant terms of the approximation, we formulate the linear 
subproblem as 

7.84 

subject to: 
Ax.$ b 7.85 

x;::o 7.86 

The linear program will have an optimal, comer point solution provided the 
feasible region is bounded, i.e. the conditions of the Weierstrass theorem 
are satisfied. The question remains, however, as to how the solution of the 
linear programming subproblem, x*, is related to the original, nonlinear 
program. There is no assurance that the solution is close to the optimal 
solution of the nonlinear program, x*. However, we can conclude from the 
feasibility and optimality of the linear subprogram that 

and, 
v f(xo)(x* - xo) ;:: 0 

Defining d = x* - xo, then V f(xo)d ;:: O. From Equations (A.27) and (A.28), 
we conclude that f(xo + Td) ;:: f(xo). d is an ascent vector, and a simple 
line search will produce a solution that improves the value of the objective 
function. 

The solution of the linear subproblem, x*, is an extreme point of the 
feasible region and since, XO is feasible, all points on the line between these 
points are also feasible (the feasible region is convex). Points on the line 
beyond x* are outside the feasible region, and the line search can be ex
pressed as 

The step-size is determined from the equation 

maxf[xo + T(X* - xo)] 
T 

The Frank-Wolfe algorithm can be summarized by the following steps 
(Frank and Wolfe, 1956), 

Step 1. Determine an initial feasible solution (e.g., Phase 1 of the 
simplex algorithm), and set the line search tolerance, €, 

and the convergence tolerance, 8. 
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Step 2. Evaluate the gradient of the objective function, \l f (xk ). 

If II \l j (xk) II ~ 0 , STOP. Otherwise, continue to Step 3. 
Step 3. Solve the linear programming problem, 

subject to: 
Ay~b 

y~O 

7.87 

7.88 

7.89 

The optimal solution of the linear programming problem 
is X*k. 

Step 4. Determine the optimal step size by solving the uncon
strained optimization problem, 

O~Tk~l 7.91 

Step 5. Update the decision variables, 

Step 6. Check for convergence of the algorithm. If, 

Ilxk+l - xk II ~ ollxk+lll 

and, 

7.92 

7.93 

If(xk+1 ) _j(xk)1 ~ €1f(Xk+1)1 7.94 

terminate the algorithm. Otherwise return to Step 2. 

Convergence of the Frank-Wolfe algorithm can be proved provided the 
objective is continuously differentiable, the feasible region is bounded, and 
there are accurate linear programming and line-search subproblem solu
tions (Zangwill, 1969). 

The Frank-Wolfe algorithm also provides a convenient estimate of the 
remaining improvement in the value of the objective function. ASSuming 
the objective is a concave function, then from Equation (2.50), 

The inequality holds for all feasible points including the maximum, x* , and 
x*k, the solution of the linear subproblem, 

7.95 
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Since the objective of the linear subproblem implies that V' f (x* )(x*k -

x*) ~ 0, we conclude that 

7.96 

An upper bound on the optimal objective value is the objective function 
evaluated at the current solution of the linear subproblem. This informa
tion can be used to revise the convergence criteria of the algorithm. 

The following example problem illustrates the application of the Frank
Wolfe algorithm. 

Example Problem 7.10 
Perform two iterations of the Frank-Wolfe algorithm for the optimiza

tion problem, 

subject to: 
0.5Xl + X2 ~ 4 

-0.5Xl + X2 ~ 0 

The feasible region for the example problem is shown in Figure 7-8. 
The feasible region is a closed, bounded, convex set; the objective function 
is also a concave function. Any solution identified is the global solution of 
the optimization problem. 

The Frank-Wolfe algorithm begins by setting the line search and con
vergence tolerances (8 = f = 0.001) and the initial starting point. We select 
the origin, x = [0, of as the starting point. The gradient of the objective 
function, Step 2 of the algorithm, is 

V' f = [-2(Xl - 2), -2(X2 - 3)] 

= [4, 6] 

The linear programming subproblem can be expressed as, 

subject to: 
0.5Yl + Y2 ~ 4 

-0.5Yl + Y2 ~ 0 

Yl,Y2 ~ 0 
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Figure 7-8 Frank-Wolfe algorithm. 

The solution of the linear subprogram is y* = [4, 2 F, extreme point B in 
Figure 7-B. The direction vector, dO = [4, 2]t - [0, O]t = [4, 2]t lies along 
edge AB of the feasible region. 

The optimal distance to move along this direction is determined from 
the line search optimization, 

maxz = j(xo + Tdo) 
T 

= [-(0 + 4T - 2)2 - (0 + 2T - 3)2] 

= -20T2 + 2BT - 13 

The optimal step size, T* = 0.7. The updated solution vector is 

Xl = XO + T*do 

= [0, O]t + 0.7[ 4, 2]t 

= [2.B, 1.4]t 

The new solution is sufficiently far from the optimum so that the algorithm 
returns to Step 2, and a reevaluation of the gradient of the objective func
tion. 

Successive iterations of the algorithm are illustrated in Figure 7-B. The 
optimal solution of the next linear subproblem identifies comer point C. 
The line search from Xl to B produces an interior rather than a boundary 
solution. The linear programs successively generate comer point solutions 
at B and C. The solutions zig-zag back and forth as the optimal solution 
is reached. The zig-zagging is similar to the progress of unconstrained 
gradient methods; unfortunately it retards convergence of the algorithm. 
The process continues until the convergence criteria are satisfied near the 
optimum, x* = [2, 3F. 
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7.4.3 TUI'S ALGORITHM 

An important class of environmental engineering problems involve the 
minimization of a concave objective function. These problems typically oc
cur in the design of large-scale wastewater treatment facilities or well fields 
in regional groundwater basins. The capital and operation and maintenance 
costs are concave functions of the design and planning variables. 

The optimization problem can be expressed as, 

minz = j(x) 7.97 

subject to: 
Ax::s:b 7.98 

x~O 7.99 

where j is a concave function of x. 
The identification of locally optimal solutions to the design or planning 

problem can be determined using linear programming. The motivation for 
the LP solution is that a local solution occurs on the boundary (extreme 
point) of the feasible region (see Example Problem 2.15). As first presented 
by Tui (1964), the algorithm solves a sequence of linear programs based on 
linearization of the original, nonlinear objective function. This is repeated 
until there is no longer an improvement in the objective function. A search 
of the neighboring extreme points is then performed to determine whether 
or not an improvement in the objective function occurs. If not, it can be 
shown that a local solution has been obtained. 

The algorithm is summarized in the following steps: 
Step 1. Identify a feasible solution to the problem, xo, possibly 

using Phase I of the simplex algorithm 
Step 2. Solve the linear program, 

subject to: 
Ay::s:b 

y~O 

7.100 

7.101 

7.102 

Step 3. If j(y*) < j(XO) set y* = XO and continue solving the 
linear programming (Return to Step 2). If not, Go to Step 
4. 

Step 4. Search the neighboring extreme points of the feasible re
gion, 5'1, h, ... , Yn-m. Consider the neighboring extreme 
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point that provides the greatest improvement in the ob
jective function. If there is no improvement, then XO is a 
local minimum, or, 

If z =min[j("Yj) - j(xo)];::: 0, then 
J 

STOP, XO = x* 7.103 

If z < 0, then Yj = min[j(Yj) - j(xo)] 
J 

Set Yj = XO Return to Step 2 7.104 

The search of the extreme points in Step 4 of the algorithm can be easily 
accomplished using the revised simplex method. Each nonbasic variable, in 
turn, enters the basis; the exiting basic variable is again determined using 
the ratio test. Pivoting is done to determine the updated value of the objec
tive and the basic variables. This process is continued for all the nonbasic 
variables; the nonbasic variables that provide the minimum value of the 
objective function is used to initiate another round of linear programming 
problems in Step 2 of the algorithm. 

7.4.4 THE REDUCED GRADIENT METHOD 
The reduced gradient algorithm is another method for solving linearly 

constrained nonlinear optimization problems. The algorithm was originally 
developed by Wolfe (1963) and is the basis oflarge-scale nonlinear program
ming codes such as MINOS introduced in Chapter 6. 

We assume the optimization problem can be expressed as 

minz = j(x) 

subject to: 
Ax=b 

x;::: 0 

7.105 

7.106 

7.107 

where j is a continuously differentiable real-valued function, A is a m x n 
matrix, and b is a m x 1 column vector. As in linear programming we 
partition x into a set of m basic variables, XB, and XNB, a set of n - m 
nonbasic variables. The constraints of the problem can then be expressed 
as 

Ax = BXB + IJtXNB = b 7.108 
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where B is the m x m basis matrix, and 2t is a m x n - m matrix associ
ated with the nonbasic variables. The basic variables can be related to the 
nonbasic variables using Equation (7.108), 

7.109 

We assume that the basic variables are nondegenerate, XB > O. 
In the reduced gradient method, the nonbasic variables are viewed as 

the independent variables of the optimization problem. In contrast to the 
simplex method, the reduced gradient method simultaneously changes all 
the nonbasic variables. The direction of greatest decrease of the objective 
function is the gradient of the nonbasic variables, the reduced gradient of 
the optimization problem. As in unconstrained optimization, a line search 
is used to determine how far to move in the reduced gradient direction. 

The reduced gradient is determined by substituting Equation (7.109) 
into the objective function, 

and then differentiating the expression with respect to the nonbasic vari
ables, or 

as 

oz oj OXB oj 
--=---+-
OXNB OXB OXNB OXNB 

= oj (-B- l 2t) + ~ 
OXB OXNB 

7.ll0 

The search direction for the nonbasic variables, dNB can be expressed 

d. _ { -ofjoXj,NB, if ofjoXj,NB ~ 0 
J,NB - -XjofjoXj,NB if ofjoXj,NB > 0 7.ll1 

where j E J is the set of all nonbasic variables. Equation (7.111) states that 
if the ph component of the reduced gradient is negative, the direction vec
tor is the negative of the reduced gradient. This is necessary to ensure that 
the direction is a descent vector, i.e. V jd < O. Conversely, if a component 
of the reduced gradient is > 0, that is it points in the direction of increas
ing the objective function, then the direction vector is set to -Xj(ofjoXj). 

These conditions are a restatement of the Kuhn-Tucker conditions for a lo
cal minimum. We also observe that if the nonbasic variables are changed by 
moving in the direction of the reduced gradient vector, the gradient vector 
of the basic variables is required to satisfy, 

7.ll2 
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to ensure the feasibility of the solution. Equation (7.112) follows from Equa
tion (7.109) since ~XB = _B-l2t~XNB = dB. 

Equations (7.111) and (7.112) ensure a descent direction and feasibility 
of the solution. The displacement from the current solution continues until 
either the objective stops increasing, or a boundary of the feasible region 
is reached. The maximum amount of displacement is determined from, 

Tl = min [- :J,NB : 'Vdj,NB < 0, j E 1], Tl = 00, if dj,NB ~ 0, j E 1 
J,NB 

7.113 

T2 = min [- :~'B : 'Vdj,B < O,j ft 1], T2 = 00, if dj,B ~ 0, j ft 1 7.114 
J,B 

The upper bound on the step length limit, f, is the minimum of Tl and T2, 

7.115 

The feasible displacement that produces the best value of the objective 
function is found from the line search optimization, 

minj(x + Td), 0:5 T :5 f 7.116 

Several possible cases can occur depending on the optimal value of the 
step size. If f = 00 (no finite value of T is optimal), then the solution of 
the original problem is unbounded. Assuming i is finite and T* = T2, the 
displacement drives at least one basic variable to zero. A simple pivot is 
then executed-a nonbasic variable replaces a basic variable. If T* = 0, the 
new point is the same as the old solution; the current basis is degenerate. 
Finally, if T* is finite and T* < T2, none of the new basic variables are 
driven to zero; no pivoting is necessary in this case. 

The reduced gradient algorithm is summarized in the following steps: 
Step 1. Determine a feasible solution and partition the decision 

variables into basic and nonbasic variables. Set the con
vergence tolerance, 8 > O. 

Step 2. Evaluate the reduced gradient from Equation (7.110). 
Step 3. Determine the direction vector of the basic and nonbasic 

variables from Equations (7.111) and (7.112). If Ildll < 8, 
STOP, the algorithm has converged. 

Step 4. Calculate the step length limit using Equations (7.113), 
(7.114), and (7.115). 

Step S. Determine the optimal step size by solving the optimiza
tion problem, 

minj(xk + Td), 0:5 T :5 f 
T 

7.117 
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Step 6. Update the solution using the equation, 

7.118 

If T* = f = Tl change the basis to avoid degeneracy. 
Return to Step 2. 

The algorithm continues until the reduced gradient vector vanishes 
or satisfies a prescribed tolerance. The method terminates and the final 
solution is a Kuhn-Tucker point. The reduced gradient method can fail 
to converge to a Kuhn-Tucker point because of zig-zagging. Variations of 
the algorithm have been proposed by McCormick (1969) to eliminate the 
problem. 

The example problems illustrate the application of the algorithm. 

Example Problem 7.11 

Perform one iteration of the reduced gradient algorithm for the opti
mization problem (Avriel, 1976), 

subject to: 

Xi~O, 'Vi 

Assume the starting solution is x = [2, 1, 3, 1]t. 

In the initial step of the algorithm we partition the decision variables 
into the basic and nonbasic variables. We assume that x~ = [Xl, X4]t and 
X~B = [X2, x3F. The basis and nonbasic matrices are then, 

B= (_~ ~) 

B- 1 = (~ ~) 

~=(i -~) 
The gradient of the objective function at the initial starting point is 

'V j(xo) = [4, 8, 0, 0] 
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In Step 2 of the algorithm, the reduced gradient is determined from 
Equation (7.110), or 

~ = of (-B-1lR) + of 
OXNB OXB OXNB 

= -(2Xl, 0) (~ ~) ( i -~) + (8X2, 0) 

= (0, 4) 

The direction vector for the nonbasic variables is determined from Equation 
(7.111), d1B = [0, -4F. The corresponding direction vector for the basic 
variables is from Equation (7.112), 

dB = - (~ ~) (i -~ ) ( _~ ) 
= (=1) 

The next stage of the algorithm involves determining the step length 
along d i . From Equations (7.113) and (7.114) we can write, 

. [ 2 
TZ = IIllIl - -4' ---.!] -4 

1 
= -

4 

The step length limit is f = min(TI, T2) = min(!, ~) = ! 
Step 5 of the algorithm solves the line search optimization, 

minz=f(xO+Tdl ), O~T~f 

The optimal step size can be identified using the calculus or one dimen
sional search methods; T* = !. 

The updated solution, Step 6 in the algorithm, is then from Equation 
(7.118), 
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The next iteration of the algorithm reevaluates the gradient of the 
objective function, V f(x l ) = [2, 80, O]t. Also since T* = TI the ba
sis is changed-x3 replaces X4. Verify that the optimal solution is x* = 
[ 1 1 1]t 
2' 4' 0, 4 . 

Example Problem 7.12 

MINOS, the Modular In-Core Nonlinear Qptimization ~ystem, is a non
linear programming package based upon the reduced gradient algorithm. 
Develop the MINOS input files for the solution of the nonlinear program
ming problem, 

minz = xi - 6XI + x~ - 8X2 - .5x3 

subject to: 

Xj ~ 0, Vj 

As was discussed in Chapter 6, the input data files for MINOS include 
the MPS file defining the types of constraints of the optimization problem, 
the nonzero right hand side vector, and the coefficients of the constant ma
trix. The SPECS file summarizes the parameters that control the optimiza
tion algorithm. The parameters include the type of optimization model, the 
number of nonlinear objective and/or constraint variables, and the maxi
mum number of iterations. For nonlinear problems it is also necessary to 
include two subroutines defining the nonlinear constraints and/or objective 
of the programming problem. These Fortran 95 subroutines, subrouti ne 
funobj and funcon, are shown in Figure 7-9. For completeness, subroutine 
matmod is also shown, however it is not used for this problem. 

In this Example Problem, subrouti ne funcon is a dummy routine 
since there are no nonlinear constraint functions. The nonlinear objective 
function of the model is set in subrouti ne funobj with the variable f. 
The array x(n) contains the decision variables. The number of nonlinear 
variables, n, is defined in the SPECS file. The other array in the subroutine 
is g( n); its elements specify the gradient of the objective function. In this 
example, we have 

of 
g(1) = -0- = 2XI-6 

Xl 

of 
g(2) = -0 - = 2X2 - 8 

X2 

of 
g(3) = - = -0.5 

OX3 
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subroutine funobj(mode,n,x,f,g,nstate,nprob,z,nwcore) 
integer, intent(in): :mode,n,nstate,nprob,nwcore 
double preC1Slon, intent(out)::f 
double precision, intent(in): :x(n),z(nwcore) 
double precision, intent(out)::g(n) 
f=x(1)**2-6.*x(1)+x(2)**2-8.*x(2)-0.5*x(3) 
g(1)=2.*x(1)-6. 
g(2)=2.*x(2)-8. 
g(3)=-0.5 
return 

end subroutine funobj 
subroutine funcon(mode,m,n,njac,x,f,g,nstate,nprob,z, & 

nwcore) 
integer, intent(in)::mode,m,n,njac,nstate,nprob,nwcore 
double preClSlon, intent(in)::x(n),z(nwcore) 
double precision, intent(out)::f(m),g(m,n) 
return 

end subroutine funcon 
subroutine matmod(ncycle,nprob,finish,m,n,nb,ne,nka,ns, & 

nscl,a,ha,ka,bl,bu,ascale,hs,idl,id2, & 
x,pi,z,nwcore) 

return 
end subroutine matmod 

Figure 7-9. MINOS subroutines. 

The SPECS and MPS files are shown in Figure 7.10. The SPECS data de
fines the number of nonlinear objective variables (3), and the number of 
rows and columns. It also specifies the problem as a minimization. The 
SPECS information is delineated from the MPS data by the BEGIN and END 
statements. Both the BEGIN and END statements begin in column 1. The 
MPS data details the type of constraints, the nonzero elements of the coef
ficient matrix, and the right hand side vector. 

The optimal solution of the model is x* = [2, 3, O]t. 

7.4.5 THE GENERALIZED REDUCED GRADIENT METHOD 
The generalized reduced method is an algorithm for the solution of 

nonlinearly constrained optimization problems. Abadie and Carpentier 
(1969) are generally credited with the development of the algorithm. We 
consider initially the nonlinear programming problem, 

minz = j(x) 



7.4 Constrained Optimization Methods 339 

1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9 0 
BE GI N OPT 

MI NI MI Z E 
NO N L I N E A A OB J E CTI V E V A AI A B L E S 3 
AO WS 3 
CO L U MNS 3 

EN 0 OPT 
NA ME EX AM P L E 0 

AO WS 
L CO N 1 0 

L CO N 2 
CO L U MNS 

Xl CO N 1 1 
X 1 CO N 2 1 
X 2 CO N 1 1 
X 2 CO N 2 1 
X 3 CO N 1 1 

A H S 
A H S 1 CO N 1 5 . 
A H S 1 CO N 2 3 . 

BO UN OS 
EN o A T A 

Figure 7-10. MPS and SPECS data. 

subject to: 
Bi(X) = 0, i = 1, ... ,K 

Variable bounds and inequality constraints are addressed following the de
velopment of the algorithm. As in the reduced gradient method, the method 
is predicated on relating the basic variables and the nonbasic variables of 
the optimization model. In the reduced gradient approach, the equality con
straints of the optimization model are used to express the basic variables 
as functions of the nonbasic variables. The basic variables are then elimi
nated from the objective function of the model and the reduced gradient is 
used to determine the search direction. The problem is more complex with 
nonlinear constraints since the direct solution of these constraints is, for 
most problems, impractical. In the generalized reduced gradient method, 
these problems are circumvented by first linearizing the constraints, and 
then isolating the basic variables. Conceptually, the algorithm is similar to 
the reduced gradient method; the primary difference is how the reduced 
gradient is used to displace the current solution in the space defined by the 
basic variables. 

We begin by linearizing or approximating the nonlinear equality con
straints with a Taylor series about the point xo, 

7.119 
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where 'Vgi(XO) = (ogi/oXl, ... ,ogi/oxn ). Since we require that gi(XO) = 

0, "if i, the equations become 

7.120 

As in the reduced gradient method, x is partitioned into basic and non
basic components. We reorder x in such a way so as to have the first K 

components correspond to the K basic variables; the remaining variables 
are nonbasic. Equation (7.120) can then be expressed as 

Writing Equation (7.121) for all constraints yield the matrix system of equa
tions, 

7.122 

where, 

R= (~ ~) 
~ ~ 
ilXK+l ilxn 

Assuming] is invertible, we can express the basic variables in terms of the 
nonbasic variables as 

7.123 

Again, as in the reduced gradient method, we use Equation (7.123) to 
eliminate the objective function's dependence on the basic variables, or 

The gradient of the objective function with respect to the nonbasic vari
ables, r = oz!'aXNB, can be expressed as 

7.125 
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Equation (7.125) is known as the reduced gradient or constrained derivative 
of the equality constrained optimization problem. 

The optimization model, Equation (7.124), is now an unconstrained 
optimization problem. The necessary conditions for an optimal solution of 
an unconstrained optimization problem are the usual first order derivative 
conditions (Appendix B), or 

r=~-ojrIR=O 7.126 
OXNB OXB 

It can be shown that these necessary conditions are equivalent to the La
grangian optimality conditions for the original optimization problem. 

The linear approximations of the constraint equations have accom
plished two things. First, the basic variables can be determined given any 
changes in the nonbasic variables. And secondly, Equation (7.126) is a nec
essary condition for optimality of the equality constrained nonlinear pro
gram. It would appear that the only step remaining in the algorithm is to 
conduct a line search using the direction vector, d, 

d NB = _(~ - oj rIR) 
OXNB OXB 

7.127 

dB = -rIRdNB 7.128 

As can be shown, dNB , is a descent direction. The problem is, however, that 
there is no guarantee that the points generated in the descent direction 
are feasible. Since the direction vector has been constructed by linearizing 
the constraints, it most likely will lead to points that further violate the 
constraints. Linearization of the constraints at a feasible point is equivalent 
to constructing a plane tangent to the constraint at the linearization point. 
It is doubtful that the points on the tangent plane will satisfy the original 
equality constraints. 

The solution to this problem examines how dB is evaluated. Rather than 
forming the direction vector, Equations (7.127) and (7.128), and performing 
a line search, Reklaitis et al., (1983) suggest that dNB should be projected 
on the constraint surface. The line search should then be conducted along 
the resulting curve. The minimum of the function is then determined along 
an implicitly defined curve. For example, for a single constraint, we have 

gi(X~B + TdNB;XB) = 0 

where now T is considered an exogenous parameter (note it previously de
fined the step length). The equation is solved for every given value of T to 
identify XB such that the constraints of the problem are satisfied. 
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This procedure can be generalized for all the constraints of the opti
mization problem, 

7.129 

For a fixed T, this system of nonlinear equations can be solved using the 
Newton-Raphson method. The linearized equations can be expressed for 
any iteration as 

7.130 

or, in vector-matrix notation, 

7.131 

where XB is the initial estimate of XB. The solution, at any iteration, of these 
equations is 

1 ~ J- l ( ° d ~) XB = XB - g XNB + T NB;XB 7.132 

Assuming the method converges, XB satisfies the constraints of the opti
mization problem. 

The remaining issue is whether the updated solution actually improves 
the objective function. If an improvement has not occurred, T is decreased 
and the Newton iterations repeated. If however, j(x) has improved, there 
are two options. A new value of T can be selected until no further improve
ment in j(x) is achieved. Or, the current point can be retained and the 
search direction reevaluated. 

These modifications permit the development of the generalized re
duced gradient algorithm. The algorithm can be summarized by the fol
lowing steps (Reklaitis et al., 1983): 

Step 1. Determine an initial feasible solution, xo, and values of 
the search parameter, T = TO, termination parameters, 
El, EZ, E3 > 0, and reduction parameter, ),,0< )' < l. 

Step 2. Partition x into XB and XNB such that J has a nonzero 
determinant; calculate the reduced gradient, r = OZ(aXNB. 

Step 3. If Ilrll ~ El, stop. If not, form the direction vector, d, such 
that 

dNB = _(~ - oj rlR) 
OXNB OXB 

dB = -rlRdNB 
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d = (dNB , dB)t 

Step 4. Set T = TO and determine x = XO + Td. 
a. For each constraint, i = 1,2, ... , evaluate Bi(X). If 

IBi(x)1 ~ £2, 'Vi go to Step (4d) If not continue. 
b. Solve the linearized constraint equations for the up

dated basic variables, x1 (if this is the first iteration, 
choose an initial estimate of the basic variables, XB), 

c. Check for convergence of the Newton-Raphson solu
tion. If, IIx1 - XB II > £3 set x1 = iB and return to 
Step (4b). If IBi(X~B;x1)1 ~ £2, 'Vi, go to Step (4d); 
otherwise set TO = YTO and return to Step (4a). 

d. Test if f(X~B;x1) ~ f(xo). If it is, set TO = YTO and 
go to Step (4a). If not, set (x~B;x1)t = xO and return 
to Step (2). 

The follOwing problem illustrates the application of the algorithm. 

Example Problem 7.13 

Perform 1 iteration of the generalized reduced gradient method for the 
optimization problem (Reklaitis et al., 1983), 

minz = 4Xl - xi + x~ - 12 

subject to: 
-Xf - x~ + 20 = 0 

Xl + X3 - 7 = 0 

Assume the starting solution is XO = (2,4, 5)t. 

Initially the variables are partitioned into basic and nonbasic variables, 
XB = (X2,X3)t and XNB = (XI)t. Note that the number of basic variables 
corresponds to the number of constraints of the optimization problem. 
Next, we generate the linearized constraints using a Taylor series. The 
linearized equations are, 

Simplifying, 
-4XI - 8 - 8X2 + 32 = 0 

Xl + X3 - 7 = 0 
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or in vector-matrix notation, 

or, 
JXB + RXNB + f = 0 

where f = (24, -7)t. The basic variables are now expressed in terms of the 
nonbasic variables as, 

( -8 
XB = - 0 0)-1 (-4) ._ (-8 

1 1 Xl 0 

The gradients of the objective function are 'Of / 'OXNB = 4 and 'Of / OXB = 
(-2X2' 2X3). The reduced gradient, r, is then 

r= ~_ of rlR 
'OXNB 'OXB 

= 4 - (- 2X2, 2X3) ( -! ~) ( -1 ) 
= 4 - (-8,10) ( t ) 
= -2 

The direction vector is from Step 3 of the algorithm, 

dNB = - ( - 2) = 2 

In Step (4a), we set TO = 1 and form the solution, 

The constraints are now evaluated at this point, 
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92(X) = 0 

The first constraint is violated and it is necessary to determine a new or 
revised set of basic variables that satisfies the constraint. These revised 
basic variables are determined through a linearization of the constraint 
equations; the unknowns in these equations are the basic variables. We 
choose as an initial estimate of the basic variables, XB = (X2, X3)t = (3,3)t. 
The linearized equations are then (Step 4b), 

(-Xf - x~ + 20) + (-2X2)(X~ - X2) = -5 + (-2(3))(x~ - 3) = 0 

Xl + X3 - 7 + (1 )(x~ - X3) = xj - 3 = 0 

The solution is (X~, x~)t = (2.83, 3)t. We next check for convergence of the 
Newton-Raphson solution, I (x~, xj)t - (X2, X3)t I . Since the solution has not 
converged, we perform another Newton iteration, i.e. we set x1 = XB and 
resolve the equations. This yields x1 = (2.008,3)t. We accept the result 
and note that additional iterations would be required for a more stringent 
convergence criterion. 

The next step, Step (4c) tests whether the constraints are satisfied at 
this new solution, x = (x~B;x1)t = (4,2.008, 3)t, and 

91 (x) = -0.032 f= 0 

92(X) = 0 

We assume this is acceptable and continue to Step (4d) of the algorithm. 
The objective is evaluated at (XRrB; x1)t, and we have 

There has been no improvement in the objective because the parameter 
TO was too large. It is reduced in subsequent iterations of the algorithm. 
Assuming the reduction parameter, Y = .4, then TO = 0.4 and we return to 
Step (4a), 

Again evaluating the constraints at this point we have, 

91 (x) = -0.80 

92(X) = 0 

The point is again infeasible, and additional Newton iterations are required. 
Performing a Single Newton iteration yields, x1 = (3.49,4.2)t. At the new 
point, the constraints are 

91 (x) = -0.02 
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92(X) = 0 

This is acceptable, and we next determine the updated solution and test the 
objective, 

f(xO) = 5 > f(x~B;x1) = 4.66 

The final step of this stage of the algorithm is to set (X~B; x1)t = XO and 
return to Step 2. Verify that the optimal solution is x* = (2.5,3.71.4.5)t 
and that at the optimum, the reduced gradient is zero. 

The majority of the computational effort in the generalized reduced 
gradient method is the T optimization. Normally, as in the example prob
lem, these optimizations are not carried out very exactly. Instead, a brack
eting search procedure followed by quadratic interpolation can be used to 
improve the computational solution of the problem. The bounding search 
is initiated with a relatively small value of T; the initial trials as a result 
lie close to the linearization point. As T is increased, the previous Newton 
result can be used as a good estimate to initiate the Newton corrections. 
Quadratic interpolation can then be used to improve the estimate of T. 

The generalized reduced gradient algorithm assumes the constraints of 
the optimization model are equality restrictions. The algorithm can be ex
tended to include both inequality constraints and upper and lower bounds 
on the decision variables. In the later case, assume the decision variables 
of the optimization model are constrained by the bounds, 

where tj and Uj are lower and upper bounds for the ph decision variable. 
As described by Reklaitis et al., (1983), three changes are necessary in the 
algorithm to incorporate the variable bounds. First, it is necessary to check 
that the only variables that are not near or on their bounds are basic vari
ables. This can easily be accomplished by ordering the variables according 
to the distance from their nearest bound. Defining x as the current solution, 
then 

7.133 

'(j can be ordered, for example, by decreasing magnitude; the dependent 
variables can be selected as the first K, presuming that J is nonsingular. 

Secondly, dNB is altered to ensure that the bounds on the independent 
variables are not violated, or 

dNB,j = 0, if XNB,j = tj and OZraXNB,j < 0 

= 0, if XNB,j = Uj and oz(aXNB,j > 0 

= -OZ/OXNB,j, otherwise. 7.134 
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This condition insures that if dNB = 0 then the Kuhn-Tucker conditions are 
satisfied at the point. 

Thirdly, in Step (4) of the algorithm, checks are required to guarantee 
that the bounds are not exceeded during the specification of T and during 
the Newton iterations. This is accomplished by verifying that the results 
do satisfy the variable bounds. If a variable violates a bound, then linear 
interpolation can be used to determine the point on the line segment where 
the basic variable is violated. 

Inequality constraints, ai :$ Bi :$ bi can also be incorporated in the gen
eralized reduced gradient algorithm. The most straightforward approach 
is to introduce a series of slack or surplus variables and variable bounds. 
The only disadvantage of the approach is that the J matrix has to include a 
row for each constraint, even if the inequality is not binding. There is a cor
responding increase in dimensionality in the problem. Other approaches 
such as an active constraint strategy have been utilized (see Reklaitis et al., 
1983). 

It should also be noted that convergence proofs are not available for the 
generalized reduced gradient as it is typically implemented. Convergence 
to a Kuhn-Tucker point has been proved for rather idealized cases that 
require, for example, special basis-updating methods and nondegeneracy 
and nonsingular basis matrices (Smeers, 1977). Interestingly, for equality 
constrained problems. the generalized reduced gradient can exhibit perfor
mance similar to the unconstrained gradient method (Luenberger, 1973). 

MINOS, the large-scale optimization package described earlier in this 
Chapter, is an example of a generalized reduced gradient code. In MINOS, 
significant computational savings are obtained by partitioning the variables 
into linear and nonlinear elements. For example, a constraint of the opti
mization model can be represented as, 

where XL are those variables that do not appear in any nonlinear terms; XNL 

are the nonlinear variables and a and b are parameters or constants. This 
representation has two advantages. First, the columns associated with the 
linear variables in the constraint gradients are always constant. Secondly, 
the dimensionality in the space of the nonbasic variables is reduced. 

As discussed by Murtagh and Saunders (1978), the problem variables 
can be divided into three sets: 

1. A set of K basic variables; the basic variables will have values that 
lie strictly between their lower and upper bounds 
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2. A set of S superbasic variables; the superbasic variables also have 
values strictly between their lower and upper bounds. 

3. A set of n - K - S nonbasic variables whose values are on one or 
the other of the specified bounds. 

The importance of the classification is that for a nonlinear program 
with NL nonlinear variables, an optimal solution can be identified for which 
the number of superbasic variables is less than or equal to NL. The rami
fication is that it is only necessary to form a search direction consisting of 
the superbasic variables. 

The superbasic variables reduce the dimensionality of the search space. 
The nonbasic variables are only considered when there is no improvement 
in superbasic space. For example, if d ~ 0, then the reduced gradient is 
used to assess whether or not one or more of the nonbasics will leave their 
bounds and joint the superbasic set. Additional details of the algorithm, 
including the numerical approximation of the constraint and objective gra
dients, and streamlining of the Newton iterations may be found in Murtagh 
and Saunders (1982, 1987). 

Example Problem 7.14 
Perform 1 iteration of the generalized reduced gradient method for the 

optimization problem, 

subject to: 

minZ=Xl-X2 

3xi - 2X1X2 + x~ .:5 1 

0.:5 Xl .:5 2 

X2 ~ ° 
Assume the starting point is x = (0,.5) t. 

We first introduce slack variables X3,X4. The transformed constraint 
equations and the nonnegativity restrictions can be expressed, 

3x[ - 2XIX2 + x~ + X3 = 1 

Xl + X4 = 2 

XI,X2,X3,X4 ~ 0 

The initial solution for the decision variables is x = (0,0.5,0.75, 2)t. 
The gradient of the objective function is 

"Vf= (~~ ~~) 
OXI' OX2' OX3 ' OX4 

=(1,-1,0,0) 
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Assuming Xl and Xz are basic variables, the ] and R matrices are from 
Equation (7.122), 

] = ( 6Xl ~ 2xz -2XIO+ 2XZ) 

R=(~ ~) 
The reduced gradient vector, r, is 

r= ~- oj rlR 
OXNB OXB 

( -1 
= (O,O) - (1, -I) 1 

= (1, O) 

dNB is determined using the modified direction vector given in Equation 
(7.134). Since X4 = XNB,2 = 2 is at the upper bound, its component in 
the nonbasic direction vector is zero (note that this is unnecessary at this 
stage of the algorithm since the second component of the reduced gradient 
is zero). Therefore, dNB = (-I,O)t. The direction vector for the basic 
variables, dB is from Equation (7.128), 

dB = -rlRdNB 

=_(_~ ~)-l(~ ~)(_~) 

= (~) 
We select TO = 0.5 and form the updated solution, 

The constraints of the problem are evaluated at this solution, 91 (x) 
0.25,9z(X) = o. We perform a Newton iteration using the starting point, 
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XB = (0, l)t. From Equation (7.132), 

x1 = XB - r1g(xRrB + TdNB;xB) 

= ( ~) - (-i ~rl (°.205) 

= (0.8~5) 
The new solutionis then x = (XNB,x1)t = (0,0.875,0.25, 2)t. Evaluating the 
constraints at this solution yields, odx) = 0.015625 -/= ° and 02 (x) = 0. 
We accept the solution and check the objective function, f(xo) = -.5 and 
f(XNB,x1) = -.875. It has improved and we begin the next iteration with 
x = xO = (0,0.875,0.25, 2)t. 

Verify the optimal solution of the model is 

and the value of the objective function is z* = -1. 

7.4.6 THE CONVEX SIMPLEX METHOD 

The convex simplex method was developed by Zangwill (1967) for solv
ing convex programming problems. It can be used for the solution of any 
linearly constrained optimization problem, 

maxz = f(x) 

subject to: 
Ax=b 

x~o 

7.135 

7.136 

7.l37 

The algorithm is based upon a set of m basic variables; recall that it is 
assumed that the associated columns in A are linearly independent. As
suming a basic feasible solution exists for the problem, the convex simplex 
method seeks to improve the value of the objective function by increasing 
a nonbasic variable, Xk for which OZ/OXk > 0; all other nonbasic variables, 
in contrast to the reduced gradient method, are maintained at a zero level. 

The underlying relationships in the convex simplex method are (1) the 
reduced gradient, 

(7.110) 
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(2) the direction components associated with the basic variables 

7.138 

and (3) the variation of the basic variables with respect to the nonbasic 
variables, 

OXB = -B- l 2t 
OXNB 

7.139 

In the convex simplex method, as nonbasic variable Xk increases, the basic 
variables are adjusted so as to keep the constraints satisfied. The direction 
vector at any iteration has a component of 1 in the Xk direction, and zero for 
every other nonbasic variable. In contrast to the simplex method, however, 
the partial derivative changes as Xk increases. It may at some point also 
decrease to zero. At this point it is no longer desirable to increase Xk. 

Displacement stops when either (1) the value of some basic variable falls to 
zero (the boundary of the feasible region is encountered), or (2) the partial 
derivative oz / OXk = O. The starting point of the next iteration occurs when 
either of these two "exit" conditions occur. 

In the first case, a pivot operation is performed in which Xk replaces a 
current basic variable. The reduced gradient is then recalculated and the 
next iteration is initiated. In the second case, however, none of the current 
basic variables are driven to zero. The basis, as a result, is left unchanged; 
at the subsequent iteration, nonbasic variable Xk will have a positive value. 
It is likely during the convex simplex method that more than m variables 
will have positive values; it may occur, for example, at an optimum that 
does not occur at an extreme point of the feasible region. 

The initial step in the algorithm is the calculation of the reduced gradi
ent. The reduced gradient is examined to see if any changes in the nonba
sic variables will improve the objective function of the optimization model. 
Generally, it is preferable to increase any nonbasic variable if oZ/OXj > 0 
or to decrease any positive-value nonbasic variable for which oZ/OXj < O. 
The variable that is adjusted is determined according to, 

and, 

OZ ( oz ) 
oXp = rIJ-:t OXj 

OZ . (OZ ) -x -mm -x' oXq q - je] OXj J 

7.140 

7.141 

where J is the set of all nonbasic variables. Equation (7.141) implies a 
positive-valued nonbasic variable is decreased only if its partial derivative 
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is negative. The selection criteria for the nonbasic variables are as follows: 

'f oz ° d OZ 0' 7 142 1 -~ - > ,an -::;-- Xq ~ ,mcrease xp . 
uXp uXq 

. oz OZ 
If -~ - ~ 0, and -::;--Xq < 0, decrease Xq 7.143 

uXp uXq 

if ~oz > 0, and :z Xq < 0, either increasexp or decreaseXq 7.144 
uXp uXq 

As can be shown, if oO:p ~ ° and oO:q Xq ~ 0, then the current solution 
satisfies the Kuhn-Tucker conditions. 

The remaining step in the convex simplex method is to determine how 
much the nonbasic variable is adjusted. As described by Simmons (1975), 
there are three cases to consider: 

Case I: The nonbasic variable, Xb is to be increased and at least one 
component of the basic variables is positive. Defining ak as the kth column 
of the original coefficient matrix, the updated column is simply Yk == B-1ak. 
As Xk is increased, the values of one or more basic variable will tend towards 
zero. The first to reach zero is Xbr, or 

Xbr . (XBi ) ~ == - = mm -,Yik > ° 
Yrk i Yik 

7.145 

Equation (7.145) is the usual exit criterion of the Simplex method. Xk can
not be increased beyond ~ to ensure feasibility; it is pOSSible, however, to 
increase Xk by a lesser amount. The desired increase in Xk can be obtained 
by executing the line search optimization, 

maxz = f(x) = f(x + Td) 
T 

subject to: 
7.146 

where T is the step size, and d is the direction vector, 

{ 
dk = 1, 

d= dj=O, ifjEj,j,fok 
dj = -Yik if j rt j and Xj = XBi 

7.147 

Note that if the old basis is degenerate (some component of the basic so
lution is zero), then it may occur that T* = ~ = 0. If T* = ~, no pivot is 
required-the new values of Xk and the basic variables are substituted for 
the old values. 
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Case II: In the second possible scenario, Xk is to be increased and 
no component of Yk is positive. In other words, no matter how much Xk 

is increased, none of the basic variables is driven to zero. The updated 
solution is found by solving the optimization problem, 

maxf(x) = f(x + Td) 
T 

subject to: 

T2:0 

The direction vector, d, is again given by Equation (7.147). If T* is finite, the 
basic variables and Xk are adjusted and no pivot is required. If however, no 
finite value of T is found, the solution is unbounded. 

Case III: Xk is decreased from an initial positive value. Again as in Case 
I, Xk can only be decreased by a finite amount; Xk can fall no further than 
zero even if no basic variable decreases. The maximum permitted decrease 
in Xk is, 

A XBr (XBi ) ~ == - = max -,Yik < 0 
Yrk t Yik 

7.148 

and, 

7.149 

~ is nonpositive. If Yik ~ 0, Vi, ~ = -00. ~ is the amount of decrease in 

Xk that drives the value of the basic variable to zero. If ~ = -~ < Xk, this 
occurs before Xk reaches zero. The optimal step size is determined from 
the optimization problem, 

maxf(x) = f(x - Td) 
T 

7.150 

subject to: 

No pivoting is necessary if T* = ~ = Xk or T* < ~. If T* = ~ = -~ < Xk, 

the basic variable XBr is driven to zero while Xk > 0; a pivot is necessary
Xk replaces XBr in the basis. 

The example problem illustrates an application of the convex simplex 
method. 
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Example Problem 7.15 
Perform one iteration of the convex simplex method for the optimiza

tion problem (Simmons, 1975), 

subject to: 

maxz = 1Olog(XI + 1) - 2XI + Xl (X2 + 1)2 

Xl + X2 + X3 = 12 

-Xl +X2 +X4 = 6 

x~o 

The initial basis for the problem is XB = (X3,X4)t = (12,6)t. The 
nonbasic variables are XNB = (Xl, X2) t = (0, 0) t. The first partial derivatives 
of the objective function can be expressed as 

oj 10 2 
-OX-I = (Xl + 1) - 2 + (X2 + 1) 

:j = 2xdx2 + 1) 
vX2 

!L=!L=O 
OX3 OX4 

The current basis matrix is the identity matrix associated with columns 
3 and 4 of A; its inverse is also the identity matrix. The columns of the 
nonbasic variables are B- I2t; YI = (1, -1) t , Y2 = (1, l)t. The components 
of the reduced gradient can be expressed as 

oz = _( oj oj )(1 _I)t + oj 
OXI OX3' OX4' OXI 

= -(O,O)(I,-l)t +9 

=9 

OZ = _ (oj oj) (1 l)t + oj 
OX2 OX3' OX4' oxz 

= -(0,0)(1, l)t + ° 
=0 

From Equations (7.140) and (7.141), the only possible adjustment in the 
nonbasic variables is to increase Xl. Y = (1, -1) t and Case I applies. The 
maximum amount by which Xl can be increased is determined from, 

. (XBi ) XBI 12 
~ = nun -,Yik > ° = - = -

i Yik Y11 1 
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Xl cannot exceed 12 units if feasibility is to be guaranteed. The line search 
optimization is then 

maxj(x) = j(x + Td) 
T 

subject to: 
0::5 T::5 12 

Note that x = (0,0, 12,6)t and the search direction vector, d = (1,0, -I, l)t 
(Equation 7.147). The optimal step size can be determined from the calculus 
or using dichotomous search; the optimal value is T* = 9. The updated 
solution is then, 

Since T* = 9 < 12, no pivot is required; the basic variables have changed 
however, XB = (X3,X4)t = (3,15)t. 

The next iteration begins with the reevaluation of the reduced gradient. 
Verify that the optimal solution is approximately x* = (4.33,7.67,0, O)t. 

7.4.7 BOX'S ALGORITHM 
Box's algorithm is a sequential search algorithm for the solution of the 

optimization problem, 
maxz = j(x) 7.151 

subject to: 
g(x) ::5 b 7.152 

XI::5 X::5 Xu 7.153 

where Xl and Xu are lower and upper bounds, respectively, on the deci
sion variables. The constraint set does not explicitly contain equality con
straints; these constraints are used to eliminate variables from the problem 
prior to the optimization. 

Box's algorithm works with a set of p feasible solutions, p ~ n + l. 
As described by Haith (1982), at each iteration the worst of these solutions 
is replaced by a better solution. An initial feasible solution is specified 
and the remaining p - 1 solutions are generated randomly. After a set of 
p feasible alternatives are obtained, an improved solution is determined 
using a variant of a line search procedure. The algorithm continues until a 
number of successive solutions produce solutions that have approximately 
the same objective function value. 
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Defining xk as the kth solution, the algorithm is summarized in the 
following steps: 

Step 1. Determine an initial feasible solution, Xl. 

Step 2. Generate the next solution using the equation (k = 2), 

7.154 

where rjk is a random number between 0 and I, and Xuj 

and xlj are upper and lower bounds for variable j. 
Step 3. Check the solutions for feasibility, Equation (7.152). For 

solutions that violate any of the constraints, the centroid 
solution, Xj, is calculated as 

1 k-l 

Xj = k _ 1 L Xjl 
1=1 

The updated solution, xJ can then be expressed as 

7.155 

7.156 

This process is continued until all the constraints are sat
isfied. 

Step 4. Set k = k + 1 and return to Step 2 if k < p. If P feasible so
lutions are obtained, continue to Step 5 of the algorithm. 

Step S. Evaluate the objective function with each alternative, 

Eliminate the solution with the smallest objective value. 
Step 6. Assuming the nth solution is removed, the new solution, 

X, is generated by moving the centroid in the direction of 
the other solutions. The values of the centroid variables 
are determined from the equation, 

p 

- 1 '" k Xj = -- L x· 
P -1 J 

k=l,k+n 

The updated solution is 

Xjn = Xj + oc[Xj - Xjn] 

7.157 

7.158 

where oc is a constant typically equal to 1.3 (Box, 1965). 
This produces a solution that lies on the other side of the 
centroid from the old solution. If the objective does not 
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improve, a new solution is determined by moving back 
towards the centroid using, 

7.159 

Step 7. Check the solution to ensure that it satisfies the upper and 
lower bound constraints. If a solution violates an upper 
bound, replace the solution with xJ = Xuj - 8, where 8 is 
a small number. Similarly, if a variable violates the lower 
bound, replace it with xJ = Xlj + 8. 

Step 8. Check the feasibility of the solution as in Step 3. 
Step 9. Return to Step 5 and continue producing new feasible so

lutions. If successive iterations produce solutions with 
approximately the same objective value, terminate the al
gorithm. 

7.5 CASE STUDY 1 - NORTH CHINA PLAIN WATER MAN
AGEMENT 

The North China plain is a 320,000 square kilometer semi-arid region 
located in Hebei, Shandong, and Henan Provinces (Figure 7.CS 1-1). Approxi
mately 18 million hectares are currently under cultivation in the region; the 
population of the area is apprOximately 160 million. The North China Plain 
is an important center of agricultural production for the People's Republic 
of China; the plain contains approximately one-third of the total farm land 
in China. The agricultural production from the region accounts for 39% of 
the country's wheat production and over 40% of the cotton production. 

Agricultural expansion of the North China Plain has been primarily con
strained by the availability of water resources and to a lesser extent, fertil
izer and capital. Precipitation is highly variable and characterized by cycles 
of flood and drought. The climate of the region is semi-humid with seasonal 
monsoons. The average rainfall is more than 600 mm/year and is typically 
of short, intense duration. Approximately 75% of the annual precipitation 
is concentrated in the summer months (July through September). Because 
the topography of the region is relatively flat (~ 100 m) there are often se
vere water logging problems. Local groundwater also generally has a high 
concentration of total dissolved solids (IDS). The high IDS concentrations 
are the result of original connate water and poor irrigation practices. 

In 1984, a cooperative research study was initiated between the Chinese 
Academy of Sciences, Humboldt State University, and Cornell University, 
to develop a series of management models to address the water resources 
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Figure 7.CSl-l North China Plain. 

problems of the North China plain. These models included the development 
of finite element and boundary integral groundwater simulation models. 
The models have been applied to Nanpi and Yucheng basins of the North 
China Plain. The simulation models have been used to predict groundwater 
levels in the region resulting from alternative groundwater management 
policies. The development and validation and calibration of these models 
is described in Y. Zhang (1987) and D. Zhang (1987). 

7.5.1 THE MANAGEMENT MODEL 
The objective of this case study is to generalize the water allocation 

model presented in Chapter 1, and apply it to Yucheng county region of 
the North China plain. As such, the model represents a prototype of a 
larger water allocation model that is to be applied to the North China Plain. 
The optimization model is predicated on the groundwater hydraulic re
sponse equations and the hydrology and agricultural production patterns 
of Yucheng County. 

The agricultural policies initiated in the early 1980's by the People's 
Republic of China have placed a greater emphasis on agricultural produc
tivity. The objective of the planning model reflects these priorities, and 
maximizes the net revenue from the production of wheat, com, and cotton, 
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the primary staples of Yucheng County. In contrast to the planning model 
present in Chapter I, we assume the resource allocations are to be deter
mined over a planning horizon consisting of np planning periods. The 
agricultural region is also assumed to be discretized into nr regions. Each 
region, i E nr, is characterized by differing soil types, land requirements, 
and water and fertilizer availability. The water available in each region dur
ing planning period t includes precipitation, Yellow River water, Yi,t, and 
groundwater, Bi,t. The yield per hectare Yi,} (the production function) is a 
function of Wi,}, the per hectare water allocation in subregion i, crop j, and 
Ii,} the fertilizer allocation. Defining li~ as the land in region i allocated to 
crop j and p j as the unit price of the jt crop, the objective of the planning 
model can be expressed as, 

maxz = [~ ~ p ·l· .y. . (w . f· .)] L. L. ) t,) t,) t,) , t,) 

i= 1 j= 1 

-~ (cy, % Yi,' + Cf< j~/i,j) 
np nw 

- L L CQk (LOk + hOk•t - hk,t) Qk,t 7.CS1.1 
t=l k=l 

The unit costs of Yellow River water and fertilizer are CYt and CIt' The 
groundwater cost at each of the nw well sites is assumed to be a nonlinear 
(concave) function of the lift and the extraction rate, Qk,t in period t. The 
lift, which is the distance from the water table to the ground surface, is 
dependent on, Lok , the initial depth to the water table at well site k, the 
initial head, hok,!, and the head at time t, hk,t. The objective function is a 
nonconvex function of the crop and water allocation decisions. 

The optimization model is constrained by a series of water balance 
and groundwater hydrauliC constraints. The Yellow River allocations are 
limited by the availability of water for each region, UYt.t' and within the 
County, UYTt ' 

Yi,t :5 Uyt,t Vi and t 7.CS1.2 
nr 

LYi,t :5 UYTt Vt 7.CS1.3 
i=l 

The groundwater balance equations for each region and time period can be 
expressed as 

Bi,t = L Qk,t 
kEi 

Vi and t 7.CS1.4 
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Equation (7.C51.4) relates the total groundwater allocation to region i and 
the sum of the groundwater pumped in that region. Qk,t, a decision variable 
of the model, is the groundwater pump age at well site k in time period t. 

The sum of the water allocation to each crop in a region for any period, 
Wi,j,t, is the sum of the Yellow River water and groundwater allocations, 

nc 
"'w" -y' +9' L... t,],t - t,t t,t Vi and t 7.CSl.S 
j=l 

The total water applied per hectare to each crop over the year, Wi,j, is 

np 

W, - '" W, 't t,] - L... t,], Vi and j 7.CS1.6 
t=l 

The total water allocation applied or reaching the crop from precipitation 
over the entire plannin"g horizon is apportioned according to the consump
tive use requirements (evapotranspiration) of each planning period, 

Wi,j,t + Yi,j,tli,j = aj,t [Wi,j + I (ri,j,mli,j)] 
m=l 

Vi, j, and t 7.CS1.7 

where aj,t is the fraction of annual consumptive use required in period t, 
and ri,},t is the available soil moisture from precipitation for crop j. 

The fertilizer balance equations are again expressed for each region 
and the County as, 

nc 

L Aj 5 UJt 
j=l 

nr nc 

Vi 

L L Ii,j 5 Ufr 
i=l j=l 

7.CS1.8 

7.CS1.9 

where UJt and Ufr represent the region and county fertilizer availability. 
The available irrigable land for the crops in each region is given as, 

Vi 7.CSl.lO 

Vi 7.CS1.l1 

where lil is the total irrigable land. These constraints reflect the overlapping 
growing seasons of wheat and cotton (crops I and 3), and corn and cotton 
(crops 2 and 3). 
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The minimum, LWI,} , and maximum, UWI,J' water application rates for 
each crop in each region are expressed by the constraints, 

Vi and j 

7.CSl.12 
Similarly the minimum and maximum fertilizer, L fl,} and U fl ,}' and land 

requirements, Lli,j and Uli,j' are given as 

li)·Lf· · ~ fi)' ~ li)·Uf· · Vi and j 
I t,) I I t ,) 

7.CSl.13 

7.CSl.14 

The optimization model incorporates the groundwater recharge result
ing from precipitation, irrigation, and infiltration. Defining Ri,t and ht as, 
respectively, the precipitation and infiltration occurring in region i, period 
t, the balance equation can be expressed as, 

nc 

ht = f3i.t L Wi,j ,t + Ri,t (f3i,t l i[ + Yi,tliN) 
j=l 

Vi and t 7.CSl.15 

where f3i,t is the fraction of water actually reaching the aquifer in period t 
for the irrigable portion of region i. Yi.t is the fraction of the precipitation 
recharging the groundwater system from all non-irrigable land, LiN. 

The variation in the groundwater levels in response to pumping and 
precipitation is based on mass conservation equations. The numerical so
lution of these equations describes how the water levels, the hydraulic head, 
change in space and time throughout the planning horizon. The mathemat
ical model of the groundwater system is described by the linear equations 
(Willis and Yeh, 1987) 

Vt 7.CSl.16 

where h t is the hydraulic head vector defining the variation in the hydraulic 
potential at each discrete point in the aquifer system. The coefficient ma
trices, Au, AZ,t are functions of the aquifer system's hydraulic parame
ters. The f vector contains the recharge, pumping, and the time-dependent 
boundary conditions of the problem. The equations are imbedded in the 
constraint set of the resource allocation model. 

The pumping rates are constrained by the equations, 

Vk and t 7.CSl.17 
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where Qk,max is the well capacity of well site k. 
The head levels are also required to be within minimum and maximum 

limits to prevent water logging of the soil and from exceeding the maximum 
pumping depth at a well site. These restrictions are summarized by the 
equations, 

he,min 5 he,t 5 he,max 'V-f E rand 'Vt 7.CS1.18 

The mathematical model described by Equations (2.CS1.1)-(2.CS1.18) 
is a nonlinear, nonconvex programming problem. The nonconvexity of the 
model results from the nonconvexity of the objective function (the sum of a 
concave function and a convex function, the groundwater pumping costs). 
The conditions of the local-global theorem are not satisfied and there exists 
local solutions to the resource allocation problem. 

7.5.2 PRODUCTION FUNCTIONS 
The production functions for the allocation model were developed from 

data compiled during controlled experiments in Yucheng County. These 
data relate the yield per hectare of wheat, corn, and cotton and the water 
and fertilizer application rates (Liu and Wei, 1987). 

A variety of production functions can be used to relate crop yields 
and the primary factors of production. These relationships include the 
Cobb-Douglas functions, the Mitscherlich-Spillman functions, and polyno
mial equations. The Cobb-Douglas functions have an undefined maximum 
yield and invariant rates of substitution. It can also be shown that the 
marginal products of the Mitscherlich-5pillman functions are a constant 
proportion to each other. There are few data indicating that these proper
ties are representative of actual plant-water-fertilizer relationships. 

The production functions developed in this study are based on general 
polynomial equations. As described by Hexem and Heady (1978), these 
equations are appropriate when the marginal products become negative 
and the yields decline. This occurs, for example, when excessive water or 
fertilizer is applied to a crop. The production functions can be expressed 
as, 

Yi,j = alt,J + a2t,J Wi,j + a3t,J wlj + a4t,J!i.j + ast,JIlj 

+ a6t,J Wi,j Ii,j , 'V i, j 7,CS1.19 

The parameters of the model, aet,J were determined using the MlNPACK 
software package. An example of the production function for wheat is 
depicted in Figure 7.C51-2. 
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Figure 7.CSl-2 Production function for wheat. 

7.5.3 MODEL APPLICATION 
The optimization model was applied to the Yucheng region of the North 

China Plain. The cost, revenue, and groundwater parameters are summa
rized in Table 7.CS1.1. 

The precipitation records for the region were compiled by hydrolo
gists from the Yucheng Experiment Station. The historical data were used 
to generate the runoff and local surface water availability for each drainage 
basin in Yucheng County. The groundwater recharge was determined for 
both irrigated and non-irrigated areas of the basin. The recharge is esti
mated as a fraction of the total water reaching the surface from irrigation 
and precipitation. The recharge parameters were determined from a series 
of experiments conducted in the Yucheng Experiment Station (D. Zhang, 
1987). 

The optimization model is a nonlinear programming problem. The 
net revenue objective function is a nonlinear function of the pumping and 
cropping pattern decision variables. There are a total of 1296 decision 
variables for the one-year, three-planning-period optimization model. The 
planning periods correspond to the 3 growing seasons of the study area. 

The decision variables of the optimization model include 594 head val
ues, and 594 pumping rates. The remaining decision variables distribute 
the annual fertilizer, Yellow River water, and land allocations to each region 
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in each planning period. The primary constraints of the planning model in

clude the 594 hydraulic response equations; the balance of the constraints 
are the water and fertilizer balance equations. The constraint set of the 
model consists of linear equalities and inequalities and is a convex set. 

A series of computer programs was developed to manage the infor
mation produced by the simulation models and to generate the input data 
files for the optimization analyses. The optimization problems were solved 
using MINOS 5.1 (Murtagh and Saunders, 1987). Typical execution times on 
an ELXSI super mini-computer averaged nine minutes of CPU time. 

Table 7.CS1.1 Model parameters. 

Value Units 

Planning Period 1 202 days 

Planning Period 2 61 days 

Planning Period 3 102 days 

Depth to Water Table 2.0 meters 

Groundwater Pump Cost 0.008 ~B/m3day-l/m 

Yellow River Unit Cost 0.032 ~/m3 

Fertilizer Unit Cost 0.399 ~/kg 

Wheat Unit Revenue 0.346 ~/kg 

Corn Unit Revenue 0.224 RMB/kg 
Cotton Unit Revenue 3.900 ~/kg 

Head Lower Bound 9.00 meter 

Well Capacity 3000 m3/day 

7.5.4 MODEL RESULTS 

The objective of the optimization analysis is to determine the probable 
impact of precipitation variation in the Yucheng region on the production 
of wheat, corn, and cotton. The optimization model presented in the previ
ous sections was used to determine the optimal crop allocations. A series 
of optimization problems were solved based on the historical precipitation 
record. A total of 38 optimization solutions were generated from the his
torical data. The results of the optimization analyses, summarized in Table 
7.CSI-2, detail the variation in the wheat, corn, and cotton acreage and the 
groundwater and Yellow River allocations for the period 1951-1987 (Willis 
et al., 1989). 
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An important element of the planning results is the probable change 
in net revenue in the basin resulting from the precipitation variation. The 
historical precipitation data were used to determine the seasonal precip
itation inputs to the optimization model. Total annual precipitation was 
determined to approximate a normal distribution, as was the optimal ob
jective function, the net basin revenue. The mean basin revenue is 8.6 x 109 

RMB; the standard deviation of the optimal net revenue function is 1.8 x 109 

RMB (Note: 3.8 RMB :::: $1.00 U.S.). 
The linear correlation between the optimal revenue function and the 

seasonal precipitation was low. However, on an annual basis, the correla
tion between the net revenue function and the total annual precipitation 
was relatively strong, r = -0.82. As shown in Figure 7.CSI-3, the corre
lation suggests a nonlinear relationship between the precipitation and net 
revenue function. Although the correlation is not extremely high, it does 
indicate the significant effect that precipitation has on the planning results. 

Table 7.CS1.2 Optimal resource allocation results. 

Region 1 Region 2 Region 3 Region 4 

Product Min Max Min Max Min Max Min Max 

Wheat 7248 12080 15642 15642 3390 3390 5444 9073 

Com 0 15301 0 19814 0 0 0 14492 
Cotton 0 9252 0 0 0 0 0 6957 

Yellow W (1) 0 0 0 0 0 0 0 0 
Yellow W (2) 0 0 0 0 0 0 0 0 

Yellow W (3) 0 0 0 0 0 0 0 0 

Ground W (1) 358 4269 3496 5319 0 2683 436 4638 

Ground W (2) 999 3993 1177 2999 0 2484 1311 2937 

Ground W (3) 0 3721 0 4584 0 0 0 989 

Wheat 2042 2401 2140 2174 852 852 0 2513 

Corn 0 837 0 885 0 0 0 375 

Cotton 0 1871 0 0 0 0 0 2513 

The inverse correlation between precipitation and the basin's net rev
enue function is somewhat surprising. It had been expected that as the 
amount of precipitation increases, the demands for other (more expen
sive) water would decrease, lowering the overall cost of crop production. 
However in Yucheng County, the groundwater table is within 1 meter of 
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the ground surface in some areas. During periods of high precipitation, 
groundwater recharge increases, leading to unacceptably high groundwa
ter elevations. More groundwater has to be pumped in wet years than in 
drier years to satisfy the head upper bound in the optimization model. 
Since the cost of delivering groundwater to the crops exceeds the cost of 
Yellow River water, the cost of crop production increases in wet years. 

-- 12.0 - • § • 
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Figure 7.CSI-3 Revenue and precipitation. 

A parameterization study was also conducted using the optimal re
source allocation model. The dramatic effect that the upper bound on the 
groundwater head has on the objective function value is illustrated in Fig
ures 7.CSI-4-7.CSI-6. Figure 7.CSI-4 presents the results of the sensitiv
ity analysis using the mean annual precipitation. The upper bound on the 
groundwater head varies from 18 to 22 meters. This range in elevation 
represents the head value where the water table is just below the ground 
surface elevation level (22 meters), to the elevation where the various wa
ter balance constraints in the optimization model cannot be satisfied (18 
meters), i.e. the problem becomes infeasible. Within this range, the rela
tionship between head upper bound and objective function value is linear. 
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The shadow price, the change in the optimal net revenue function per unit 
change in the head upper bound, is 1.6x 106 RMB/m. Similar results are pre
sented in Figures 7.CSl-8-7.CSl-9. Figure 7.CSl-8 examines the tradeoff 
between the net revenue and head upper bound for an annual precipitation 
sequence with an exceedance probability of 75%. The tradeoff is 1.8 x 106 

RMB/m. The tradeoff for a hydrologic wet year (exceedance probability 25%) 
is 1.6 x 106 RMB/m. 
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Figure 7.CSI-4 Net revenue - mean hydrology. 

An important element of the planning analysis is the extent to which 
the optimization results produce a more efficient water allocation policy. 
The optimization model was compared with the historical water allocation 
patterns in Yucheng County for the mean, wet (precipitation exceedance 
probability 25%), and dry (precipitation exceedance probability 75%) pre
cipitation sequences. For the mean hydrologic conditions, the optimiza
tion model increased the basin's net revenue from approximately 3.4 x 108 

RMB to 9.0 X 109 RMB. The largest increase in net revenue occurred dur
ing the dry precipitation sequence; the revenue increased from 3.2 x 108 

RMB to 9.7 X 109 RMB. The smallest increase was from 4.1 x 108 RMB to 
6.3 X 109 RMB during the wet hydrologic period. In all cases, the optimiza
tion model increased the allocation of wheat and cotton over historical crop
ping pattern levels. Groundwater allocations also increased to supplement 
the higher water requirements of the new cropping patterns. The results 
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Figure 7.CSl-5 Net revenue - dry hydrology. 

;c 62.96 
§ 

00 o 
:::::!. 62.94 
Q) 

S 
Q) 

~ 62.92 
..... 
Q) 

Z 62.90 L...---,------,--..,----r--,--

19.8 20.8 21.8 
Head Upper Bound (m) 

Figure 7.CSl-6 Net revenue - wet hydrology. 

indicate that agricultural production can be increased in the basin without 
the development of new water supplies provided there is improvement in 
the distribution and allocation of existing resources. 

The optimization model is a nonconvex programming problem and 
there are possibilities of local optima to the planning problem. The starting 
points for several of the solutions were varied over several orders of mag-
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nitude with no apparent effect on the optimization results. Furthermore, 
the ratio of the norm of the reduced gradient to the norm of the dual vari
ables, the convergence criterion for the optimization algorithm, for all the 
optimization was less than 1.0 x 10-7 . The effects of local optimality, as a 
result, do not appear to be a significant problem. 

7.5.5 CONCLUSIONS 
The results of this study have demonstrated the feasibility of large

scale agricultural optimization of the North China Plain. Specifically, the 
investigation has shown, 

a. large-scale, nonlinear programming models of agricultural produc
tion can be used to identify optimal cropping patterns and water 
allocation policies. Solution of these models is feasible with cur
rently available micro and minicomputer systems and the avail
ability of large-scale programming algorithms. 

b. agricultural production models can be linked with more realistic 
distributed parameter groundwater models. The models can be 
used to improve the efficiency of water allocation, determine opti
mal groundwater pumping schedules, and evaluate, via the shadow 
prices of the model, the economic and hydrologic tradeoffs of var
ious management schemes. 

c. in the Yucheng area of the North China plain the most important 
factor affecting the seasonal cropping pattern is precipitation. An 

inverse correlation exists between the precipitation and the opti
mal net revenue function. 

d. the probability distribution of the optimal revenue function is ap
proximately normal with mean 8.5 x 109 RMB and standard devia
tion, 1.8 x 109 RMB. 

e. within the range of normal pumping operations, the optimal net 
revenue function is linearly related to the head upper bound. This 
is caused by excessively high groundwater levels in the region. 

f. the planning model significantly increases the region's net revenue 
compared with historical cropping patterns. The distribution and 
allocation of the region's existing resources is the limiting factor 
in increasing agricultural production. 
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Z6DY.NAMICPROGRAMMING 

7.6 Dynamic Programming 

Dynamic programming is an optimization algorithm that transforms a 
sequential or multistage decision process into a series of single ~tage opti
mizationproblems. As described by Bellman (1957), dynamic programming 
is based on the principle of optimality: 

an optimal set of decisions has the property that whatever the 
initial state and initial decisions are, the remaining decisions must 
constitute an optimal policy with regard to the state resulting from 
the first decisions. 

The principle of optimality is proved simply by contradiction; if the re
maining decisions were not optimal, then the overall policy cannot be op
timal. As we will explore, the principle of optimality transforms a prob
lem with n decision variables into n subproblems each containing a single 
decision variable. The computations typically increase exponentially with 
the number of state variables but only linearly with the number of sub
problems. Dynamic programming can provide significant computational 
savings. Moreover, the principal of optimality ensures that dynamic pro
gramming solutions are globally optimal even for nonconvex optimization 
models. 

A typical multistage or sequential decision making problem is illus
trated in Figure 7-11. We assume that the optimization problem can be 
expressed as a series of interdependent, serial smaller subproblems-the 
output of one stage is the input to the next. The optimization is character
ized by a set of input and output state variable vectors, decision variables, 
and a series of stages. The stages of the optimization problem represent 
the spatial or possibly temporal locations where the decisions are made. 
For example, in a resource allocation problem involving the distribution of 
water to agricultural, municipal, or industrial uses, the stages are the wa
ter uses. In a reservoir operating problem, the stages correspond to the 
time periods; during each time period reservoir releases are made for flood 
control, hydropower generation, and water supply. In the wastewater treat
ment plant problem presented in Example Problem 7.1, the unit treatment 
processes-primary, secondary, and tertiary wastewater treatment-are the 
stages of the optimization model. 

The transformation of the state variables over successive stages in dy
namic programming is provided by the stage transformation equation, e.g. 
a mathematical model of the system. Referring to Figure 7-11, we define 
Sn as the input state variable vector at stage n. The output state variable, 



7.6 Dynamic Programming 371 

Figure 7-11 Serial multistage system. 

Sn-l can be expressed as 

7.160 

where T is the state variable transformation equation. Also associated with 
each stage is a return, benefit, or cost function. The return function at stage 
n, Rn , is a function of the input and output state variable vectors and the 
decisions, or 

7.161 

The n stage optimization problem is to maximize the n stage returns 
over the decision variables, Xl, ... ,Xn. Defining in (Sn) as the optimal return 
function with n stages remaining given that the system is in state Sn and 
9 as the system objective, a function of the individual stage returns, the 
optimization can be expressed as, 

subject to: 
7.163 

The decomposition of Equation (7.162) into a series of n subproblems 
can be accomplished by imposing several conditions on the optimal return 
function and invoking the principle of optimality. We first assume that the 
total return for stages 1 through n is separable, that is 

9 [Rn(xn , sn), ... , Rdxl' Sl)] = 91 [Rn(Xn, Sn),92(Rn-dxn-l, sn-d, 

... ,Rdxl,sd)] 7.164 
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where 91 and 92 are real-valued functions. 91 is also assumed to be mono
tonically nondecreasing function of 92 for every Rn. Nemhauser (1966) 
showed that Equation (7.164) can then be expressed as 

= max91 [Rn(Xn, sn), max 92(Rn) (Xn-l, sn-d, 
Xn Xn-l, ... ,Xl 

... ,Rdxl,Sl))] 7.165 

Assuming the returns are additive, Equation (7.165) can be expressed as 

7.166 

Separability and mono tonicity are always satisfied in optimization prob
lems with additive stage returns. If the stage returns are multiplicative, 
decomposition is also satisfied provided the returns are nonnegative. It 

can also be shown that an objective maximizing the minimum value of a 
sequence of functions also satisfies the separability and mono tonicity as
sumptions. 

Equation (7.166) is the general recursive equation of dynamic program
ming. The equation states that regardless of the decisions made at stage 
n, the remaining decisions are optimized to maximize the return for the 
subsequent stages of the optimization problem. The recursive equation 
provides the theoretical basis for generating the optimal return functions. 
it determines 12, 12 leads to the evaluation of 13, and so on. 

The analysis has presumed that the only constraints imposed on the op
timization are the stage variable transformation equations. As is illustrated 
in the Example Problems, constraints introduce additional state variables 
in the recursive equations. Although the constraints reduce the size of the 
feasible region and limit the allowable variation in the decisions, the com
putational requirements increase enormously. The numerical solution of 
the functional equation usually requires the discretization of the state and 
decision variables. The larger the number of state variables, the more com
binations of discrete states that have to be examined at each stage of the 
optimization. More computer time and memory are required. Generally, 
problems exceeding three state variables exceed the computational capac
ity of computers if a relatively fine discretization is used for the state and 
decision variables. There is an exponential increase in the total number of 
discrete states that are analyzed as the number of state variables increases. 
This is known as the "curse of dimensionality" of dynamic programming. 
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Dynamic programming is also generally limited to planning and oper
ational problems. Design problems that require the estimation of reser
voir, pumping well, or treatment plant capacities cannot be readily solved 
using dynamic programming. The capacity decision variables cannot be 
distributed over the stages of the optimization model; the separability as
sumption of model is violated. Moreover, despite the persuasiveness of the 
principle of optimality, dynamic programming is computationally infeasi
ble for some problems, e.g. linear programming. There are also no general 
computer codes (or subclasses) for dynamic programming problems. 

The Example Problems illustrate the application of common environ
mental engineering problems that can be solved using dynamic program
ming. 

Example Problem 7.16 

A resource is allocated to a series of n activities or uses. The net benefit 
associated with each allocation, Xi, is Ri(xd. The total availability of the 
resource is B. Formulate an optimization model to determine the optimal 
allocation of the resource. Develop the dynamic programming solution of 
the model. 

The objective of the optimization model is to maximize the sum of 
the net benefits; the allocations are constrained by the availability of the 
resource. The optimization model can be expressed as, 

subject to: 

n 

maxz = I Rj(Xj) 
j=l 

Xj ~ 0, Vj 

7.167 

7.168 

7.169 

The optimization model is a nonlinear programming problem. Provided the 
objective is a concave function of the decision variables, the solution is the 
global solution. 

The dynamic programming formulation of the problem begins by defin
ing the stages, states, decision variables, and stage variable transformation 
equations of the model. Clearly, the decision variables are the allocations. 
The stages correspond to where the allocations are actually performed. The 
state variables represent how much of the resource is available for alloca
tion at a particular stage. The stage variable transformation equation is the 
constraint equation. In other words, if a certain amount of the resource is 
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available at a particular stage, the amount remaining for allocation is the 
available amount less the allocation. 

The recursive equation for a 1 stage allocation can be expressed as 

7.170 

subject to: 
7.171 

!l (51) is the optimal return with 1 stage remaining given the system is in 
state 51. The optimal return maximizes the single stage return function, R1. 
The allocation, Xl, is constrained by the amount available for allocation at 
the stage, 51, which in turn is limited by the total amount of the resource, 
B. 

The optimal return function with 2 stages remaining can again be ex
pressed using the principle of optimality. Defining h (52) as the optimal 
return function then, 

7.172 

subject to: 
7.173 

The optimal return function is the sum of the immediate return in stage 
2 and the optimal return with 1 stage remaining. X2 is constrained by the 
current amount available for allocation and the total resource availability, B. 
The relation between 52 and 51 is given by the stage variable transformation 
equation. The input state to stage 1,51, is 52 less the allocation at stage 2, 
or 

7.174 

Generalizing, the dynamic programming recursive equation can be ex
pressed as, 

7.175 

subject to: 

o ~ Xn ~ 5n ~ B, 5n -1 = 5n - Xn 7.176 
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Table 7.3 Net benefit functions. 

Xj R1 R2 R3 

0 0 0 0 

1 -6.9 6.5 -0.5 

2 0 10.1 3.0 

3 6.3 10.9 6.6 

4 U.S 9.6 10.0 

5 15.6 7.0 13.1 

Example Problem 7.17 

Develop using Equations (7.175) and (7.176) the dynamic programming 
solution of Example Problem 7.16. Assume the allocation problem consists 
of three stages and the total resource available is 5 units. The net benefit 
functions or returns, (NBj = Rj), for the allocations are shown in Table 7.3 
(Loucks et al., 1981). 

In the dynamic programming solution of the resource allocation prob
lem, the state and decision variables are both discretized from 0 to 5 as 
shown in Table 7.4. 

The optimal return function with 1 stage remaining is 

7.177 

subject to: 
7.178 

The evaluation of the optimal return function is illustrated in Table 7.4. 
The Table summarizes the incoming state variable, 51, and the possible 
allocations. The optimal return function and the optimal decision, xi are 
also shown. Note that (1) the allocation cannot exceed the amount available 
of the resource, and (2) the optimal solution is given for the entire range 
of state variables. For example, if 4 units of the resource are available for 
allocation, then optimal allocation is 4; the net return function's value is 
11.5. 

The optimal two-stage return is 

h (52) = max [R2 (X2) + 11 (51)] 
X2 

7.179 

subject to: 
0::5 X2 ::5 52 ::5 5 7.180 
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Table 7.4 Optimal 1 stage return functions. 

State R1 (Xl) 

51 Xl 0 1 2 3 4 5 Jd5d X* 1 

0 0 0 0 

1 0 -6.9 0 0 

2 0 -6.9 0 0 2 

3 0 -6.9 0 6.3 6.3 3 

4 0 -6.9 0 6.3 U.S 0 U.S 4 

5 0 -6.9 0 6.3 U.S 15.6 15.6 5 

The stage variable transformation equation is simply the continuity equa-
tion, 

51 = 52 - X2 7.1B1 

The amount of the resource in stage 1 is the amount available in stage 2 less 
the allocation at stage 2. The calculation of the two stage optimal return 
function is shown in Table 7.5. Again, the optimal return function and de
cision variable is presented for the entire discretized range of the resource 
[0, 5]. The entries in the Table represent the sum of the intermediate return 
function, R2, and the optimal single stage return function. For example, if 
4 units of the resource are available for allocation, and 2 units are allocated 
at stage 2, then 2 units are available for allocation during the first stage. 
The immediate return associated with allocation 2 units at stage 2 is from 
Table 7.3, 10.1. With 2 units remaining, the optimal allocation is from Table 
7.4, 0 units; the return is zero. The total return is 10.1. 

Table 7.5 Optimal 2 stage return functions. 

State R2 (X2) + Jd5d 
52 X2 0 1 2 3 4 5 fz (52) X; 

0 0 0 0 

1 0 6.5 6.5 1 

2 0 6.5 10.1 10.1 2 

3 6.3 6.5 10.1 10.9 10.9 3 

4 U.S 12.B 10.1 10.9 9.6 0 12.B 1 

5 15.6 1B.O 16.4 10.9 9.6 7.0 1B.0 1 

The optimal three stage return is the sum of the return at stage 3 and 
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the optimal allocation of the resource to the remaining stages, or 

7.1S2 

subject to: 
S2 = 5 - X3 7.1S3 

The input state variable at the final stage, S3, is the total amount of the 
resource available for allocation, 5 units. The return function calculations 
are summarized in Table 7.6. The optimal return is IS; the optimal decision 
X3 is 0 units. 5 units are available for allocation at stage 2. Referring to 
Table 7.5, the optimal allocation of 5 units is 1 unit with a return of IS. The 
optimal allocation of the remaining 4 units is, from Table 7.4, 4 units; the 
optimal net revenue function's value is U.5. The optimal decision vector 
is x* = [4, 1, 0] t. The resource is totally allocated. 

Table 7.6 Optimal 3 stage return functions. 

State R3(X3) + 12(s2) 

S3 X3 0 1 2 3 4 5 !3 (S3) X* 3 

5 IS.0 12.3 13.9 16.7 16.5 13.1 IS.0 0 

Example Problem 7.18 
Develop a dynamic programming formulation of the wastewater treat

ment plant design problem presented in Example Problem 7.1. 

The optimization model, Equations (7.1)-(7.3), is a nonlinear program
ming problem. The objective function is a separable function of the waste 
removal efficiencies. We approach the dynamic programming formulation 
of the problem by conSidering the stages as the unit waste treatment pro
cesses. The state variable is the amount of the waste remaining to be treated 
at a particular stage. Beginning with the last stage, tertiary treatment, the 
optimal return function with 1 stage remaining given the system is in state 
S1 can be expressed as 

11 (S1) = ~n [(X3f~3] 7.1S4 

The output state variable, So is required to satisfy the water quality stan
dard, c*, or So 5 c*. The output water quality is related to the input water 
quality, the state variable, via the amount of treatment that occurs during 
this stage, or 

7.1S5 
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Assuming the constraint is satisfied as a strict equality, i.e. increasing mar
ginal costs, then the optimal removal rate can be expressed as 

c* lOr = 1--
Sl 

7.186 

Similarly, the two-stage return function can be expressed as, 

7.187 

The stage variable transformation equation again reflects the degree of 
wastewater treatment at stage 2 or 

Sl = (1 - €2)S2 

Finally, the optimal return function with 3 stages remaining is 

The stage transformation equation is 

S2 = (1- €dS3 

= (1 - €dCin 

7.188 

7.189 

7.190 

where Cin is the influent concentration to the wastewater treatment plant. 
Again the state and decision variable space is discretized to determine 

the optimal net return functions. An example of the computational solution 
of a similar problem is presented in Haith (1982). 

7.7 CASE STUDY 2 - WATER QUALITY MANAGEMENT 

The management of water quality in streams and rivers is an optimiza
tion problem that was first addressed in the 1960's. The optimization prob
lem typically minimizes the total cost of wastewater treatment while sat
isfying treatment efficiency removal limits, the water quality or instream 
standards, and the water quality response equations. 

This case study illustrates the application of a dynamic programming 
solution to water quality management problem. 
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7.7.1 INTRODUCTION 

The management of water quality in a stream or river basin is based on 
a set of stream standards for the waterway. Stream standards place restric
tions on the quality of water flowing in the river basin and prohibits any user 
from discharging material into the stream that depresses the quality below 
a specified level. In contrast, an effluent standard dictates the quantities or 
mass concentrations of various constituents that a user may discharge. 

As described by Liebman and Lynn (1966), the stream standard can be 
considered as specifying the amount of the water quality resource avail
able for use. The effluent standard determines how much of the resource 
is to be allocated to each user. The selection of the appropriate allocation 
is dependent on the objectives of the management problem. The optimal 
allocation of water quality is attained by maximizing the net discounted 
benefits. However, aesthetics, health, and recreational benefits are not eas
ily quantifiable. In lieu of this data, stream standards are used to limit the 
amount by which water quality may be degraded. The stream standard im
plies there is a discontinuity in the damage or loss function for the water 
quality system. At relatively low levels of contamination, the damage or 
loss is so small as to be negligible; at levels exceeding the standards, the 
damage is too great to be tolerated. 

Stream standards historically appear to be the simplest way of im
posing an unknown damage function on the water quality management 
problem. Assuming the standards reflect society's damage function, then a 
reasonable water quality objective is to minimize the cost associated with 
meeting the standard. This of course presumes that the imposed standard 
reflects all of the important aspects of society's benefit function for water 
quality. The water quality management problem is to determine the degree 
of wastewater treatment necessary from each discharger or point source to 
satisfy the stream standards at minimum cost. 

7.7.2 MATHEMA TICAL MODEL 

Water quality in a stream or river is frequently defined in the context of 
BOD, the biochemical oxygen demand and the dissolved oxygen (DO). The 
BOD is the amount of oxygen required by organic material under aerobic 
conditions to stabilize the waste materials. The interplay between the dis
solved oxygen deficit, D(x), which is the difference between the saturation 
level of dissolved oxygen and the actual DO concentration, and the BOD, 
L(x), is commonly described by the Streeter-Phelps equations (1925) (see 
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Table 1.1), or 
7.CS2.1 

D(x) = kiLo [e-k\x/u _ e-k2X /U ] + Doe-k\x/u 7.CS2.2 
k2 - ki 

where the BOD and DO deficit at the head of the river or reach (a section of 
a river with uniform hydraulic and water quality properties) are Lo and Do, 
respectively. ki is the deoxygenation coefficient [T-ij describing the decay 
of BOD, and k2 is the reaeration coefficient [T-ij. The reaeration coefficient 
measures the degree of oxygen transfer in the system. x is the distance 
downstream, and u is the stream velocity. 

Equations (7.CS2.1) and (7.CS2.2) are used to predict the concentrations 
of BOD and the DO deficit downstream of a discharge point. For example, 
assume that a point source is located at the beginning of a reach. The flow 
rate of the point source is 0. and the BOD loading is L; the DO deficit of the 
point source is D. The BOD and river flow just upstream of the discharge 
are Lriver and Qriver, respectively. Assuming the waste is completely mixed 
in the river, the concentration of BOD downstream of the discharge point, 
fo, is the sum of the mass of BOD in the river and the point source divided 
by the total flow, or 

fo = o.L (1 -_ €) + QriverLriver 
Q + Qriver 

7.CS2.3 

€ is the wastewater treatment efficiency, a decision variable of the man
agement model. Similarly, the DO deficit downstream of the point source 
is 

Do = o.D :: QriverDriver 

Q + Qriver 

where Driver is the DO deficit of the river. 

7.CS2.4 

The boundary conditions of the water quality model are the DO deficit 
and BOD concentrations at the beginning or head of each the reach. The 
concentration of BOD and DO deficit at any downstream point in the reach is 
given by the Streeter-Phelps equations. At the beginning of a new reach, the 
mass balance is again determined. However, Lriver and Driver represent the 
BOD and DO deficit concentrations predicted at the end of the upstream 
reach by the Streeter-Phelps equations. The state variables of the water 
quality system, the BOD and DO deficit concentrations, are a function of all 
the upstream wastewater removal efficiencies. 
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7.7.3 THE MANAGEMENT MODEL 
The water quality management model is to determine the optimal waste 

treatment removal efficiencies so as to satisfy the water quality standards. 
The objective function minimizes the total cost of wastewater treatment, 
or 

n 
minz = I Cj(€j) 

j=l 

7.CS2.S 

where n is the total number of point sources, and Cj is the treatment cost 
function for waste source j. € j is the fractional removal rate at point source 
j. 

The constraints of the management model include the water quality 
standards, 

7.CS2.6 

where Xj is the distance downstream of point source j, and DJ is the max
imum DO deficit at location j. 

The cost function for BOD removal, as discussed in Example Problem 
6.1, is a nonlinear function of the waste removal efficiency. Primary treat
ment, €j :s; 0.2, is typically a concave function of the removal rate. During 
secondary treatment, 0.2 :s; €j :s; 0.8, the cost is generally linear. Treat
ment costs are typically a convex function of removal efficiencies during 
tertiary treatment. Although the constraint of the water quality manage
ment problem is a convex set, the objective is nonlinear function of the 
removal efficiencies. Local solutions exist to the management problem. 

ZZ4DYNAMICPROGRAMMINGSOLUTION 
The solution of the water quality management problem is based on 

the Equation (7.166), the fundamental recursive equation of dynamic pro
gramming. Separability and mono tonicity are guaranteed because of the 
structure of the treatment cost functions. 

The dynamic programming solution requires the identification of the 
state and decision variables and the stages of the optimization model. As 
we have discussed, the decision variables are the waste removal efficiencies. 
The state variables of the water quality model represent the amount of BOD 
and DO deficit to be allocated at each stage. Since there is no time element 
in the problem, the water quality model is steady-state, the stages of the dy
namic programming model correspond to the reaches of the river system. 
The transformation of BOD and DO deficit over successive stages (reaches) 



382 7.7 Case Study 2 - Water Quality Management 

Figure 7.CS2-1 Dynamic programming model. 

is described by the Streeter-Phelps equations, the stage variable transfor
mation equations. An example of a three stage water quality management 
problem is presented in Figure 7.CS2-1. 

Assuming (1) the dynamic programming solution begins at the down
stream end of the system, and (2) the reaches coincide with the location of 
the point sources, the optimal cost function with 1 stage remaining, II is 

7.CS2.7 

where Ll and Dl are the BOD and DO deficit input state variables to stage 
1. The state variables are constrained by limitations on the DO deficit stan
dard, Di and BOD, Ii, 

Do = Ql~1 + DIQI :5 D6 
QI +QI 

Io = QIId1_ - Ed + LIQI :5 L6 
QI + QI 

7.CS2.B 

7.CS2.9 

where QI is the waste flow rate from point source 1, and fh and II are 
the DO deficit and BOD in the waste flow, and D6 and L6 are the stream 
standards. El is the waste treatment removal rate at the point source. The 
downstream water quality in the reach can be evaluated using the Streeter
Phelps equations. 
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From the principle of optimality, the two-stage optimal cost function 
is the sum of the immediate treatment cost plus the optimal 1 stage cost 
function, 

7.CS2.10 

where Ll and Dl are determined from the Streeter-Phelps equations. The 
constraints of this optimization problem again include the water quality 
constraints, 

DA _ Q2D2 + D2Q2 D* 
1 - - 5 1 

Q2 + Q2 
7.CS2.11 

LA _ Q2 i 2(1 - (2) + L2Q2 L* 
1 - - 5 1 

Q2 + Q2 
7.CS2.12 

where D2 and i2 are the DO deficit and BOD in waste flow 2. t2 is the waste 
treatment removal rate at the point source. 

The input state variables to stage 1 are given by the Streeter-Phelps 
equations, 

7.CS2.13 

Dl = k:0~1 [e- kllJ /U - e- k2lJ /U ] + Dle-klll/u 7.CS2.14 

where il is the length of the reach, and we have assumed that the reaction 
parameters are constant throughout the water quality system. 

The optimal cost function can be generalized for the kth stage as 

and the mass balance equations, 

Ik-l = Qkid 1_ - tk) + LkQk 5 Lk-1 
Qk+Qk 

The stage variable transformation equations are 

7.CS2.1S 

7.CS2.16 

7.CS2.17 

7.CS2.1B 

7.CS2.19 

The actual dynamic programming solution to the water quality man
agement problem is similar to the example problems already presented 
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Table 7.CS2.1 Dynamic programming solution. 

Plant Removal Cost Min DO Min DO Reach 
(%) ($) (mg/l) (mg/l) 

Springfield 67.0 0 8.95 9.51 

Eugene 35.0 496,000 8.64 8.83 

Evans Prods 76.0 29,000 8,64 8.82 

Corvallis 35.0 185,000 8.54 8.70 

Albany 35.0 232,000 8.54 8.66 

West Kraft 80.0 249,500 8.54 8.57 

Columbia R. 35.0 339,500 8.54 8.55 

Salem 52.0 615,000 7.00 7.96 

Spaulding 73.5 144,000 7.00 7.05 

Oregon Flax 84.5 12,000 7.00 7.00 

Crown-Zeller 35.0 670,000 5.00 5.37 

Total Cost 2,971,875 

in this chapter. Again the state variables and the decisions variables are 
discretized. The water quality constraints and possible bounds on the re
moval efficiencies reduce the number of discrete states that are required in 
each stage of the computations. In stage 1, for each combination of state 
variables and waste treatment efficiencies, the treatment cost function is 
evaluated. The optimal removal effiCiency is identified for each combina
tion of BOD and DO deficit. In the two stage problem, again all feasible 
combinations of BOD and DO deficit are examined, and the treatment cost 
in stage 2 and the optimal return with 1 stage remaining is determined. The 
optimal treatment efficiency is then identified. The process continues for 
the remaining stages of the river basin. 

7.7.5 MODEL APPLICATION AND RESULTS 
The dynamic programming model was applied to a Simplified repre

sentation of the Willamette River in Oregon. The cost and hydraulic data 
are presented in Revelle et al. (1968). A total of 12 wastewater treatment 
plants were selected for the optimization analysis. 

An optimal solution to the management problem is summarized in Ta
ble 7.CS2.1. The optimal annual cost is approximately $3,000,000. Plants 
3,6,8,9, and 10 are required to provide treatment greater than the mini
mum allowable. The reduction in the oxygen standard by 0.1 mg/l reduces 
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the annual cost by $50,000 (the shadow price); in this case, plant 8, 9, and 
10 provide treatment above the minimum. The inequity in the treatment 
efficiency is the direct result of the differences in the unit treatment costs 
(marginal costs) for each treatment facility. 

7.7.6 CONCLUSIONS 
The results of the study have demonstrated that 

a. dynamic programming can be used to generate solutions to water 
quality management problems, 

b. significant cost savings can be achieved by reducing the dissolved 
oxygen standard. 

c. the minimum cost solution generates an inequitable distribution of 
wastewater removal rates. This is a consequence of the marginal 
costs of waste treatment. Firms with lower marginal costs, and 
more efficient treatment plants, are required to treat higher per
centage of their waste loads. 

7.8 LINKED SIMULATION-OPTIMIZATION 
METHODOLOGY 
The optimization models presented in the text are based on the as

sumption that the constraint set consists of a set of algebraic equations. 
This presupposes that the mathematical model of the environmental sys
tem is transformed or represented as a system of algebraic equations. For 
many problems, the underlying hydraulic, mass or energy transport equa
tions can be expressed as algebraiC equations provided the governing par
tial differential equations are linear. Finite difference, finite element, or 
boundary integral methods are the more common methodologies used to 
numerically transform the partial differential equations of the environmen
tal system. These resulting equations are the response equations of the en
vironmental system. The response equations relate the state and decision 
variables over successive planning and management periods. Details of the 
response equations methodology are described in Willis and Yeh (1987). 

Many environmental systems are described by systems of nonlinear, 
coupled partial differential equations. Simulation models are developed 
to predict, rather than optimize, the state variable variation of the envi
ronmental system. Models have been developed, for example, to describe 
coupled flow and mass transport of non-aqueous phase liquids in ground
water systems, the water quality variations in freshwater marshes and wet
lands, and pressure, temperature, and enthalphy variations in geothermal 
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systems. The advent of general purpose optimization algorithms facilitates 
the optimization of even these complex environmental systems. 

The linked simulation-optimization methodology is a technique for in
corporating large-scale simulation models in optimization algorithms. We 
illustrate the approach by examining in more detail, MINOS, the Modular 
In-Core Nonlihear Optimization System introduced in Chapter 6. As de
scribed in Example Problem 7.12, the subroutines funobj and funcon are 
used to describe the nonlinear objective and/or constraints of the opti
mization model. The objectives and/or constraints of many environmental 
systems models are typically, as we have seen in dynamic programming, 
a function of the state variables. The evaluation of the objective function 
and/or the constraints is accomplished by having funobj and/or funcon 
call the environmental simulation model. The simulation model, in other 
words, becomes a subprogram accessed by funobj and/or funcon. The 
simulation model returns to funobj and funcon, the state variables needed 
to evaluate the objective and constraint functions. 

A flow chart of the linked simulation-optimization methodology is il

lustrated in Figure 7-12. In Figure 7-12, the decision variables, which are 
the controls or stresses imposed on the system, are passed to funobj and 
funcon. The decision variables, in turn, are sent to the subroutines con
taining the simulation model. The simulation model, in response, predicts 
the time and spatial variation in the state of the system, e.g. temperature, 
denSity, potential, or concentration. The state variables from the simula
tion model are then used to evaluate the planning and deSign objectives 
and constraints of the optimization problem. 

Optimization Algorithm-f'--------J 
r-----~- r---L----~ 

Objective Function I ..... O(E-----,l;-----i·~·1 Constraints I 

Simulation Model 

Figure 7-12 Linked simulation-optimization. 
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Constrained optimization algorithms require first, and possibly, sec
ond derivative information of the objective and the constraint functions. 
In the linked simulation-optimization methodology, most of this informa
tion is not available. As a result, the optimization algorithm approximates 
the derivatives using conventional finite difference approximations. 

The principal advantage of the linked simulation-optimization method
ology is its universality. In principal, highly nonlinear environmental sys
tems can be optimized for planning, design, or operational studies. The 
major disadvantage is computational. The finite difference approximations 
of the gradients and possibly Hessian, require extensive computational re
sources. In highly nonlinear problems, there is also the problem of suc
cessfully identifying locally optimal solutions. Moreover, the state variable 
tradeoffs are not generated in the linked simulation-optimization approach. 

Example Problem 7.19 

In Chapter 1, Example Problem 1.3, a pumping policy was developed 
for a confined groundwater (see Figure 1-6). Simulation analysis was used 
to analyze the pumping distribution, the pumping cost, and the head or 
potential variation throughout the aquifer. This example illustrates the ap
plication of the linked simulation-optimization methodology to the same 
management problem. In contrast to the simulation approach, the opti
mization does not explicitly consider the state variables, the hydraulic head. 
Rather, the simulation model generates the state variables in response to a 
set of pumping or well extractions. 

The objective function of the optimization model minimizes the total 
pumping cost, (see Equations 1.24-1.28) as 

30 

minz = L 10Qi(50 - hi) 
i=l 

7.191 

where the summation is over all well sites in the aquifer (in this example, 
the well sites correspond to any internal nodal point in the aquifer). The 
constraints of the simulation/optimization model include (1) the water de
mand constraint, 

30 

L Qi = 350 7.192 
i=l 

(2) the head lower bound constraints, 

7.193 
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and (3) the nonnegativity of the control variables, 

7.194 

These head lower bound constraints are necessary to ensure that excessive 
drawdown does not occur in the aquifer system; large drawdowns can lead 
to water quality and land subsidence problems. The mathematical model, 
relating the state and control variables, 

Ah+f(Q) = 0 7.195 

does not appear in the constraint set of the optimization model. The sim
ulation model will be used by the optimization algorithm to determine the 
hydraulic head at each point in the aquifer. 

In the optimization model, the hydraulic head, the state variable, ap
pears in the objective function and the head lower bounds. The optimiza
tion will, as a result, "call" the simulation model both in the evaluation 
of the objective function and the constraint functions. We illustrate the 
methodology in the solution of the optimization problem using MINOS, the 
generalized reduced gradient optimization algorithm. MINOS requires (1) 
three user supplied subroutines and (2) a MPS and SPECS file. The subrou
tines funobj, funeon, and matmod define the nonlinear objective and con
straint functions and any possible modifications of the overall constraint 
matrix. Since the simulation model is used to generate the hydraulic head, 
funeon defines the "nonlinear" head constraints; the nonlinear cost func
tion is contained in funobj. The head constraints are actually linear con
straint equations. However, in the application of the linked simulation
optimization methodology, the state variables necessitate the application 
of funobj and/or funeon. 

An example of the subroutines for the example problem is shown in 
Figure 7-13. Note that subroutine matmod is a dummy routine. Subrou
tine funobj first sets the MINOS decision variables equal to the pumping 
rates, q(i) = x(i). The values are placed in common block aone. Subrou
tine funobj then calls the simulation model, gwsim, shown in Figure 7-14. 
The simulation model, gwsim, generates the A coefficient matrix and the f 
vector. Subroutine m; nv is used to solve Equations (7.195), or 

h = -A-1f(Q) 7.196 

The simulation model places the computed heads in the same common 
block as the pumping rates. The cost objective, j, is then evaluated using 
a simple do loop. 

Subroutine funeon is similarly constructed. Again the x(i)'s are set 
equal to the q(i) and placed in the aone common block. The simulation 
model is then called. The computed heads are placed in aone. The left 
hand sides of Equation (7.193) are then evaluated in a do loop; the heads 
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subroutine funobj(mode,n,x,f,g,nstate,nprob,z,nwcore) 
integer, intent(in): :mode,n,nstate,nprob,nwcore 
double precision, intent(out)::f 
double precision, intent(in): :x(n),z(nwcore) 
double precision, intent(out)::g(n) 
integer::nodes 
double precision::head,q,hl,hr,t,delx,zl,cost 
common/aone/head(30),q(30) 
common/data/hl ,hr,t,delx,zl ,cost,nodes 
do i=1,n 
q(i)=x(i) 

end do 
call gwsim 
f=O. 
do i=1,n 

f=f+q(i)*(zl-head(i))*cost 
end do 
return 

end subroutine funobj 
subroutine funcon(mode,m,n,njac,x,f,g,nstate,nprob,z, & 

nwcore) 
integer, intent(in): :mode,m,n,njac,nstate,nprob,nwcore 
double precision, intent(in): :x(n),z(nwcore) 
double precision, intent(out)::f(m),g(m,n) 
integer: :nodes 
double precision::head,q,hl,hr,t,delx,zl,cost 
common/aone/head(30),q(30) 
common/data/hl ,hr,t,delx,zl ,cost,nodes 
! Evaluate head constraints 
do i=1,n 

q(i )=x(i) 
end do 
call gwsim 
do i=1,m 

f(i)=head(i) 
end do 

end subroutine fun con 
subroutine matmod(ncycle,nprob,finish,m,n,nb,ne,nka,ns, & 

nscl,a,ha,ka,bl,bu,ascale,hs,id1,id2, & 
x,pi ,z,nwcore) 

return 
end subroutine matmod 

Figure 7-13. MINOS subroutines for Example Problem 7.19. 

389 
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subroutine gwsim 
integer::i ,j,kq,n,1(30),m(30) 
double precision::a(30,30),f(30),fq(30) 
integer::nodes 
double precision::head,q,hl,hr,t,delx,zl,cost 
common/aone/head(30),q(30) 
common/data/hl,hr,t,delx,zl,cost,nodes 
! Simulate steady-state groundwater flow 
! in a confined aquifer. 
open(50,file='gwlsol.in' ,status='unknown') 
read(50,*)hl,hr,t,delx,zl,cost,nodes 
close(50) 
! Generate A matrix 
kq=nodes**2 
n""nodes 
! zero out vectors and A array 
f=O. 
fq=O. 
a=O. 
do i=l,nodes 

a(i,i)=-2.*t/delx**2 
if(i.ne.nodes)a(i,i+l)=1.*t/delx**2 
if(i.ne.l)a(i,i-l)=1.*t/delx**2 

end do 
do i=l,nodes 

fq(i)=+q(i)/delx 
if(i .eq.l)then 

f(1)=fq(1)-hl*t/delx**2 
else if(i.eq.nodes)then 

f(nodes)=fq(nodes)-hr*t/delx**2 
else 

f(i)=fq(i) 
endif 

end do 
! Generate solution 
call minv(a,n,d,l,m,kq) 
do i=l,nodes 

head(i)=O. 
do j=l,nodes 

head(i)=head(i)+a(i,j)*f(j) 
end do 

end do 
end subroutine gwsim 

Figure 7-14. Groundwater simulation model for Example Problem 7.19. 
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are set equal to the variable f (i), the MINOS designator for the ith nonlinear 
constraint. The subroutine then returns to the calling program. 

The MPS and SPECS information define the structure of the optimiza
tion problem and various solution parameters for MINOS. These files are 
summarized in Figure 7-15. The SPECS file precedes the MPS file. Note that 
there are a total of 30 nonlinear variables, Qi, i = 1, ... ,30; this value is the 
parameter n in subroutine funobj. There are 30 nonlinear constraints rep
resenting the head lower bounds; the value is passed to subroutine funcon 
as m = 30. 

The DERIVATIVE LEVEL is set to 0; this flags MINOS to evaluate both the 
gradients of the objective function and the constraints, the Jacobian. Finite 
differences are used to approximate the gradient functions. The procedure 
is straight forward, if tedious. A set of decision variables is identified that is 
feasible (Ii Qi = 350, Qi 2: 0, Vi). The decision variables are then passed 
to subroutine funobj. Each component is perturbed. For example, consider 
the first call to funobj. The objective function is evaluated, Z = Zold. The 
first decision variable, the pumping rate, Ql (the pumping rate at node 
1, x = 10 m), is then changed to Ql + 8. The objective function is then 
reevaluated (all other decision variables are held constant). Defining the 
new objective as Z Znew, the approximation of the gradient of Z with 
respect to Ql is 

aZ Znew - Zold 

aQl ::::; 8 

The procedure is repeated for each decision variable. For n decision vari
ables, there are a total of n+ 1 functional evaluations for each call to funobj. 

The Jacobian of the constraints is similarly evaluated. For example, for 
the first constraint, 91, (hi 2: 10), the optimization requires the evaluation 
of 

091 091 091 
aQl ' aQ2 ' ... , aQ30 

The derivatives are again approximated by perturbing each decision vari
able and calculating the variation in the left hand sides of each of the non
linear constraints. The finite difference approximation of the derivative is 
expressed as, 

a91 91,new - 91,old 

aQl ::::; 8 

The procedure is repeated a total of (m x n) + 1 times; in this example, 
every call to funcon produces 901 functional evaluations. 

MINOS also has the capability to switch to a central difference approx
imation if the gradients of the objective and constraints become degraded. 
This significantly increases the computational time for solution of the op
timization model. 

The MPS file for the optimization is also shown in Figure 7-15. The 
file contains only information defining the pumping rates, the control vari
ables of the optimization model. There is one constraint, the water demand 
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Figure 7-15 SPECS and MPS Iso file. 

limitation. It is necessary to define the nonlinear constraints and decision 
variables first in the MPS file; hence, the head constraints precede the de
mand constraint. The COLUMNS section contains only the coefficients of 
the Q's in the water demand constraint, e.g. Ii Qi = 350. 

The solution of the optimization problem is shown in Figure 7-16. The 
figure depicts how the cost of pumping is affected by changes in the water 
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demand. The slope of the curve is this tradeoff. A doubling of the demand 
from 200 to 400 m3/day, increases the pumping cost by a factor of 2.9. 

The optimal pumping rates are summarized in Table 7.7 which summa
rizes the optimal well locations and pumping rates and the minimum head 
information. The optimal pumping occurs only at the boundary nodes, Ql 
and Q30. The minimum head for a demand less than 425 m3/day is greater 
than 10 m. As was discussed in Chapter 1, this is a consequence of the 
model exploiting the flow from streams to the aquifer; at steady state, the 
flow into the aquifer across the boundaries is just balanced by the well 
extractions. 

The linked simulation-optimization methodology is a general algorithm 
for the optimization of environmental systems. The methodology has the 
advantage that optimization is possible even for complex systems described 
by systems of nonlinear partial differential equations (see Finney et al., 
1992). The disadvantages of the approach are computational. The evalua
tion of the gradients of the optimization model can be time-consuming and 
imprecise. The numerical evaluation of the gradients can actually degrade 
the optimization process; it is pOSSible, for example, during the general
ized reduced gradient that the gradient may "point" in a direction which 
does not improve the value of the objective function. These issues can only 
be resolved by changing the discretization interval, perturbing the current 
solution basis, or varying the starting point of the algorithm. 

15 -{,1'7 

""0 13 
~ 

5~----~----r-----r---~r----'-
200 250 300 350 400 450 

Water Demand (m3/day) 

Figure 7-16 Pumping cost--water demand. 
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Table 7.7 Groundwater optimization results. 

Demand hmin Location Xi Cost [$] Active Wells 

200 21.09 300 52,140 Ql = 121.6, Q30 = 78.4 

225 19.64 300 62,040 Ql = 134.1, Q30 = 90.9 

250 18.19 300 72,660 Ql = 146.0, Q30 = 104.0 

300 15.30 300 96,070 Ql = 171.6,Q30 = 128.4 

325 13.85 300 108,900 Ql = 184.1, Q30 = 140.9 

350 12.41 300 122,400 Ql = 196.6, Q30 = 153.4 

375 10.96 300 136,600 Ql = 209.1, Q30 = 165.9 

400 10.30 300 151,600 Ql = 226.1,Q3o = 173.9 

425 10.00 300 167,000 Ql = 252.0,Q3o = 173.0 

7.9 CASE STUDY 3 -MANAGEMENTOF SALTWATER 
INTRUSION 

Coastal groundwater basins often provide the principal water supply 
for domestic, industrial or agricultural water demands. Coastal aquifers in 
the United States, Israel, and in southeast Asia have been developed to sat
isfy local water demands without relying on costly capital intensive, surface 
water projects. Although the economics of groundwater development are 
cost-effective, sustained overdraft of these aquifers can distort the natu
ral recharge-discharge equilibrium, produce decliriing well yields, and con
tribute to land subsidence and seawater intrusion. 

Figure 7.CS3-1 illustrates a typical coastal aquifer system. A natural 
equilibrium is established between the freshwater and saltwater. The inter
face is the boundary separating the freshwater from the saltwater regions 
of the aquifer system. Overpumping of the groundwater system draws the 
saltwater landward and increases the likelihood of contamination of water 
supply wells. 

The control of saltwater intrusion in the Jakarta groundwater basin in 
Indonesia is addressed in the next case study. 
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The principal water supply of Jakarta, Indonesia's capital and largest 
city, is groundwater (Figure 7.CS3-2). Groundwater currently supplies more 
than 80% of the daily water demand for the region's 6,500,000 residents. 
The overdevelopment of groundwater in the region has produced declining 
water levels and well discharges and degraded the water quality of shallow 
aquifers in the Jakarta coastal plain. 

The Jakarta metropolitan area is underlaid by three distinct geological 
formations. The Jakarta groundwater basin is located in the coastal plain 
and terrace; the total area of the plain is approximately 2730 km2 . The basin 
is roughly coincident with the Quaternary sedimentary basin. The second 
formation, which is located on the slopes of the southern mountains, is 
contiguous to the Jakarta basin, and forms a regional aquifer composed of 
older Quaternary deposits south of Bogor. The third unit is located on the 
margins of the eastern and western mountains and comprises the imper
meable basement formation of the region. 

The Jakarta groundwater basin consists of alluvial or deltaic sand and 
volcanic breccia separated by aquitards (semi-permeable aquifers). A north
south cross section of the groundwater basin is shown in Figure 7.CS3-3. 
The uppermost aquifer in the system is an unconfined with an approximate 
thickness of 50 m. The aquifer overlays a series of deeper leaky aquifers at 
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Figure 7.CS3-2 Jakarta basin. 
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depths ranging from 50 to 250 m. 
Water levels in the shallow unconfined aquifer decline below sea level 

over a large area of the coastal plain during the dry season, primarily as a 
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result of over-pumping. Cones of depression (the difference between the 
original hydraulic potential and the head at any subsequent time) average 
5 m below sea level in the coastal areas. Heads levels in the leaky aquifers 
have also dropped to more than 20 m below sea level in the coastal areas of 
Jakarta. Historical data indicate that the cones of depression of the leaky 
aquifers coincide with the observed head profiles in the phreatic aquifer
the aquifer systems are hydraulically interdependent. 

The annual decline in the piezometric head in the Jakarta basin aver
ages between 2 and 7 m/year. The total withdrawal from the basin has been 
estimated as approximately 12.5 m3 Is in 1989. In comparison, the average 
annual recharge is estimated as 6.6 m3 Is. 

Saltwater intrusion is the major water quality problem in the coastal 
region of the basin. Electrical conductivity measurements indicate that an 
area highly contaminated by saline water (the conductivity exceeds 2,500 
micromhos/cm) extends widely along the coastal plain. There are also in
stances of contaminated water supply wells (excessive chloride concentra
tions) occurring more than 11 km inland from the Sea of Java. 

During the period 1985-1987, a series of groundwater modeling stud
ies were conducted in the Jakarta basin. The objectives of these studies, 
conducted under the auspices of BPPT, the Indonesian Government Agency 
for the Study and Application of Technology, were to (1) collect, analyze, 
and compile groundwater data of the basin and (2) perform preliminary 
computer modeling studies. The simulation models were used to (1) deter
mine probable aquifer system parameters, boundary conditions, and leak
age, and (2) to evaluate alternative groundwater recharge and extraction 
scenarios. 

7.9.2 MANAGEMENT MODEL 
The control of saltwater intrusion in the Jakarta basin is an optimiza

tion model involving conflicting planning objectives, the hydrauliC response 
equations of the aquifer system, and restrictions limiting groundwater ex
tractions. The objective function of the planning model is, in general, 
a function of freshwater and saltwater heads, the state variables of the 
groundwater system, and the control or decision variables defining the 
location and magnitude of groundwater pumping and artificial recharge. 
Defining <I>~ as a vector containing the freshwater and saltwater heads for 
aquifer.fl, and Q: as the pumping and recharge vector in time period t for 
layer .fl, the objective can be expressed as 

minz = f(<I>~,Q}) 7.CS3.1 
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The constraints of the management model include (1) restrictions limiting 
the locations of possible pumping and injection well sites, 

Q~,r' r E !:If, V.e 7.CS3.2 

where !:If defines the feasible pumping and/or artificial recharge sites in 
aquifer layer.e, (2) well capacity constraints, 

7.CS3.3 

where Q;,r is the well capacity at site r, (3) projected water demands, 

L L Q~,r ~ D t , V t 7.CS3.4 
f rE6f 

where Dt is the exogenous water demand in period t, and (4) the hydrauliC 
response equations of the mUltiple aquifer system. These constraints can 
be described functionally by the equations, 

7.CS3.5 

The mathematical model of the Jakarta groundwater system is based 
on the equations describing the hydraulics of groundwater flow in the fresh
water and saltwater regions of each aquifer system. The equations for each 
layer are coupled because of the possibility of flow between the aquifers 
as the hydraulic potential changes in response to pumping and/or artificial 
recharge. The simulation model is based on a U.S. Geological Survey Model 
developed by Essaid (1990). 

The linked simulation-optimization methodology is used to solve the 
saltwater intrusion optimization model. As in many field problems, it is 
not possible to obtain closed form, algebraic solutions to the equations 
describing the flow in each aquifer system. The nonlinear programming 
package MINOS was used to link the underlying simulation model with sub
routine funobj. The objective function used in the optimization analysis 
minimizes the total squared saltwater volume of the aquifer system or 

minz = L[J f zf(x,y)dxdy r 
f 

7.CS3.6 

where the summation is again over all layers of the aquifer system. and zf is 
the location of the freshwater-saltwater interface in aquifer.e. As described 
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by Samsuhadi (1990), the squared saltwater volume produces the sharpest 
objective gradients for the optimization analysis. 

The interface in each aquifer is a function of the freshwater and salt
water heads. The optimization algorithm calls the simulation model with a 
given set of pumping and recharge rates. The simulation model then pre
dicts the freshwater and saltwater heads and the interface location. This 
information is then passed back to the optimization model to evaluate the 
objective function. The subroutine is called repeatedly to numerically ap
proximate the gradient of the objective function. 

7.9.3 OPTIMIZATION ANALYSIS 

Optimal pumping policies were developed for the Jakarta groundwater 
basin assuming steady-state hydraulics. The planning model considers a 
total of 104 different well locations for pumping and artificial recharge. The 
location of these well sites, developed in association with hydrogeologists 
from BPPT, were located in the more permeable region of the groundwater 
basin. 

The nonlinear optimization model was solved using two different op
timization algorithms. Both optimization models were based on the finite 
difference simulation equations relating the pumping and injection rates 
and the movement of the freshwater-saltwater interface. 

Initially MINOS (Version 5.1) was used to generate solutions to the plan
ning problem. However, during the initial optimization studies, it was 
found that MINOS produced solutions that were not true locally optimal 
solutions. A series of numerical experiments were conducted to analyze 
the response surface (objective function) of the optimization model. The 
response surface is generally flat with a large number of locally optimal 
solutions. This phenomenon has been observed in the optimization of 
other saltwater intrusion problems (see Willis and Finney, 1988). MINOS 
was unable to differentiate between stationary points and local solutions. 
The algorithm terminated with unusually large reduced gradients; function 
precision and the finite difference approximation parameters had little or 
no effect on the optimization results. 

Box's algorithm was used to circumvent the computational and non
convexity problems of the optimization model. The sequential search al
gorithm generally improved the solutions generated by MINOS by approxi
mately 20%. Individual optimization runs averaged 15 hr of CPU time on a 
Multiflow minicomputer. 
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The planning model was used to assess the optimality of the existing 
pumping pattern in the basin. Table 7.C53.1 summarizes the historical and 
optimized pumping schedules for each aquifer system for three differing 
demand schedules (Finney et aI., 1992). For example, with a water demand 
of 12.5 m3/sec, the majority of the historical pumping schedule occurs in 
layer 3 of the aquifer system. Layers 1 and 2 contribute approximately the 
same total groundwater withdrawal, and there is no artificial recharge oc
curring in the basin. The total squared saltwater volume is approximately 
3.26 x 109 m6 . The optimization results decrease the total squared salt
water volume by approximately 6% over the historical value. Pumping has 
increased in layer 3; layers 1 and 2 both show a decrease in the total vol
ume of pumping. In contrast to the simulation results that represent the 
historical pumping pattern, the optimization introduces artificial recharge 
in layer 3 of the system. The magnitude of artificial recharge is 0.02 m3/sec. 

The tradeoff between the system objective, the total squared saltwater 
volume, and the water demand is presented in Figure 7.CS3-4 where the 
water demand for the basin was varied from 0 to a maximum of 12.5 m3/sec. 
The squared saltwater volume is a convex function of the water demand. 
For water demands up to 3.6 m3/sec, the slope or shadow price of the curve 
(the change in the squared saltwater volume per unit change in the water 
demand) is approximately 8.3 x 106 m6 /m3 /sec. For demands exceeding 3.6 
m 3/sec, the tradeoff increases sharply to 2.3 x 107 m6 1m3 Isec. Increased 
water demands can be expected to dramatically increase the degradation 
(intrusion) occurring in the basin. 

Also shown in Figure 7.CS3-4 is a comparison of the historical and 
optimized pumping schedules for various water demands (the simulated 
pumping schedules were determined from historical data). In all cases, the 
optimized pumping schedules Significantly decrease the squared saltwater 
volumes. For example, with a water demand of 7.5 m3/sec, the simulated 
pumping pattern produced a total squared saltwater volume of approxi
mately 3.203 x 109 m6• The optimized pumping and recharge schedules 
decrease the objective to 3.062 x 109 m6• The pumping and recharge pat
tern follows the same pattern as the historical demand schedule. Pumping 
is increased in layer 3 and decreased in layers 1 and 2. Artificial recharge 
also occurs in the aquifer system. The optimized pumping schedule gener
ally increases the coastal head levels by shifting the groundwater pumping 
pattern and permitting artificial recharge. 
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Table 7.CS3.1 Historical and optimized pumping pattern. 

Water Dem Stress Layer 1 Layer 2 Layer 3 z* 
(m3/sec) (m3/sec) (m3/sec) (m3/sec) (l09) 

0.0 2.953 

3.6 Hist Pump 0.86 0.80 1.94 3.087 

3.6 Hist Rech 0.00 0.00 0.00 3.087 

3.6 Opt Pump 0.44 1.15 7.97 2.977 

3.6 Opt Rech 1.84 0.86 2.36 2.977 

7.5 Hist Pump 1.78 1.67 4.05 3.204 

7.5 Hist Rech 0.00 0.00 0.00 3.204 

7.5 Opt Pump 1.33 1.62 10.33 3.062 

7.5 Opt Rech 1.20 0.88 3.75 3.062 

12.5 Hist Pump 2.97 2.78 6.74 3.255 

12.5 Hist Rech 0.00 0.00 0.00 3.255 

12.5 Opt Pump 2.36 1.95 8.07 3.178 

12.5 Opt Rech 0.00 0.00 0.02 3.178 
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Figure 7.CS3-4 Water demand analysis. 
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7.9.4 CONCLUSIONS 
The results of this study have demonstrated, 

a. the feasibility of large-scale optimization of sea water intrusion in 
multiple aquifer systems. 

b. the squared saltwater volume is a convex function of the water 
demand. 

c. in comparison with historical pumping schedules, optimization 
modeling can reduce the magnitude of saltwater intrusion by ap
proximately 6% in the Jakarta basin. 

d. the hydraulic response of the Jakarta basin can be controlled by 
altering existing pumping schedules. A redistribution of pumping 
wells and implementing artificial recharge policies can reduce the 
magnitude of saltwater intrusion. 

7.10 CASE STUDY 4 - GROUNDWATER REMEDIATION 
The remediation of contaminated groundwater is an important envi

ronmental problem. The U. S. Environmental Protection agency has identi
fied over 15,800 potentially hazardous waste sites in the United States and 
has targeted 418 of these sites for clean-up associated with the Superfund. 
70% of these sites present some threat to groundwater supplies. 

Mathematical simulation models are typically used to predict the im
pacts of remedial control measures for the rehabilitation of contaminated 
groundwater supplies. These treatment options include physical contain
ment, in-situ rehabilitation, and withdrawal followed by treatment and use 
(pump and treat). Physical containment systems prevent the flow of con
taminated groundwater by controlling the aquifer's hydrauliCS via slurry 
trenches, cut-off walls, or grout curtains. Pumping and injections wells are 
also used to alter the circulation or flow pattern occurring in the aquifer 
system. Aquifer rehabilitation typically involves injection and recharge sys
tems that are augmented by chemical treatment. A neutralizing or biochem
ical degradation agent may also be injected into the contaminated zone. 

In the next case study, the management and remediation of a contam
inated groundwater site is approached using mathematical optimization. 
Pumping and injection wells are used to contain and isolate the subsur
face contamination. The pumped water is assumed to be treated and rein
jected into the aquifer system. Because of the complexity of the flow and 
mass transport processes, the linked simulation-optimization methodology 
is used to determine the optimal pumping and recharge rates. 
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7.10.1 INTRODUCTION 
A shallow, unconfined aquifer system is contaminated with a none on

servative constituent that is adsorbed onto the solid particles of the porous 
media. The initial concentration of the constituent in parts per million 
(ppm) and the location of the structures on the property are shown in Fig
ure 7.CS4-1. 

SW 8~o 

Figure 7.CS4-1 Initial concentration (ppm). 

Pump and treat methods are a remediation strategy currently under 
investigation for the remediation of the local groundwater system. The ob
jective of the remediation is to minimize the concentration of the contam
inant at the end of 2.5 years, the planning horizon for the aquifer system. 
The transport of the contaminant, and as a result the concentrations in 
the aquifer system, can be locally controlled by altering the velocity dis
tribution. The groundwater velocities are dependent on the location and 
magnitude of pumping and well injection. In the optimization analysis, 
3 differing well configurations are investigated to control and contain the 
groundwater quality. Figures 7.CS4-2-7.CS4-4 illustrate the well configura
tions defining the feasible locations of pumping or artificial recharge wells. 
Pumping locations are indicated by the black grid points; the shaded areas 
correspond to potential recharge or pumping sites. No injection can occur 
inside the transient plume as this increases the size of the plume. 
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Figure 7.CS4-2 Feasible well sites - A. 
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Figure 7.CS4-3 Feasible well sites - D. 

The number of feasible well sites ranged from 44 wells (Configura
tion A) to 15 wells (Configuration E). The optimization model selects from 
these candidate sites those locations and pumping and recharge rates that 
hydraulically control the groundwater contamination. The pumping and 
recharge rates determined by the screening model minimize the sum of 
the mass concentrations evaluated throughout the longitudinal and lateral 
axes of the plume. The value of the objective function prior to any formal 
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Figure 7.CS4-4 Feasible well sites - E. 

optimization of the system is approximately 772 ppm. 
The development of the remediation alternatives is based on ground

water hydraulic and water quality simulation models. The simulation model 
predicts the probable time and spatial variation in the concentration of the 
constituent within the locally unconfined groundwater system. The linked 
simulation-optimization methodology is used to incorporate the simulation 
(predictive) models in the optimization analysis. 

7.10.2 GROUNDWATER OPTIMIZATION-REMEDIATION 
MODEL 
The groundwater remediation model is used to determine the optimal 

or best combination of pumping and artificial recharge (well injection) that 
minimizes the plume concentrations at the end of the 2.5 year planning 
horizon. The remediation-optimization model represents the optimal de
sign of a series of pump and treat systems for the study area, i.e. the injected 
mass concentrations are assumed zero. 

Formally, the optimization problem can be expressed as 

subject to: 

minz = L Cp 
PEr 

7.CS4.1 

7.CS4.2 
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L Qi + L Qj = 8 7.CS4.3 
iETT jEI/I 

where Cf is the mass concentration at a monitoring or control location, r 
is the set of all monitoring locations, and Q is a vector defining the set of 
possible pumping and/or artificial recharge rates. <lrnm and Omax are lower 
and upper bounds (capacities) on permissible pumping and recharge. 

Equation (7.CS4.3) is a mass balance equation relating the total pump
ing and artificial recharge. IT is an index set defining the location of all 
pumping wells; IjJ similarly defines the location of all recharge wells. 8 is the 
magnitude of the water loss resulting from the reinjection of the pumped 
and treated water. (The location of the feasible well sites are shown in 
Figure 7.CS4-2-7.CS4-4.) 

The optimization model is also constrained by the hydraulic and mass 
transport equations of the aquifer system. These equations describe the 
hydraulic head, velocity and water quality variation within the aquifer sys
tem. These coupled, partial differential equations are numerically solved 
using finite difference methods and the method of characteristics [a com
plete description of the simulation models may be found in Konikow and 
Bredehoeft (1984)]. The simulation equations may be expressed function
ally as, 

7.CS4.4 

These equations relate the concentration vector at the end of the planning 
horizon, c t , and the magnitude of pumping and recharge, Qi and Qj, and 
the steady-state hydraulic head, h. These state vectors describe the hy
draulic head and concentration at each discrete point in the aquifer system. 

The optimization model is a nonlinear, nonconvex programming prob
lem. The nonconvexity of the problem is caused by the nonlinear response 
equations, Equation (7.CS4.4). 

The linked simulation-optimization methodology presented in Chap
ter 7 and MINOS, the Modular In Core Nonlinear Optimization System, are 
used to solve the optimization model. Since the decision variables of the 
optimization model are the magnitudes of pumping and/or recharge, the 
simulation model is used to predict the concentration of the constituent 
at selected locations throughout the design horizon of the management 
model. The evaluation of the objective function in SUBROUTINE FUNOBl 
is accomplished by calling the simulation models from the subroutine. In 
response to a given set of pumping and recharge decisions, the simulation 
model predicts the concentrations throughout the aquifer system. This in
formation is returned to the subroutine to update the value of the objective 
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Table 7.CS4.1 Groundwater remediation results. 

Identifier Max Wells <lmax <l;ump <lr~c z* c(x,y) 

(GPM) (ppm) (ppm) 

A 44 ±0.45 4 6 7 ::; 1.8 

D 22 ±0.45 7 6 14 ::;1.4 

E 15 ±O.45 6 6 26 ::; 2.5 

function. Conventional finite difference approximations are used in MINOS 
to approximate the gradient of the objective function since the gradient 
with respect to the pumping and recharge decisions is unknown. Typical 
execution times averaged 6 hours. 

7.10.3 OPTIMIZATION RESULTS 
The results of the optimization analysis are presented in Table 7.CS4.1. 

Table 7.CS4.1 summarizes the maximum number of wells for each config
uration, the upper and lower pumping and injection bounds, the optimal 
number of pumping and recharge wells actually developed, the optimal 
value of the objective function, and the range in mass concentrations fol
lowing 2.5 years of remediation. The objective function represents the sum 
of the mass concentrations occurring at the monitoring or control locations 
at the end of 2.5 years. Note that in all cases the number of developed well 
sites is less than the total number of the potential or feasible well sites. 

u 

Figure 7.CS4-5 Concentration 2.5 yrs - A (ppm). 
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Figure 7.CS4-6 Concentration 2.5 yrs - D (ppm). 
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Figure 7.CS4-7 Concentration 2.5 yrs - E (ppm). 

The concentration profiles following 2.5 years of remediation are illus
trated in Figures 7.CS4-5-7.CS4-7 for the three different well configurations. 
The maximum concentration remaining in the aquifer for all well configu
rations is less than 2.5 ppm. The concentration reduction is achieved by 
altering the hydraulic gradients in the system and effectively isolating the 
contamination plume. The optimal pumping sites capture and remove a 
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significant percentage of the contaminated groundwater from the aquifer 
system. 

7.10.4 CONCLUSIONS 

The optimization analysis has demonstrated that 

a. the contaminant plume can be effectively isolated using a combi
nation of pumping and well injection 

b. optimal pumping and artificial recharge schedules can significantly 
reduce contamination of the aquifer. Concentrations at the moni
toring locations are reduced from over 772 ppm to apprOximately 
17 ppm after 2.5 years of remediation. 

7.11 MULTIOBJECTIVE OPTIMIZATION 

Many planning design, planning, or operational problems are multiob
jective optimization models. The operation of a multipurpose reservoir, for 
example, may provide irrigation and municipal water supply, hydropower, 
and flood control and recreational benefits. These objectives or goals are 
conflicting and competing. Hydropower generation, for example, is a func
tion of the reservoir storage volume and the hydraulic potential. Down
stream water requirements for irrigation reduce the storage volume and the 
potential for power generation. In trying to satisfy these objectives simul
taneously, it is no longer clear what is an optimal solution to the planning 
problem. 

The multiobjective optimization problem can be characterized by a vec
tor of objective functions. Assuming there are p objectives for the planning 
problem, the multiobjective optimization problem can be expressed as 

7.197 

subject to: 

XEn 7.198 

where n is the feasible region. 
The solution(s) to the multiobjective optimization problem is a set of 

nondominated solutions. The nondominated or noninferior solutions are a 
subset of the feasible region. The nondominated solutions have the prop
erty that for each solution outside the set, there exists a nondominated 
solution for which all objective functions are unchanged or improved and 
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at least one which is strictly improved. Defining Os as the set of noninferior 
solutions, then a nondominated solution is formally defined as 

X E Os E 0 

and there does not exist a feasible solution x E 0 such that 

Zr (x) > Zr (x) 7.199 

for somer = 1,2, ... ,pand 

7.200 

The definition of Os implies that as one moves from one noninferior so
lution to another and one objective function improves, one or more of the 
other objective functions decrease in value. 

The following example problem illustrates the development of non
dominated solutions for a multiobjective linear programming problem. 

Example Problem 7.20 

Develop the nondominated (noninferior) solutions for the multiobjec
tive optimization problem (after Goicoechea et aI., 1982), 

subject to: 

maxz = [Xl - 3xz, -4Xl + xz] 

-Xl + Xz :5 3.5 

Xl +X2:5 5.5 

2Xl + X2 :5 9 

Xl :5 4 

Figure 7-17 shows the feasible region for the multiobjective optimiza
tion problem. The set of nondominated solutions, a SUbset of the feasible 
region, can be identified by mapping points in decision space [Xl,X2] into 
objective space, [Zl, Z2], using the objective functions of the model. For a 
point in the feasible region, x, the objective functions are evaluated, Zl (x) 
and Z2 (x). The pair [Zl (x), Z2 (x)] is a point in the ZlZ2 plane. The resulting 
feasible region translated to objective function space is illustrated in Figure 
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Figure 7-17 Feasible region. 
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4 

7-18. Every corner or extreme point of 0 is mapped onto a unique corner 
in Os. 

The objective space represented in Figure 7-18 can now be used to 
identify the set of nondominated solutions. Consider, for example, points 
A and B in Figure 7-18. ZI increases from -12.5 to -10.5; Z2 also increases 
from 0.5 to 3.5. Those points between A and B cannot belong to the set 
of noninferior solutions. In contrast in the region between C and B, Z2 

increases from 0 to 3.5 while ZI decreases from 0 to -lD.5. These points 
do belong to the set of nondominated solutions. Using similar arguments, 
the entire set of nondominated solutions can be generated. It should be 
noted that this enumeration procedure is computationally feasible for very 
simple and most likely, unrealistic optimization problems. 

Nondominatedl 

10 

---'lI..,c--+----+--=""$>o--+-----f-- Z1 
10 

Figure 7-18 Nondominated solutions. 
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7.11.1 KUHN-TUCKER CONDITIONS FOR 
NONDOMINATEDSOLUTIONS 
The development of computational methods for generating the non

dominated solutions to a multiobjective optimization problem is based on 
a set of conditions similar to the Kuhn-Tucker conditions of nonlinear pro
gramming. As described by Kuhn-Tucker (1951), for a point x to be a non
dominated solution, the following necessary conditions must apply, 

7.201 

AiBi(X) = 0, Vi 7.202 
p m 
L Wk V'Zk(X) - L AiV' Bi(X) = 0 7.203 
k=l i=l 

The conditions are necessary and sufficient if the feasible region is a convex 
set and all the objective functions are concave functions of the decision 
variables. 

The nondominated conditions are similar to the Kuhn-Tucker neces
sary conditions. However, in contrast to Equation (2.76), Equation (7.203) 
requires that a linear combination of the gradients of the objective func
tions of the problem vanish at "optimality." 

We next examine how these necessary conditions may be used to de
velop two methodologies for the solution of the multiobjective optimization 
problem. 

7.11.2 THE WEIGHTING METHOD 
In the weighting method, weights are assigned to each of the objective 

functions and a single composite objective is used for the optimization 
analysis. The validity of the approach is based on the observation that 
Equation (7.203) implies that the noninferior solutions can be obtained from 
a scalar optimization problem; the revised objective function is a weighted 
sum of the components of the original objective function (Zadeh 1963). 
Noninferior solutions are generated from the solution of the optimization 
model, 

subject to: 

p 

max Z = L WkZk (x) 
k=l 

XEn 

7.204 

Wk ~ 0, Vk and there exists at least onewk > 0 7.205 
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The noninferior solutions can be generated by parametrically varying 
the objective weights, Wk. The weights represent the relative worth of an 
objective when compared with the other objectives. Moreover, if the weight 
are interpreted as the relative preferences, then the solution is a best com
promise solution to the optimization problem. 

7.11.3 THE CONSTRAINT METHOD 
The constraint method is the dual of the weighting method as can be 

shown by rewriting Equation (7.203) as 

p m 

wr'Vzr(x) + 2: Wk'VXk(X) - 2: t\i'VBi(X) = 0 7.206 
k~r i=l 

Since only the relative weights are Significant, we can define Wr as the nu
meraire and let Wr = 1. Equation (7.206) becomes 

P m 
'V Zr (x) + 2: Wk 'V Xk (x) - 2: t"i 'V Bi (x) = 0 7.207 

k~r i=l 

The second term is a weighted sum of the gradients of p - 1 lower bound 
constraints. As a result, the noninferior solution can be identified by solving 
the optimization problem, 

maxz = zr(x) 

subject to: 
XEO 

where Lk is a lower bound on objective k. 

7.208 

7.209 

7.210 

The starting values for the lower bounds may be identified from solving 
a sequence of p scalar optimization problems, that is 

maxz = zdx) 7.211 

subject to: 
XEO 7.212 

The optimal solutions of these problems, xk' k = 1,2, ... , P are used to 
compute the corresponding values for all other objectives, z j (xk)' V j =1= 

k. The minimum of all of these values for a particular objective provides 
a starting value for the lower bounds, Lk. A complete algorithm for the 
weighted method is presented in Goicoechea et al., (1982). 
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7.11.4 OVERVIEW OF GENERATING TECHNIQUES 
The weight and constraint methods identify the set of nondominated 

solutions to the multiobjective optimization problem without any prior in
formation regarding preferences for the objectives of the planning problem. 
These methodologies have the advantage that the noninferior solutions can 
be graphically portrayed (p :s; 3), and the tradeoffs between the objectives 
identified as the relative preferences for the objectives are varied. 

The major limitation of the methodologies is computational. The num
ber of solutions of the scalarized problems to approximate the noninfe
rior set increases exponentially with the number of objectives (Cohon and 
Marks, 1975). The techniques as a result are of greatest utility for problems 
with at most 3 objectives. 

For a mathematical programming perspective, both methodologies can 
also suffer from problems of local optimality and nonconvexity. The prob
lem is potentially more serious in the constraint method where the objec
tives are incorporated directly in the constraint set of the scalarized opti
mization problem. Nonconvexity can produce discontinuities and "holes" 
in the objective transformation surface and mask the nondominated solu
tions of the multiobjective optimization problem. 

7.11.5 GOAL PROGRAMMING 
The generating techniques are computationally intensive because al

ternatives can only be eliminated on the basis of noninferiority. The com
putational burden can be reduced if prior information is available detailing 
preferences or priorities for the objectives. 

Goal programming is a multiobjective methodology that presumes that 
target value, Tkr for each objective is known (Charnes and Cooper, 1961). 
These targets represent the desired levels or values of each of the objectives 
of the planning or design problem. The general goal programming problem 
can be expressed as 

subject to: 

p 

minz = L Idkl 
k=l 

XEO 

7.213 

7.214 

7.215 

where dk is the deviation from the kth objective; the deviation is a free 
variable. 
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Introducing a series of new decision variables, bk ~ 0 and ek ~ 0, the 
goal programming objective can be expressed as 

p 

minz = 2: [bk + ek] 
k=l 

7.216 

bk and ek represent the positive and negative deviations from target k. For a 
given target, the optimal solution is equal to the target value (the deviations 
are zero), or there is a positive or negative deviation (the deviations are 
linearly dependent and therefore cannot be both in the basis at optimality). 
The constraints of the model are 

XEQ 7.217 

7.218 

7.219 

In goal programming, the deviations can be weighted according to the 
priorities on a particular objective. The objective function, Equation (7.216), 
can be expressed as 

p 

minz = I wddk + ek] 
k=l 

where Wk is the kth priority. 

7.220 

Goal programming is computationally efficient requiring fewer than 
kP- 1 solutions since most noninferior solutions are eliminated by the tar
gets for each objective. The approach does require, however, extensive 
sensitivity analysis to guarantee the noninferiority of the goal program
ming solution. 

7.12 CASE STUDY 5 - EQUITY IN WATER QUALITY 
MANAGEMENT 
The second Case Study presented in this chapter demonstrated that 

minimum cost solutions produce an unequal distribution of treatment effi
ciencies. More efficient waste treatment operations are penalized, because 
of their lower marginal treatment costs. The dischargers are required to 
treat a higher percentage of their waste loads. Equity among discharges 
has been historically a primary planning objective because of its impor
tance in developing politically acceptable and implementable management 
plans (Brill et aI., 1976). 
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The water quality management model described in Case Study 2 has 
been applied to the Delaware Estuary to assess the equity of alternative 
treatment strategies. The least cost solution produced removal efficiencies 
that ranged from 0.2 to 0.9 for the 44 point source discharges. The present 
value of the treatment costs is $66.B million dollars (Smith and Morris, 
1969). 

In response to the inequities, an alternative treatment strategy has 
been proposed. Uniform treatment requires that all dischargers provide 
the same removal efficiency which satisfies the criterion that all discharges 
are equals and should be treated equally. The uniform treatment require
ment can be expressed simply as 

€j - U = 0, Vj 7.CS5.1 

where U is the unknown uniform treatment efficiency. In the Delaware Es
tuary, the total cost of uniform treatment is approximately $195 million 
dollars; the optimal uniform treatment level is O.7B. The example demon
strates that cost or penalty associated with achieving some measure of eq
uity in waste water treatment. 

An alternative treatment strategy is zoned uniform treatment. In this 
option, dischargers are grouped into zones and uniform treatment is re
quired within each zone. The zones can be industrial classification or ge
ographic. The criterion is equitable if the dischargers agree to the differ
entiation between them. The zoned uniform treatment requirement can be 
expressed as 

7.CSS.2 

where Jz denotes the dischargers in zone z. 
Zoned uniform treatment in the Delaware estuary costs $lOB million 

dollars. The treatment levels for the three zones are 0.35, 0.7B, and 0.35, 
respectively. 

In all cases the increased treatment cost can be considered as the cost 
of an equitable solution. What is important from a planning perspective 
however is the tradeoff between equity and cost. In the next section, we 
explore how these tradeoffs can be determined. 
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7.12.1 EQUITY MEASURES 
Several differing equity measures can also be defined for the water 

quality management problem. The uniform treatment criterion requires 
all efficiencies to be equal. If this constraint, Equation (7.CSS.l) is relaxed, 
then deviations from the average of the efficiencies are permitted. The de
viations, however, violate the conditions for equity and therefore decrease 
equity. Assuming the equity decreases linearly with each deviation, then 
the sum of the deviations provides one measure of equity in the manage
ment problem. 

The tradeoff between cost and equity can be explored by introducing 
additional constraints in the water quality management problem, Equations 
(7.CS2.S) and (7.CS2.6). The first constraint defines the average removal 
efficiency, Ea , 

1 n 
Ea - - I Ej = 0 7.CSS.3 

n j=l 

where n denotes the number of point sources. The deviations from the 
average effiCiency can be expressed as 

7.CSS.4 

where Epj and Enj are the positive and negative deviations from the average 
removal efficiency. Equation (7.CSS.4) states that the actual removal rates 
is equal to the average rate plus or minus the treatment deviations. Finally, 
we introduce the equity objective as the constraint, 

n 

I [Epj + Enj] ::5 E 
j=l 

7.CSS.S 

where E is a the allowable inequity in the system. Again both positive and 
negative deviations decrease equity; for each point source there is at most 
one deviation (the deviations are linearly dependent). 

An alternative formulation of an objective criterion is based on the 
range in treatment efficiencies. An appropriate objective is to minimize 
the difference between the maximum and minimum treatment rates. Again 
additional constraints are appended to the optimization model. The first 
set define the maximum removal efficiency, Emax , as 

E j - Emax ::5 0, 'if j 

Similarly the minimum efficiency, Emin, is defined as as 

7.CSS.6 
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The equity objective can then be expressed as auxiliary constraint, 

Emax - ElDin ~ M 7.eSS.7 

where M is the allowable treatment range. 

7.12.2 MODEL APPLICATION AND RESULTS 

The equity-cost optimization models are multi-objective programming 
problems. The identification of the tradeoffs between the cost and equity 
objectives is obtained by parameterizing the right hand sides of the equity 
constraints. As illustrated in the groundwater management problems in 
the Yun lin basin, this sensitivity analysis generates the objective transfor
mation surface for the problem. In the water quality equity management 
problem, the parameters M and E are systematically varied using the con
straint method of multiobjective programming. These optimal values of 
the cost and equity objectives generate the objective transformation curve 
for the management problem. 

An example tradeoff curve for the Delaware Estuary is presented in Fig
ure 7.CSS-L Equity increases on the abscissa; economic efficiency (cost), on 
the ordinate. The most equitable solution is uniform treatment where the 
sum of the deviation is zero. Cost efficiency improves and equity decreases 
in moving to the least cost solution. As described by Brill et al. (1976), in 
the uniform treatment region of the curve, the cost can be reduced from 
$19S million to $1S0 million with the sum of the deviations increasing to 
0.26. At point II of the curve, a reduction representing 67% of the maximum 
possible savings occurs; the sum of the deviations increases to 0.6S. 

The average removal efficiency about point I is 0.72 with only four de
viations. At point II, the average efficiency is 0.67 with six deviations. In 
either case only a small number of discharges deviate from the uniform 
treatment option. These treatment programs provide baseline information 
for the design of implement able uniform treatment solutions. The imple
mentation of a lower uniform treatment requirement, for example, might 
be feasible provided compensation is provided for dischargers subject to 
relatively high treatment levels. A high uniform level could be established 
for most dischargers and low requirements for several dischargers. The 
treatment program could be viewed as equitable. 



7.12 Case Study 5 - Equity in Water Quality Management 

+ Least Cost Solution 
40-~ 

120 

160 

200 
782 

Uniform Treatment-+-

4.0 3.0 2.0 1.0 0.0 
Sum of Deviations Equity ~ 

Figure 7.eS5-1 Cost-equity tradeoff (Brill et al., 1976). 

7.12.3 CONCLUSIONS 

419 

The water quality-equity management study has demonstrated that 

a. uniform treatment provides the most equitable waste treatment 
plan; it has the highest treatment cost. Zoned uniform treatment 
provides an intermediate solution that is less costly and somewhat 
more equitable in the context of treating all dischargers equally 

b. a variety of equity criteria can be incorporated in the least-cost 
water quality optimization model 

c. the tradeoffs between cost and equity can be generated using para
metric programming. 

d. the equity criteria are useful in identifying the critical waste dis
chargers. 
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PROBLEMS 

Separable Programming 

1. Develop the approximating linear programming problem for the solu
tion of the separable optimization model, 

subject to: 

max z = 2X1 - Xf + X2 

2Xf + 3x~ :5: 6 

X1,X2 ;:: 0 

Is restricted basis entry necessary for the solution of the optimization 
model? 

2. Formulate the following nonlinear programming problem as a linear 
programming problem, 

max z = X~·2S + X2 

subject to: 
10 - Xf - x~ ;:: 0 

9 - xi - (X2 - 4)2 ;:: 0 

linked Simulation-Optimization 

3. An optimization model is to be developed for the management of water 
quality in an estuary. The mathematical model is described by the 
partial differential equation, 

a [ OC] o(cv) z:n * OC - D- - -- + C· (l-€·)8(x-x·) =-ax ax ax . 1 1 1 at 
1=1 

where D is the dispersion parameter, v is the velocity, x is the distance 
downstream, c£ is the waste concentration at source i, €i is the fraction 
removed of the waste, 8 is the Dirac delta function defining the location 
of the point source, e.g. 8 = 1 if x = Xi, otherwise, 8 = 0, and C is the 
concentration of the waste constituent in the river system. A computer 
program, QUAL, developed by the Environmental Protection Agency, is 
used to solve the partial differential equation. The simulation model 
predicts the water quality in the estuary, c(x, t), as the magnitude of 
the waste inputs are changed, c£ (1 - €i). Assume the treatment cost 
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function at each point source is Ii (E i) and the maximum concentration 
of the constituent in the estuary is Cmax . Discuss in detail how the 
linked simulation-optimization methodology can be used to control 
water quality in the estuary. Clearly describe the constraints of the 
management model. 

4. The parameters of an environmental system are to be estimated from 
a set of observational data, CPt, i = 1, ... , n where i denotes the spatial 
location of the observation. The mathematical model of the system is 
described by a system of nonlinear differential equations that can be 
expressed functionally as 

L(<I>,x) = 0 

where cP is the state variable of the system, and x is a vector of decision 
variables, the unknown system parameters. L represents the equations 
relating the parameters and the state variable of the system, e.g. for a 
given set of parameters x, the equations of the mathematical model 
are solved to produce the spatial variation in CPo The objective of the 
parameter estimation model, Z, is to minimize the sum of the squared 
errors or residuals, or 

n 

minz = L (CPt - CPd 2 

i=l 

Discuss how this optimization problem can be solved using the linked 
simulation-optimization methodology. 

5. A consulting engineer is conducting a parameter estimation study. The 
mathematical model of an energy system is described by a system of 
coupled partial differential equations. The software package, OTTO, 
developed by NASA, is used to predict the temperature variation. The 
objective function of the parameter estimation problem is defined as 

n 

minz = L ITf - Tjl 
j=l 

where Tf is the historically observed temperature at location j, and Tj 
is the predicted temperature. The vector of thermal parameters of the 
model, p, is also required to satisfy the following bounds, 

Pmin ::5 P ::5 Pmax 

Discuss in detail how you would obtain the solution of the parameter 
estimation problem. 
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6. The migration of a constituent in landfill leachate through a narrow, 
relatively thin, valley-fill aquifer is of concern to the local water quality 
control agency. The concentration, c, in the aquifer can be approxi
mately represented with the equation, 

~ (X(V- f3 )) (X-f3 t ) c(x,y,t) =co L. LnPncos(ryy)exp 2D erfc 2..jD 
n=O x xt 

( X(V+ f3 )) f (X+f3 t ) 
+ exp 2Dx er c 2..jDxt 

where Co is the source concentration, Ln and Pn are numerical param
eters, exp is the exponential function, erfc is the complementary error 
function, f3 is a function of the dispersion or diffusion occurring in the 
aquifer, Dx is the dispersion coefficient in the x coordinate direction, y 
is the y coordinate direction, t is time, v is the velocity. The mathemat
ical model is currently available in the u.s. Geological Survey FORTRAN 
program, GW. 

Develop an optimization model to optimally control the leachate water 
quality. Assume the cost of waste treatment is j(€) where € is the 
fractional waste removal rate. The water quality standard, C, is to be 
satisfied at x = 100 m and y = 100 m and at times, t = 10,20,30, 100 
days. (a) What are the state and decision variables of the model? (b) 
What is the most efficient methodology that can be used to identify a 
solution to the water quality control problem? Discuss in detail the 
methodology. (c) What are the advantages and disadvantages of the 
methodology? 

7. A pump and treat scenario is under consideration for a local ground
water system. In this remediation plan, contaminated water is pumped 
out of an aquifer, treated, and then injected in the groundwater sys
tem. The physics of this process are described by coupled systems 
of nonlinear, partial differential equations. The mathematical model, 
HST3D, numerically solves the equations to predict the pressure varia
tion, p(x,y, Z, t), and the concentration, c(x, y, Z, t) in the groundwa
ter environment. The objective of the remediation plan is to minimize 
the cost of pumping and treatment. The objective can be expressed as 

where QTT' QIJ! are the pumping and recharge rates. The design problem 
is required to satisfy the following water quality constraints, 

c ~ c* 

where c* is the water quality standard. (a) What are the state variables 
of the optimization problem? (b) What are the control variables? (c) 
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What optimization algorithm can be used for solution of this problem. 
Discuss the algorithm in detail. (d) What are the advantages and dis
advantages of the approach. 

Unconstrained Optimization 

8. Solve the following unconstrained optimization problem using the gra
dient search and Newton's method. Determine the optimal solution 
from the first-order necessary conditions using the Newton-Raphson 
method. 

max z = 2XIX2 + 2X2 - xi - 2x~ 

Is the solution a local or global maximum? Investigate the impact on 
the algorithms of differing starting points. 

9. Given the vector, 

[ 1 1 1 ]t 
d1 = J3 - J3 - J3 

and Xo = (0,0, O)t and Xl = (1, 1, l)t, determine a direction vector 
conjungate to dl (Reklaitis et al., 1983). Assume the objective function, 
z, can be expressed as 

Z = Xl + 2x~ - XIX2 + 3xi - 2XIX3 + x~ 

10. Given the search direction, d 1 = (1/2, J3/2)t, determine a conjugate 
search direction d2 (Himmelblau, 1972). Assume the objective function 
is 

Z = 2xi + 3x~ - 4 

11. Perform two iterations of the Newton method, gradient method, and 
Cauchy cyclic method for the Rosenbrock function (Rosenbrock, 1960), 

minz = 100(x2 - xi)2 + (1- Xl)2 

Assume the starting point is x = [2, 2]t. Evaluate the problem's opti
mization characteristics using the Weierstrass, local-global, and Kuhn
Tucker theorems. 

Nonlinear Programming 

12. Compare and contrast the algorithms that have been presented in the 
text for the solution of the mathematical programming problem, 

maxz = j(x) 

subject to: 
g(x) :5 b 
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x~O 

13. An engineering design problem can be expressed as the optimization 
problem, 

minz = C(x) 

subject to: 
x~a 

where a is a known vector of lower bounds. Under what conditions 
will there exist solutions to the optimization problem? What type of 
solution can be expected from the problem (clearly state your assump
tions)? 

14. Consider the nonlinear program, 

minz = f(x) 

subject to: 
Ax=b 

x~O 

where f is a real-valued, continuously differentiable convex function 
on En, A is a mxn real matrix (m :::; n), and bis a nx 1 vector. Consider 
the linear program 

mini = y\l f(x) 

subject to: 
Ay=b 

y~O 

where x is a feasible solution to the nonlinear program. Show that if 
y* is the optimal solution of the IPP, then f (y*) :::; f (x). Discuss how 
the result can be used to solve convex optimization problems. 

15. A consulting engineer has been hired to advise a town on how to best 
proceed with the construction and operation of a water supply reser
voir. The construction (capital) cost of the reservoir is C(K) = 0.IKo.85, 
where K is the reservoir capacity. The projected annual operation and 
maintenance costs over the 25 year life cycle of the reservoir are, 

Year(s) Annual Maintenance Cost 

1-10 $75,000 

11-20 $100,000 

21-25 $125,000 
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The forecasted annual water supply benefit from the reservoir is 

where DC, f3 > 0 and Rt is the annual release. The projected yearly inflow 
to the reservoir is It. (a) What is the state variable of the problem? (b) 
What are the decision variables? (c) What is the mathematical model 
of the system? (d) Develop an optimization model to determine the 
optimal reservoir size and annual release. (e) Will the solution be a local 
or global solution? Why? Assume the discount rate is 12% compounded 
monthly. 

16. The following algorithms have been developed for solution of opti
mization problems: (a) linear programming, (b) Frank-Wolfe algorithm, 
(c) dynamic programming, (d) separable programming, (e) MINOS, (f) 
Newton-Raphson method, (g) modified Newton's method, (h) gradient 
method, (i) classical optimization, U> Kuhn-Tucker conditions, (k) Iso, 
(l) the calculus, (m) cyclic coordinate ascent/descent method, and (n) 
Tui's algorithm. Match these algorithms with the following optimiza
tion problems, 

Problem I [f is concave and Bi is convex] 

subject to: 

Problem II If is convex] 

subject to: 

maxz = f(x) 

g(x) ~ b 

x~O 

maxz = 'Ifj(xj) 
j 

17. Consider the quadratic programming problem, 

subject to: 
Ax=b 
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x~O 

Develop the Kuhn-Tucker conditions of the problem. Assume that Dis 
negative definite. Show that the basic solution of the system of equa
tions solves the Kuhn-Tucker conditions, 

where v is a vector of slack variables. 

18. A local groundwater system is to be developed to satisfy a water de
mand in planning period t, Dt. The mathematical model of the aquifer 
system is described by the linear equations, 

(hi) (.25 .10 .05) (ht~) (.lO .20 .25) (-.lQi) h2 = .12 .25 .15 h2 + .25 .20 .33 -.lQ2 
h~ .12 .25 .07 h~-l .15 .17 .22 -.lQ~ 

where h1 is the potential or head at the end of planning period t, loca
tion i, and Qf is the pumping occurring in period t and location i. The 
mathematical model can be expressed in matrix form as 

The benefit is Bt ; the operational costs, Ct , can be expressed as 

3 

Ct = I lOQf(50 - hD 
i=l 

where the summation is over all wells in the basin. Note that these 
costs, benefits, and demands are time dependent. The capital cost for 
the construction of the pumping wells is given as, 

3 

KC = I.25Q{!ax 
i=l 

where Qi,max is the well capacity at site i. The discount rate is 12% per 
period; the total planning horizon consists of two (2) planning periods. 
(a) Formulate a mathematical model to determine the optimal pumping 
rates, and well capacities. (b) What are the complementary slackness 
conditions for the demand and well capacity constraints? 
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Multiobjective Optimization 

19. A water resources project in Argentina is concerned with the develop
ment of a reservoir. The water supplied from the reservoir will be used 
to increase agricultural production in the region. The international 
consultant team working on the project have identified two objectives 
for the planning problem. The first objective is to maximize the net 
national income benefit (Bn) (benefit-cost); the second, is to maximize 
the net regional income benefits (Br). The overall objective function of 
the model can be expressed as 

where .\1 and .\2 are the weights or preferences associated with the 
planning objectives. 

The decision or control variables of the problem are to determine the 
reservoir capacity, K, and the size of the irrigation area, S. The data for 
the problem are summarized in the Table. Each policy or alternative 
represents a specific reservoir capacity and size of the irrigation area, 
e.g. Policy 1, for example, could define a reservoir capacity of 40,000 
acre-feet (Kd and an irrigation area of 50,000 hectares (Sd. These poli
cies, as is typical of simulation studies, were developed by the planning 
team on the basis of available information and engineering judgement. 
The benefit values (expressed in millions of pesos) shown in the fol
lowing Table were developed from economic models of the system; a 
given reservoir capacity and irrigation area generates a specific level of 
benefits and costs. 

Recognizing that the objectives are in the same units, determine the 
objective transformation surface for the problem. Can you suggest an 
optimal solution? 

Alternative Bn Br 

Policy 1 (Kl,Sd 380 600 

Policy 2 (K2, S2) 350 800 

Policy 3 (K3, S3) 320 1000 

Policy 4 (K4, S4) 220 1200 

Policy 5 (Ks,Ss) 130 1300 

Policy 6 (K6, S6) 50 1350 
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Frank-Wolfe Algorithm 

20. Consider the nonlinear programming problem, 

subject to: 

minz = (Xl - X2)2 + X2 

Xl + X2 ~ 1 

Xl + 2X2 :s; 3 

XI,X2 ~ 0 

Perform three iterations of the Frank-Wolfe algorithm from the starting 
point, x = [3 O]t. Graphically represent the solution trajectory. 

Reduced Gradient 

21. Solve, using the reduced gradient method, the quadratic program (Sim
mons, 1975), 

subject to: 
Xl - X2 + X3 = 0 

X2 + X4 = 1 

x~o 

Assume the starting solution is (1,1,0, O)t. Is the optimum point a 
local maximum? Why or why not? 

22. Perform 1 iteration of the reduced gradient method for the optimiza
tion problem (Simmons, 1975), 

subject to: 
Xl + X2 :s; 16 

-Xl + X2 :s; 4 

x~O 

Assume the starting point is XO = (9, O)t. 

23. Show that the final solution of the reduced gradient method, d = 0, is 
a Kuhn-Tucker point. 

24. Show that the reduced gradient optimality criterion is equivalent to the 
Lagrangian optimality criterion. 
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25. Prove that in the reduced gradient, dNB = -(\7 iNB - \7 iBB-lR), is a 
descent direction. Show that a similar result holds in the generalized 
reduced gradient. 

Generalized Reduced Gradient 

26. Assume that variable bounds are incorporated in the generalized re
duced gradient method and the direction vector, dNB , is 

{ 
0, 

dNB,j = 0, 
-oztaxNB,j, 

if XNB,j = -tj and OZ/OXNB,j < 0 
if XNB,j = Uj and OZ/OXNB,j > 0 
otherwise. 

Show that this condition insures that if dNB = 0 then the Kuhn-Tucker 
conditions are satisfied. 

27. Perform one iteration using the generalized reduced gradient for the 
optimization problem (Reklaitis, 1983), 

. subject to: 

Assume that x~ = 4. 

2Xl - x~ - 1 = 0 

0.5Xl + 0.5X2 + X3 - 1 = 0 

28. Show that in the generalized reduced gradient, the Lagrange multiplier 
assocated with the equality constraints can be expressed as 

Convex Simplex Method 

29. Perform 1 iteration of the nonlinear programming problem in Problem 
20 using the convex simplex method. 

Dynamic Programming 

30. Consider the following "fixed-charge" problem, 

subject to: 

max Z = 91 (Xl) + 92 (X2) + 3X3 

Xl + X2 ~ 10 

2Xl + X2 + 3X3 ~ 30 
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where, 

91 (Xl) = { ~4 + 5Xl 

92(X2) = {~10 + 7X2 

if Xl = 0 
if Xl > 0 

if X2 = 0 
if X2 > 0 

Solve this problem with dynamic programming. 

7 Problems 

31. A chessboard is marked with a digit in each square as shown below. The 
player must move from left to right either diagonally or horizontally 
one square at a time. A player may start in any square of the left
hand column and the objective is to cross the board in such a way that 
the sum of the numbers in the squares passed through is a maximum. 
Solve this problem using dynamic programming. 

1 2 3 4 5 6 7 8 

1 0 0 6 8 7 5 6 3 

2 3 3 8 8 7 4 7 8 

3 2 0 2 9 8 5 9 4 

4 1 3 3 5 3 2 1 0 

5 1 1 6 8 5 8 3 7 

6 6 1 6 2 7 5 2 5 

7 4 1 5 5 4 4 8 4 

8 8 1 6 9 3 0 4 6 

32. Determine the optimal solution of the following optimization problem 
using dynamic programming, 

subject to: 

33. Show that in the dynamic programming water quality management 
problem, Case Study 2, the downstream BOD and DO deficit concentra
tions are linear functions of the waste treatment removal efficiencies. 
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Review of Mathematics 

A.I INTRODUCTION 
The objective of this appendix is to review the basic elements of mathe

matical analysis, linear algebra, and the calculus. This appendix is a compi
lation of reviews presented by Intriligator (1971) and Ossenbruggen (1984). 

A.2 ANALYSIS 
Sets and relations are often used in optimization and micro economic 

analysis. A set is simply a collection of objects. For example, the set, 
X = [xix ~ 0] defines the collection of all nonnegative values of Xl, ... xn. 
Examples of important sets include E, the set of all real numbers, Q, the 
set of all rational numbers, and 0, the empty set, the set containing no 
elements. 

The union of two sets, Xl and X2, Xl U X2, consists of the set of points 
in either or both sets, 

A.l 

The intersection of two sets, Xl and X2, Xl n X2, is the set of points that 
are common to both sets, or 

A.2 

The Cartesian product of two sets, Xl and X2, Xl X X2 is the set of all 
ordered pairs of the sets, 

A.3 
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The Cartesian product of X with itself, x2 , contains all of the ordered pairs 
of real numbers. Euclidean n-space, En, is E X En-lor 

A relation, R, is a subset of a cartesian product. For example, assuming 
x E Xl and y E X2 then, 

xRy if and only if (x,y) E R A.S 

xi/.y if and only if (x,y) ¢:. R A.6 

Several characteristics of relations are useful in applied mathematics. 
The following are both necessary and sufficient conditions: 

a. complete. A relation, R, is complete if and only if for any x, y EX 
either xRy or yRx (or both). 

b. transitive. The relation is transitive if and only if xRy and y Rz 
imply that xRz, 'Vx,y, z E X. 

c. reflexive. The relation is reflexive if and only if xRx, 'V x E X. 

d. pre ordering. A relation is a pre ordering if it is transitive and re
flexive. 

A relation, j, defined on Xl X X2 is a function if and only if given any 
x E Xl there is a unique X2 E X2 such that Xl!X2. The set Xl is the domain 
of the function; the set X2defines the range of the function. A function is 
real-valued if and only if its range is E. 

Sets can also be a metric space provided that a real-valued function, d 
(referred to as a metric) is defined on the cartesian product X2 such that 
'Vx,y,z E X, 

d(x,y) ~ 0, and d(x,y) = ° if and only if x = y A.7 

d(x,y) = d(y,x) A.8 

d(x,z) ~ d(x,y) + d(y,z) A.9 

where d is the distance between x and y. In Euclidean n-space, the 
distance can be expressed as 

n 2 

d(x,y) = I (Xj - yj) 
j=l 

A. 10 
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A.3 VECTORS AND MA TRICES 
A n-component vector or n-dimensional vector is an ordered n-tuple 

of numbers that can be written as a row or a column. We define x as an n 
x 1 column vector, 

All 

where Xj is the ph component of x. The row vector, x t , can be expressed 
as, 

A12 

We assume that each component of the vector, Xi, is a real number. 
A vector space, V, is a collection of vectors that satisfy the following 

axioms: 

a. Closure Property. For each vector pair, (x, y), there is the vector, Z 

such that Z = x + y. Z is the vector sum. 
b. Commutative Property. x + y = y + x. 
c. Associative Property. (x + y) + z = x + (y + z). 
d. Existence of the Zero Vector. There is a unique zero vector such 

that x + 0 = 0 + x = x for each x E V. 
e. Inverse Property. For any vector, x E V, there is an unique vector 

-x such that x + (-x) = (-x) + x = O. 
f. Scalar Multiplication. For every scalar a, and for each vector, x E 

V, there is a vector, ax, the product of a and x. 
An n-dimensional space or Euclidean space, En, is a vector space where 

the inner product of two vectors is defined. The inner product of the vec
tors, x and y, x . y, satisfies the conditions, 

a. X· Y is defined for all x and y E V 
b. X· Y = y. x 
c. (x + y) . z = x . z + y . z for all x and y 

d. for every scalar, a, (ax) . y = a(x . y) for all x and y and a 
e. x . x > 0 unless x = 0 

The norm of a vector, x, denoted by Ilxll, can be expressed as 

1 
Ilxll = (x· x)2 A13 

The norm is analogous with the length of a vector in three dimensional 
space. 
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The inner product of two vectors, x and y in En is defined as 

x . y = xyt = Ixllyl cos e 
n 

= L XiYi 
i=l 

A.14 

where e is the angle between the vectors, and Ilxll is the norm (magnitude) 
of the vector. 

The properties of a vector space can be used to illustrate multiplication 
of a vector by a scalar and vector addition. For example, 

a(x + y) = ax + ay 

and, 

x + y = (~:) + (~:) = (~: : ~: ) 
Xn Yn Xn + Yn 

A.15 

A series of vectors Xl, X2, ... ,xn are linearly independent, if and only 
if, 

A.16 

implies that 
A.17 

If Equation (A.17) is not satisfied the vectors are linearly dependent, and 
at least one of the vectors can be expressed as a linear combination of the 
others. 

Assuming the vectors Xl , X2, ... ,xr are linearly independent, then every 
other vector in En can be expressed as a linear combination of these n 
vectors, or 

r 

V = L aiXi 
i=l 

A.IB 

The vectors form a basis in En and are said to span or generate En. The 
unit vectors, i, j, and k are a linearly independent set of vectors in E3. 

A matrix is a rectangular array composed of real numbers. The size of 
the matrix is the order of the matrix and is the number of rows and columns 
of the array. The m x n A matrix can be expressed as 

(
all aln) 

A= : '. : 

~l .. : a~n 
A.19 
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where i is the row index and j is the column index. If m = n the matrix is a 
square matrix. If the number of rows or columns is one, the matrix reduces 
to a row or column vector. 

The identity matrix, I, is a square matrix in which the elements on the 
principal diagonal are unity; all other elements of the matrix are zero, or 

I . . = {O, if i =1= j 
t] 1, otherwise. A.20 

Similarly, a diagonal matrix, D is a square matrix for which the only nonzero 
elements are located on the main diagonal, 

{ D .. 
Dij = 0 t], if i = j 

otherwise. 
A.21 

AA MATRIX OPERATIONS 
The addition of two matrices, A and B of the same order, is obtained 

by adding the corresponding elements, 

C=A+B 

and Cij = aij + bij. The multiplication of a matrix by a scalar multiplies all 
elements of the matrix by the scalar, or 

B=mA 

where bij = maij. 
The multiplication of two matrices, AB, is defined only if the number 

of columns of the premultiplied matrix (A) is equal to the number of rows 
of the postmultiplied matrix (B), or 

A[mxqlB[qxnl = R[mxnl A.22 

q 

Rij = L AisBsj, i = 1,2, ... , m; j = 1,2, ... n A.23 
s=1 

The transpose of the matrix A, denoted by At (an n x m matrix), is the 
matrix obtained by interchanging the rows and columns of A, or 

(
all ... amI) 

At - . . . - . . . . . . 
aln ... amn 

A.24 

Note also that the transpose of the transpose is the original matrix, (At)t = 
A and that (AB)t = Bt At. A matrix is a symmetric matrix if A = At. 
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A.S DETERMINANTS AND THE MATRIX INVERSE 

The determinant of an nth-order square matrix, IAI, is determined by 
computing the following sum involving the n 2 elements in A, 

A.25 

where the sum is taken over all permutations of the second subscripts. 
A term is assigned a plus sign if (i, j, ... , r) is an even permutation of 
(1,2, ... , n), and a minus sign if it is an odd permutation. 

The evaluation of Equation (A. 2 5) is nontrivial for large n because of the 
difficulty in identifying and assigning the proper sign to the permutations. 
A more direct method of evaluating the determinant of a matrix is given by 
the equations, 

n 

IAI = LAijCij, anyj, j = I,2, ... ,n 
i=1 

n 

IAI = L AijCij, anyi, i = I,2, ... ,n 
j=1 

where Cij is defined as 

A.26 

A.27 

Cij = (-l)i+ j Mij, i = I,2, ... ,n; j = 1,2, ... ,n A.28 

Mij is the determinant of the (n - 1) x (n - 1) matrix obtained by deleting 
the ith row and the ph column of A. 

The kth principal minor of the square matrix A is the determinant of 
the k x k matrix consisting of the first k rows and columns of A, 

A.29 

Assuming A is square and nonsingular of order n, then there exists a 
unique matrix inverse, A -1, such that, 

A.30 

The inverse can be determined from the equation, 

A.3I 
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where Mij are the matrix cofactors, and A + is the adjoint matrix of A. The 
adjoint matrix is the transpose of the matrix obtained from A by replacing 
each element of A by its cofactor. For A and B nonsingular, (AB)-l = 

B-1A-1, and (At)-l = (A-1)t. 

The rank of any matrix A, r(A), is the size of the largest nonvanishing 
determinant contained in A. Equivalently it represents the maximum num
ber of linearly independent rows or columns of A-the dimension of the 
subspace spanned by the rows or columns of A. The rank is bounded by, 

05 r(A) 5 min(m, n) A.32 

Example Problem A.l 
Compute the general formula for the inverse of the 2 x 2 nonsingular 

matrix A, 

The determinant of the matrix is simply the differences in the products 
of the diagonals or IAI = alla22 - a21a12. The first step in constructing 
the adjoint matrix is to develop the matrix A consisting of the cofactors 
of A. For matrix element 1,1, the cofactor is (-I)(1+1)a22; the cofactor for 
element 1,2 is (-I)(l+2)a21. A can be expressed as 

-a2l ) 
all 

The adjoint is the transpose of A or 

The inverse can then be expressed as 

A.33 

Verify that AA-1 = I. 
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A.6 QUADRATIC FORMS 
The quadratic form of the square, symmetric matrix A, QA, can be 

expressed as 

QA = xlAx 
n n 

= L L aijXiXj 
i=l j=l 

= allX[ + a12XIX2 + . . . + alnXIXn + ... + annX~ A.34 

The quadratic form, QA, is positive definite if and only if, QA > 0 for all 
x !- O. Similarly it is negative definite if and only if QA < 0 for all x !- O. The 
quadratic form is positive semidefinite, if and only if, QA ~ 0 for all x and 
QA = 0 for some x. QA is negative semidefinite, if and only if, QA S 0 for all 
x and QA = 0 for some x (including x = 0). If none .of these conditions are 
met, the quadratic form is indefinite. The positive or negative definiteness 
of a quadratic form can also be determined by examining, as discussed in 
Example Problem A.4 and Chapter 2, the principal minors of A. 

Example Problem A.2 
Develop the quadratic form for the general quadratic equation, 

The two variable quadratic form can be expressed in vector matrix no
tation as, 

[ ] ( all a12) [Xl] Z = XI,X2 
a21 a22 X2 

The expression can be verified by first multiplying the coefficient matrix by 
the column vector, or 

The vector product of Xl and r which is a scalar, Z, can be expressed as, 
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Example Problem A.3 

The matrix associated with a quadratic form is 

Determine the associated quadratic form and show how the matrix can be 
made symmetric without changing the value of the quadratic form. 

The quadratic form can be expressed using the results from Example 
Problem A.2, 

The identical result can be obtained by writing a12 = a2l = 8/2 = 4, or 

In general, both aji and aij are coefficients of XiXj provided i !- j. We can 
uniquely define new coefficients, bij and b ji using the equation, 

b . . - b _ aij + a ji 
lJ - Jl - 2 '<i i, j A.35 

such that bij + b ji = aij + a ji. The new matrix B is a symmetric matrix 
that does not alter the value of the quadratic form. It is always possible to 
assume that the matrix in the associated quadratic form is symmetric; if it 
is not, then Equation (A.35) can be used to convert it to a symmetric matrix. 

Example Problem A.4 

As is discussed in Chapter 2, a set of necessary and sufficient condi
tions for the quadratic form xtAx to be positive definite is 

All > 0; 
All A12 Al3 

A21 A22 A23 > 0; 
A31 A32 A33 

... , IAI > 0 A.36 

where IAI denotes the determinants of the principal minors of A. Show 
that the quadratic form z = 3x[ + 4X1X2 + 2x~ is positive definite. 

The quadratic form can be expressed in vector-matrix notation as, 
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The determinant of the first principal minor of the quadratic form is JAllJ = 

3 > 0. The determinant of the second principal minor of the quadratic form 
is 

We can expand the determinant by differencing the product of the main 
and off diagonals, JAJ = aUa22 - a21a22 = 6 - 4 = 2 > 0, or by cofactors, 

IAI = 3(2) + (1)-1(2)2 = 2 > ° 
The quadratic form is positive definite. 

A.7 SCALAR, VECTOR, AND MATRIX DERWATlVES 

The derivatives of environmental or cost objectives (scalars) and vec
tors, such as the gradient vector, have important applications in optimiza
tion modeling. There are several conventions or rules associated with the 
differentiation of vectors and matrices. Normally, the derivative of a col
umn (row) vector with respect to a scalar is a column (row) vector. Similarly, 
the derivative of a scalar with respect to a column (row) vector is a row (col
umn) vector. The derivative of a row vector with respect to a column vector 
is a matrix. These concepts are illustrated in the following example prob
lems. 

Example Problem A.S 

The objective function z of an optimization model is a function of n 
variables, 

Evaluate the derivative of z with respect to the decision vector, x. 

The derivative of the objective with respect to the column vector x is 
the row vector, 

oz (OZ oz oz ) 
ax = OXl' OX2'···' oXn A.37 

Equation (A. 3 7) defines the gradient vector of the objective; the gradient 
vector points in the direction of greatest increase in the value of the objec
tive function. 
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Example Problem A.6 

Evaluate the gradient of the linear function 2 = ex. 

The derivative of 2 with respect to the column vector x is a row vector, 
02 
- =e ox 

The result can also be obtained by expressing the function as a summation, 
rather than a vector product, or 

n 

2 = ex = I CiXi = C1Xl + C2X2 + ... + CnXn 
i= 1 

The partial derivatives of 2 with respect to each variable can be expressed 
as, 

02 02 02 
OXl = Cl, OX2 = C2, ... , OXn = Cn 

The gradient vector is then 
02 ox = [cl,C2, ... ,Cn J A.38 

Example Problem A. 7 

Determine the gradient of the quadratic form QA = xtAx assuming A 
is sYJIlllletric. 

Again using the rules presented in this section, the derivative of a scalar 
with respect to a column vector is a row vector, or 

OQA = 2xtA ox A.39 

Consider the two variable quadratic form and assume that A is sYJIlllletric 
(a12 = a2d, 

2=[Xl,XZ](all alZ)[Xl] 
aZl a22 Xz 

Expanding the quadratic form we have, 

2 = allxf + alZX1XZ + aZ1X1XZ + azzx~ 
The derivatives of 2 can be expressed as 

02 
~ = 2allXl + 2alZXZ 
UXl 

02 
-:::I - = 2a22Xz + 2alZXl 
uXz 

In vector-matrix notation the equations are 

02 (all -;- = 2[Xl,XZ] 
uX aZl 



446 Appendix A.S Directional Derivative 

Example Problem A.S 

Show that the Hessian matrix of the quadratic form QA is H = 2A. 

In Example Problem A. 7, the gradient of the two-variable quadratic 
form was evaluated. The second derivatives of the quadratic form can be 
expressed as 

In vector-matrix notation, these equations can be expressed as, 

H = 02 z = 2 (au a 12 ) ox2 a21 a22 

The result can be easily generalized for the n variable case. The n x n 
Hessian matrix can be expressed as 

a2
z ) aXl;ilxn 

iJ2 z 
g 

AAO 

A.8 DIRECTIONAL DERWATIVE 
The directional derivative, Dj(xo), is the derivative of j at Xo in the 

direction y, or 

Dj(xo) = \7 j(xo)y = lim j(xo + ty) - j(xo) A.41 
t-O t 

Consider all y E En such that, 

\7 j(xo)y < 0 AA2 

then it can be shown that 

j(xo + ty) < j(xo) AA3 

for all sufficiently small t > O. The vector y is known as a descent vector. 
This property will be exploited in Chapter 7 in the development of the Frank
Wolfe and reduced gradient algorithms. 
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A.9 EIGENVALUES AND EIGENVECTORS 

Many problems in engineering and economics are concerned with iden
tifying the scalar parameter, A, for which there exist vectors, x 1= 0, satisfy
ing the matrix equation, 

Ax = Ax A.44 

where A is a n x n matrix. The solution of Equation (A.44) is known as the 
eigenvalue problem. 

The characteristic roots or eigenvalues of Equation (A.44) can be iden
tified by rewriting the equation as 

Ax =,\[x A.45 

or, 
(A - i\I)x = 0 A.46 

where I is the identity matrix. A nonzero solution exists to Equation (A.46) 

if and only if, 
IA -,\[I = 0 A.47 

or, 
all - A a12 aln 

a2l a22 - i\ a2n 
=0 A.48 

a21 a n2 ann - i\ 

The determinant is a polynomial in i\ which can be expressed as 

J(A) = IA - ,\[1 = (i\)n + bn- 1 (_i\)n-l + ... + bl (-A) + bo A.49 

where the bi can be related to the roots of the polynomial (see Hadley, 
1961). From the fundamental theorem of algebra we recall that the nth 

order characteristic equation has n roots or eigenvalues. The eigenvalues 
can be distinct or identical, real or complex. 

An eigenvector corresponding to a particular eigenvalue, Ai is obtained 
by solving the equations, 

A.50 

Typically the eigenvectors are normalized, e.g. the vectors have unit length. 
The follOwing example problem illustrates the development of eigen

values and eigenvectors for a simple matrix system. 
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Example Problem A.9 

Find the eigenvalues and eigenvectors of (Hadley, 1961), 

A = (2 J2) J21 

The characteristic equation can be expressed as 

The roots of the equation are Al = 0 and A2 = 3. The eigenvectors are 
identified by substituting the eigenvalues into Equation (A.46). For Al = 0, 
we have 

or, 

2XI + ..fiX2 = 0 

..fiXI + X2 = 0 

1 
Xl = - J2 X 2 

Normalizing the vector, (xf+x~ = 1), we have (-1/ J2)2x~+xi = (3/2)x~ = 
1. Selecting the positive root, we have Xl = -(.)3/3) and X2 = ../6/3. It is 
left to the reader to verify that the second, unit eigenvector is Xl = J6/3 
and X2 = .)3/3. 

A.I0 IMPLICIT FUNCTION THEOREM 
The implicit function theorem is an existence theorem for the solution 

of a system of implicit equations. Assuming m continuously differentiable 
functions of n variables g(x) where m < n, then if 

r G!) = m 

i.e., the Jacobian or matrix of first partial derivatives of the function is of 
full row rank, then it is possible to solve for m variables in terms of the 
remaining n - m variables, or 

The implicit function theorem is used in Appendix B to develop the opti
mality conditions of classical optimization. 
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A.11 TAYLOR SERIES 

The Taylor series expansion is widely used in optimization theory and 
applied economics. Assuming a function f (x) is continuously differen
tiable, the Taylor series expansion about the point XO can be expressed as, 

where Xl = exxo + (1 - ex)x for some ex, where 0 < ex < 1. 

The total differential of a function of n variables can be expressed as, 

n af 
df= L -dxj 

j=l aXj 

A function, f, is homogeneous of degree k if and only if, 

For example, the quadratic form is homogeneous of degree two. 

A.12 LEIBNITZ'S RULE 

A53 

Leibnitz's rule is a methodology for the differentiation of a definite 
integral with respect to its limits or a parameter (Pipes, 1958). Consider 
the integral function, cp(u), 

fb(U) 

cp(u) = I(x, u)dx 
a(u) 

A55 

where I(x, u) is assumed a continuous function of x, u, and the limits 
of the definite integral are continuous functions of the parameter u. The 
differential of cp with respect to u can be expressed as 

dcp fb aI db da 
du = a audx+I(b,u)du -I(a,u)du A56 
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Example Problem AIO 
The hydraulic potential in a confined, idealized, groundwater system 

can be expressed as, 

where IX and /3 are parameters, ho is the initial potential or head, r is the 
radial distance from a well to any point in the aquifer, Q is the pumping 
rate, t is time, and 1J is a dummy variable of integration. Evaluate ohlor. 

The partial derivative can be determined using Leibnitz's rule since the 
upper limit of the integral is a function of r, the radial distance from the 
well. The lower limit, 0, is obviously not a function of r, and the integrand 
depends only upon the dummy variable, 1J. The derivative can be expressed 
using Equation (A.56) as 

oh = -IXQ~ [/3r2 ]e~ [/3r2 ]-1 
or or t t 

2aQ =Ii!.. 
= ---e t 

r 
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Appendix B 

Classical Optimization 

B.1 INTRODUCTION 
Classical optimization models are single objective programming mod

els constrained by a series of linear and/or nonlinear equations. Classical 
optimization models are widely used in environmental management to de
scribe resource allocation problems (Chapter 3), consumer behavior (Chap
ter 4), and parameter estimation problems. The development of the opti
mality conditions of classical programming also provides a framework for 
the analysis of the general nonlinear programming problem (Chapter 7). 

The objective of this appendix is to review the development of the 
classical programming problem and a solution technique known as the La
grange multiplier method. The chapter concludes with several example 
problems illustrating the application of classical optimization. 

B.2 THE UNCONSTRAINED OPTIMIZATION PROBLEM 
A special case of the classical programming problem occurs when the 

constraint is En, i.e. the feasible region, is Euclidian n-space. The uncon
strained optimization problem can be expressed as, 

maxz = j(x) 

The necessary conditions for an optimal solution to the unconstrained 
problem can be developed using a Taylor series approximation of the func
tion about a local solution x*. A local solution satisfies the property that 
for some neighborhood about x* , 

j(x*) ~ j(x* + 8~x) B.1 
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where 8 is an arbitrary small number and tlx j is an arbitrary variation in x j. 
The 2nd-order Taylor series approximation of f(x* +8tlx) can be expressed 
as 

of 1 02f 
f(x* + 8tlx) = f(x*) + 8 ox (x*) tlx + 2!82tlxt ox2 (x* + 88tlx) tlx B.2 

where 0 < 8 < I, tlxt is the transpose of tlx, and oJ/ox is the gradient 
vector, 

of _ [!L ~] 
ox - OX1'" OXn 

B.3 

02 f /ox2 is the Hessian matrix, H(x) or 

~~ 
OXI OX10X2 

.-£L 
OX10Xn 

02 r 02f 02f ~ ~ _ = H(x) = OX20Xl OX2 
ox2 

.-£L 
OX20Xn B.4 

~~ 
OXnOXI OXnOX2 

IntrodUCing the Taylor series into Equation (B.l), we have 
of 1 02f 

f(x*) ~ f(x*) + 8 ox (x*) tlx + 2!82tlxt ox2 (x* + 88tlx) tlx B.S 

and, after simplifying, 
of 1 

8 ox (x*) tlx + 2! 82 tlxt H (x* + 88tJ.x) tlx ~ 0 B.6 

This fundamental inequality must hold for all tlx and all small positive 
numbers, 8. Dividing the inequality by 8 and taking the limit as <5 - 0, 
yields the first order necessary condition for a local maximum at x* , 

~~ (x*) = 0 B.7 

The first order necessary condition states that a local maximum occurs at 
a stationary point where the first partial derivatives vanish. 

A second order necessary condition follows again from the fundamen
tal inequality, or 

B.B 

The Hessian is required to be negative definite or negative semidefinite for 
a local maximum to occur at x* . 

Sufficiency conditions for a strict local maximum at x* are the first 
order stationary condition and that the Hessian matrix evaluated at x* is 
negative definite, or 

of(x*) = 0 
ox 

tlxtH(x*)tlx < 0 
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Example Problem B.l 
A set of observational data are used to calibrate a mathematical model. 

The data define the state of the system, yt, at n various spatial locations, 
Xi. The mathematical model is described by the linear equation, y = ex + 
/3x where ex and /3 are the model's parameters (the decision variables of 
the model). Formulate an optimization model for the identification of the 
model's parameters. What are the optimal parameter estimates? 

We assume that the objective of the calibration is to minimize the sum 
of the squared residuals of the model, €i, or 

i=l 

This least-squares objective identifies the best, linear, unbiased estimates 
of the model's parameters assuming the errors are normally distributed. 

The objective function is a convex function, and as shown in Chapter 2, 
any solution of the model is globally optimal. The optimality conditions of 
the model are obtained by differentiating the least-squares objective with 
respect to the model's decision variables, ex and /3. These necessary condi
tions or normal equations are 

B.9 

oz = 2 i [yt - ex - /3Xi] (-Xi) = 0 
0/3 i=l 

B.lO 

Simplifying we have, 
n n 

nex + /3 I. Xi = I. yt B.ll 
i=l i= 1 

n n n 

ex I. Xi + /3 I. xl = I. yt Xi B.l2 
i=l i=l i=l 

These two equations in two unknowns may be solved using Cramer's rule. 
Defining, x = I!l xi/n and ji = If=l yi/n, the optimal parameter esti
mates are 

ex = ji - ~x B.13 

~ _ If=l (Xi - X)(Yi - ji) 
- If=l (Xi - X)2 

B.l4 
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B.3 THE LAGRANGE MULTIPLIER METHOD 
The classical programming problem can be expressed as 

maxz = f(x) 

subject to: 
g(X) = b 

B.IS 

B.I6 

where g is a m x I vector function of the constraint equations and b is the 
right hand side vector of constants. The classical programming problem 
will have a solution provided the constraint set is non-empty, bounded and 
the objective function is continuous. As discussed in Chapter 2, we can 
only be assured that the solution will be a global solution if the constraints 
of the model are linear equations. 

We assume that a local solution to the classical programming problem 
is x* and that the Jacobian of the constraint equations is of full row rank at 
the optimal solution. Recall from Appendix A that the rank of a matrix is 
the number of linearly independent rows or vectors contained in the matrix. 
The Jacobian, the matrix of first partial derivatives of the constraints, J (x*), 
can be expressed as, 

E1D..] 
••• OXn 

... ¥x! 
~ 
OXn 

B.1? 

The n decision variables of the problem are partitioned into a set of m vari
ables that are linearly independent, X2, and the remaining n - m variables, 
Xl. or x = [XI,X2]t 

Since the Jacobian is of full row rank, it is possible to solve for X2 as 
a function of Xl. We assume via the implicit function theorem that the 
functions are continuously differentiable. In the neighborhood of x* we 
can write, 

Xz = r(xI) B.I8 

where r is a m x I column vector. The classical programming problem can 
now be expressed as a function of Xl, or 

The first order necessary condition for a local maximum is 

oR = of + afar = 0 
OXl OXI OXZ OXl 

B.I9 

B.20 
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where oR/oxl is a 1 x (n - m) vector. Rewriting the constraints as the 
equations, 

B.21 

we have via differentiation of the constraints, 

B.22 

where or/oxl is a mx (n-m) matrix. Since og/OX2 is an mxm nonsingular 
matrix (the Jacobian assumption), we have 

or ( og ) -1 ( og ) 
OXl == - OX2 OXl B.23 

The first order optimality condition, Equation (B.20) can be rewritten as 

of _ (of) (~)-1 (~) _ 0 
OXl OX2 OX2 OXl-

We also have the identity 

Defining the m x 1 row vector of Lagrange multipliers, y as 

( Of)(og)-1 
Y == OX2 OX2 

The necessary conditions can be expressed as 

of _ og _ 0 
ox yox-

B.24 

B.2S 

B.26 

B.2? 

These same necessary conditions can be obtained by introducing a new 
function, L, the Lagrangian. The Lagrangian consists of the original objec
tive function and the constraints of the optimization model weighted by 
a set of Lagrange multipliers, y. Yi is the Lagrange multiplier associated 
with the ith constraint of the optimization model. The Lagrangian for any 
classical optimization problem is, 

m 

L(x, y) == f(x) + I Yi[b i - Bi(X)] 
i=1 

== f(x) + y[b - g(x)] 
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where y is a 1 x m row vector of Lagrange multipliers. The necessary 
conditions of classical optimization are obtained by differentiating the La
grangian, L, with respect to the original decision variables, x, and the La
grange multipliers, y, or 

oL = 0 
ox 
oL = 0 oy 

B.2B 

B.29 

The second order necessary conditions for a local maximum are again 
based on the Hessian matrix of the second order partial derivatives of the 
Lagrangian. The matrix may be expressed as 

o2L 
OX)OX2 

o2L 

~ B.30 

The Hessian is required to be negative definite or semidefinite at (x*, y* ) 
when subject to the m conditions, 

og (x*) dx = 0 ox B.31 

These conditions are sufficient for a local maximum provided the first order 
conditions are satisfied (Hadley, 1964). 

As discussed by Intriligator (1971), the requirement that the Hessian is 
negative definite can be developed as n - m conditions on the sign of the 
bordered Hessian matrix, H* , 

0 0 Ea.! Ea.! 
ox) oXn 

0 0 ~ ~ 
H*= 

ox) OXn 
B.32 Ea.! ~ o2L o2L 

ox) ox) axr OX)OXn 

Eill. ~ oiL oiL 
oXn oXn OXnOX) ~ 

and that the side condition, Equation (B.31), is satisfied. The last n - m 
principal minors of the bordered Hessian are required to alternate in sign; 
the first principal minor's sign is (_1)m+l. 
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Example Problem B.2 

Develop the optimality conditions for the optimization problem, 

1 
maxz = ex + 2xtDx 

subject to: 
Ax=b 

The development of the optimal (global) solution begins by introducing 
a Lagrange multiplier for each constraint. Assuming D is symmetric and A 
is a m x n matrix there are a total of m Lagrange multipliers, Yi, i = 1, ... m. 
The Lagrangian can be expressed as, 

1 
L = ex + 2xtDx + y(b-Ax) 

The first order necessary conditions are, 

oL 
- =e+xtD-yA=O ax 

oL 
- = b-Ax = 0 oy 

B.33 

B.34 

We use the second necessary condition, Equation (B.34) to identify the 
optimal decision vector. Since A is a m x n, non-square matrix, we multiply 
both sides of the equation with its transpose, At, 

AtAx = Atb 

and, 
x* = [At A ]-1 Atb 

The optimal value of the Lagrange multiplier, y*, can be developed 
from the first necessary condition, Equation (B.33), or 

yA=e+xtD 

Post multiplying the equation by At yields, 

yAAt = cAt + xtDAt 

or, 

B.35 

Substituting the optimal decision variable vector, x*, and simplifying yields, 

y* = cAt [AAtr1 + {[AtAr1 Atbf DAt [AAtr1 B.36 
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Example Problem B.3 

Develop the geometric interpretation of the necessary conditions of 
classical programming, Equations (B.28) and (B.29) 

We rewrite the necessary conditions as 

g(x*) == b 

oj == *og(x*) 
ox y ox 

B.3? 

B.38 

The necessary conditions require the feasibility of the optimal solution, and 
that at x* the gradient of the objective function is a weighted combination 
of the normals to the constraints. The optimal weights are the Lagrange 
multipliers. 

Example Problem B.4 

A central authority allocates water to three regions within a river basin. 
The net benefit function for each region, NBi as a function of the available 
water, Wj is 

NBi == (Xj + {3je- YjWj 

where (X j, {3 j, and Y j are parameters. The total amount of water available for 
allocation is W. Develop an optimization model to determine the optimal 
water allocations. 

The objective of the optimization model is to maximize the net bene
fits; the water allocations are constrained by the total water available. Ignor
ing the nonnegativity restrictions of the water allocations, the optimization 
model is a classical programming problem. The optimization model can be 
expressed as, 

subject to: 

3 

maxz == L [(Xj + {3je- YjWj ] 

j=l 

3 

L Wj == W 
j=l 

The Lagrangian for the problem is 

L(w" W2. W3. y) ~ jt, [Ofj + Pje-YjwJ 1 + y ( W - jt, Wj) 

The first order necessary conditions can be expressed as, 



Appendix B.4 The Lagrange Multiplier 461 

oL 3 
- = w- I Wj = 0 oy j=l 

The solution of these four equations identifies the optimal water alloca
tions. The optimal value of the Lagrange multiplier measures the change in 
the total net benefit as the total amount of water varies by a unit amount. 

BA THE LAGRANGE MULTIPLIER 
In Chapter 1 tradeoffs are introduced as a measure of the change in 

the objective function as the resources are varied in an optimization model. 
The optimality conditions of classical programming can be used to define 
these objective tradeoffs. We assume the Lagrangian is a function of the 
resource vector, b, or 

L(b) = j(x(b» + y(b)[b - g(x(b)] B.39 

The variation in the Lagrangian as the resource levels are changed can be 
determined by differentiating the Lagrangian and applying the chain rule, 

oL _ oj ox og ox toyt 
ox - ox ob - Y ox ob + [b - g(x)] ab + y 

(oj Og) (OX) toyt = - - y- - + [b - g(x)] - + y ox ox ob ob 
B.40 

At optimality, the first two terms of Equation (B.40) vanish since these terms 
are the optimality conditions [Equations (B.28) and (B.29)]. Also at optimal
ity, the Lagrangian is equal to the objective function since the constraints 
are satisfied, and 

oL (* *) oj * 
ob x ,y = ob = Y B.41 

The optimal Lagrange multiplier measures the sensitivity of optimal value 
of the objective function. Zero values of the multipliers indicate that the 
solution is insensitive to variations in the resource availability of the con
straint. 
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Example Problem B.S 

Water, land, labor, and capital have been allocated to the production of 
wheat, com, and cotton. The optimal Lagrange multipliers of the resource 
allocation problem are 

Y~ater = .75 

Yl:nd = 0 

Yl:bor = .45 

Y;apital = .65 

Limited funds are available to purchase resources. Evaluate the priority of 
the resource purchases. 

The optimal values of the Lagrange multipliers represent the change in 
the objective function as the resource levels are varied by a unit amount. 
The data of the problem indicate the greatest rate of change in the objective 
will occur if additional water is purchased followed by capital and labor. 
The land resource Lagrange multiplier is zero; additional land purchases 
would not improve the objective function of the problem. 
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